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PREFACE 



In the preparation of the present edition of the Geom- 
etry of A. M. Legendrb, the original has been consulted 
as a mode! and guide, but not implicitly followed as a 
standard. The language employed, and the arrangement 
of the arguments in many of the demonstrations, will be 
found to differ essentially from the original, and also from 
the English translation by Dr. Brewsteb, 

In the original work, as well as in the translation, the 
propositions are not enunciated in general terms, but with 
reference to, and by the aid of, the particular diagrams 
used for the demonstrations. It is believed that this 
departure from the method of Euclid has been .generally 
regretted. The propositions of Geometry are general 
truths, and as such, should be stated in general terms, 
and without reference to particular figures. The method 
of enunciating them by the aid of particular diagrams 
seems to have been adopted to avoid the difficulty which 
beginners experience in comprehending abstract proposi- 
tions, But in avoiding this difficulty, and thus lessening, 
at first, the intellectual labor, the faculty of abstraction, 
which it is one of the primary objects of the study of 
Geometry to strengthen, remains, to a certain extent, un- 
improved. 
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iv PKEFACE. 

The mctliods of demonstration, in several of the Books, 
bave been entirely changed. By regarding the circle as 
the limit of the inscribed and circumscribed polygons, the 
demonstrations in Book V. have been mitch simplified; 
and the same principle is made the basis of several im- 
portant demonstrations in Book Vill. 

The subjects of Plane and Spherical Trigonometry 
have been treated in a manner quite different from thai 
employed in the original work. In Plane Trigonometry, 
especially, important changes have been made. The sepa- 
ration of the part which relates' to the computations of the 
sides and angles of triangles from that which is purely 
analytical, will, it is hoped, be found to be a decided im- 
provement. 

The application of Trigonometry to the measurement 
of Heights and Distances, embracing the use of the Table 
of Logarithms, and of Logarithmic Sines; and the appli- 
cation of Geometry to the mensuration of planes and 
solids, are useful exercises for the Student. Practical ex- 
amples cannot fail to point out the generality and utility 
of abstract science, 

FiSHKiLL Landing, ) 
July, 1851. S 
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ELEMENTS 



GEOMETRY 



INTRODUCTION. 



1. Space extends indefinitely in every direction and 
contains all bodies. 

2. ExTENSiOK is a limited portion of space, and has 
tliree dimensions, length, breadth, and thickness. 

3. A Solid, or Body, is a limited portion of space 
supposed to be occupied by matter. The difference be- 
tween the terms, extension and solid, is simply this : the 
former denotes a limited portion of space, viewed in the 
abstract, while the latter denotes such a portion occupied 
by matter. 

The t«rm. Solid, is generally used in Geometry, in prc- 
ferenae to Extension, because the mind apprehends readily 
the forms and relations of tangible objects, while it often 
experiences much difficulty in dealing with the abstract 
notions derived from them. It is, however, important to 
observe, that the geometrical properties of solids liaie no con- 
nection whatever tm'th maOer, and tliat the demonsh ations which 
estabUnh and mahe known €iose properties, aie hoscd on the 
attributes of extension onhj. 
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10 GEOMETRY. 

4. A SoKd being a limited portion of space, is neces- 
sarily divided from the indefinite space whicli surrounds 
it : that which so divides it, is called a Surface. Now, 
since that which bounds a sohd is no part of the solid 
itself, it follows, that, a surface has but two dimensions, 
length and breadth. 



o. If we consider a limited portion of a surface, that 
which separates such portion from the other parts of 
the surface, is called a Line. This mark of division 
forms no part of the surfaces which it separates : hence, a 
line has length only, without breadth or thickness. 

6. If we regard a limited portion of a line, that which 
separates such portion from the part, at either estremity, 
ia called a Point. But this mark of division forms no 
parf of the line itself: hence, a poiat has neither length, 
breadth, nor thickness, but place or position only. 

7. Although we use the term solid to denote a given 
portion of space, the term surface to denote the boundary 
of a solid, the term line to denote the boundary of a sur- 
face, and the term point to designate the limit of a hne, 
Rtdl, we may employ either of th^e terms, in an abstract 
sense, without any reference to the others. 

Thus, we may contemplate a river, as a solid, without 
considering its boundaries; may loot upon the sui'faee and 
perceive that it has length and breadth without refering to 
its depth ; or, we may regard the distance across . without 
taking into account either its depth or length. So like- 
wise, we may consider a point without any reference to 
the line which it limits. 

In the definitions and reasonings of Geometry these 
terms are always used in an abstract sense ; they are mere 
signs to the mind of the conceptions for which they stand. 

8. Angle is a term which designates the portion of a 
Burface included by two lines meeting at a common point ; 
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INTEODUCTION. 11 

and it also denotes a portion of apace included by two or 
more planes. 

9. Magnitude is a general term employed to denote 
those quantities wliich arise from considei-ing the dimen- 
sions of extension, and is equally applicable to lines, 
angles, surfaces, and solids. Geometry ia conversant with 
four kinds of magnitude. 

1. Lines; which have length without breadth or thickness. 

2. Angles ; bounded by straight lines, by curves, and by 
planes. 

3. Surfaces ; which bave length and breadth without 
thickness : and 

4. Solids ; which have length, breadth, and thickness. 

10. Figure is a term applied to a geometrical magni- 
tude and expresses the idea of shape or form. It is that 
which is enclosed by one or more boundaries. Thvis, " A 
triangle is a plane figure bounded by three straight lines." 

11. A Peoperty of a figure is a mark or attribute 
common to all figures of the same class. 

12. The portions of extension which constitute the geo- 
metrical magnitudes, are indicated to the mind by cer- 
tain marks called lines. 

Thus, we say, the straight line A B, is the shortest dis- 
tance between the two points A and 

B. The mark AB, on the paper, is A B 

not the geometrical line AB, but only 

the sign or representative of it — the geomctriciil line itself, 

having merely a mental ejystence. 

We also say, that the triangle q 

A CB is bounded by the three straight 
lines AB, AC, CB. Now, the triangle 
AOB, is but the sign, to the mind, 
of a portion of a plane. That which 
the eye sees is not the geometrical 
conception on which the mind acts 
and reasons : but is, as it were, the word or sign which 
stands for and expresses the abstract idea. 
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12 GEOMETBY. 

These considerations have induced me to represent the 
geometricEil magnitudes })y the fewest possible Unea, and to 
reject altogether the method of shading the figures. It is 
the conception of extension, in the abstract, with which 
the mind should be made conversant, and too much pains 
cannot be taken to exclude the idea that we are dealiuy 
with material things. 
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ELEMENTS OE GEOMETRY. 



DEFINITIONS.* 



1. Extension lias three dimensions, length, breadth, 
and thickness. 

2. Geometry is the science which has for its object : 
1st. The measurement of extension ; and 2dly. To dis- 
cover, by means of such measurement, the properties and 
relations of geometrical figures. 

3. A Point ia that which has place, or position, but 
not magnitude. 

4. A Line is length, without breadth or thickness. 

5. A Straight Line is one which 

lies in the same direction between any — 

two of its points. 

6. A Erokek Line is one made up / \ 
of straight lines, not lying in the same \ / 



A Curve Line is one which 

\ its direction at every point. ^ 

The word li-m when used alone, will designate a straight 
line ; and the word airve^ a curve line. 

8. A SuRFACK is that which has length and breadth 
without thickness. 



a Davies' Logic and Utility of M 
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14 GEOMETEY. 

9. A Plane ia a surface, suelt, that if any two of its 
points be joined by a straight line, such lino will be wholly 
in the surface. 

10. Every surface, which is not a plane snrface, or com- 
jjosed of plane surfaces, is a curved surface. 

11. A Solid, or Body is that which has length, breadth, 
and thickness : it therefore combines the three dimensions 
of extension. 

12. An Angle is the portion of a plane included be- 
tween two straight lines which meet at a common point. 
The two straight lines are called the sides of the angle, 
and the common point of intersection, the vertex. 

Thus, the part of the plane inclnd- _., 

ed between AB and J.C is called an 
angle : AB and A are its sides, and A 
its vertex. 

An angle is sometimes designated 
simply by a letter placed at the vertex, 
as, the angle A ; but generally, by three letters, 
angle BAG or GAB, — the letter at the vertex being 
placed in the middle. 

13. When a straight line meets an- 
other straight Hne, so as to make the 
adjacent angles ec^ual to each other, 
each angle is called a right angh ; and 
the first line is said to be perpendicu- 
lar to the second. 



14. An Acute Angle is an angle 
53 than a right angle. 



15. An Obtuse Angle ia an angle 
greater than a right angle. 
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BOOK I. 15 

16. Two straiglit lines are said to 

be paralhl, when "being situated in 

the same plane, they 'cannot meet, how 
far soever, either way, both of them 
be produced. 

17. A Plane I'iguee is a portion of a plane terminat- 
ed on all sides by lines, either straight or curved. 

18. A Polygon, or rectilineal Jig- 
ure, is a portion of a plane terminat- 
ed on all sides by straight lines. 

The sum of the boundm^ hnea it, 
called the perimeter of the poljgon 

19. The polygon of three sidef, the 'amplet.t cf all, is 
called a triangle, thit of four bides i quadnlatnal; that 
of live, a pentagon , thit o± six, a hexugon , thit of aevea, 
a heptagon; that ot eight, an octagcn , thit of nine, an 
nonagon ; that of ten, a decagon , and thit of tw elve, a 




20. An Equilateral polygon is one which lias all ite 
sides equal ; an equiangular polygon, is one which has all 
its angles equal, 

21. Two polygons are mutuallt/ equilateral, when they 
have their sides equal each to each, and placed in the 
same order : that is to say, when following their bounding 
lines in the same direction, the first side of the one is 
equal to the first side of the other, the second to the 
second, the third to the third, and so on. 

22. Two polygons are mutually equiangular, when every 
angle of the one is equal to a corresponding angle of the 
other, each to each. 

23. Triangles are divided into classes with reference 
both to their sides and angles. 

1. An equilaieral triangle is one 
which has its three sides equal. 
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GEOMETRY. 



2. An isosceles ti-iangh is one which 
3 only two of its sides equal. 



3. A scahne triangle is one which has 
i three sides nncqiial. 



4. An acute-angled triangle is one 
which has its three angles acute. 



5. A right-angled triangle is one which 
has a right angle. The side opposite the 
right angle is called the hypothenuse, and 
the other two sides, the hose and perpen- 
dicular. 



An 



triangle is one 



which has an obtnse angl( 

24. There are three kinds of Quadrilaterai^ 



1. The trapezium, which has none of 
J sides parallel. 




2. The trapezoid, which has only two 
of its sides parallel. 



3, The parallelogram, which has ita 
opposite sides parallel. 
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BOOK I. 17 

25. Tliere are four kinds of Parallelogkam:3 : 
1. The rliomboid. wbicli has no right i 1 



2. The rhonihus, or lozenge, wliich is 
1 eq^uilateraL rhomboid. 



3. The rectangle, which is an equian- 
gular parallelogram, but not ecLuilateral. 



4. The square, which is both equilat- 
eral and equiangular. 



26. A Diagonal of a figure is a line 
which joins the vertices of two angles 
not adjacent. 




DEFINITIONS OF TERMS. 

1. An axiom is a self-evident truth. 

2. A demtmstration is a train of logical arguments brought 
to a conclusion. 

3. A theorem, is a truth which becomes evident by means 
of a demonstration. 

4. A problem is a question proposed, which requires a 
solution. 

5. A hmma is a suhsidiary truth, employed for the 
demonstration of a theorem, or the solution of a prohlem. 
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18 GEOMETRY. 

6. The eommoa name, proposition, is applied indifferent- 
ly, to theoiems, problems, and lemmas. 

7. A corollary is an obvious consequence, deduced from 
one or several propositions. 

8. A scholium is a remark on one or several preceding 
propositions, which tends to point out their connection, 
their use, their restriction, or their extension. 

9. A hypothesis is a supposition, made cither in tlie 
enunciation of a proposition, or in the course of a demon- 
stration, 

10. A postulate grants the solution of a self-evident 
problem. 

EXPLANATION OF SIGNS. 

1. The sign = is the sign of equality ; thus, the ex- 
pression A = £, signifies that A is equal to B. 

2. To signify that A is smaller than S, the expression 
A -c B is used. 

3. To signify that A is greater than B, the expression 
A y B is used ; the smaller quantity being always at the 
vertex of the angle. 

4. The sign + is called plus; it indicates addition; 

5. The sign — is called minus ; it indicates subtraction : 
Thus, A+B, represents the sum of the quantities A 

and B; A—B represents their difference, or what remains 
after B is taken from A; and A—B+0, or A-\-C—B, sig- 
nifies that A and G are to be added together, and that B 
is to be subtracted from their sum. 

6. The sign X indicates multiplication: thus AxB re- 
presents the product of A and B. 

Tlie expression Ax{B+0—D) represents the product of 
A by the quantity B+C—J). If A+J) were to he multi- 
plied by A—B + 0, the product would be indicated .thus; 

{A+D)x{A-B + 0), 
whatever is enclosed within the curved lines, being consid- 
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ered as a single quantity. The same tiling may also he 
indicated hy a bar: thus, 

A+B+OXD, 
denotes that the sum of A, B and C, is to be multiplied 

7. A figure placed before a line, or cLuantity, serves 
as a multiplier to that line or quantity ; thus ZAB signifies 
that the line AB is taken three times ; \A signifies the 
half of the angle A. 

8. The square of the line AB is designated by AB ; 
its cube hy AB' . What is meant by the square and cube 
of a line, ■wHl he explained in its proper place. 

9. The sign •/ indicates a r oot to be extracted ; thus V^ 
means the square-root of 2 ; y/AxB means the square-root 
of the product of A and B. 



1. Things which are equal to the same thing, are equal 
to one another. 

2. If equals be added to equals, the wholes will be 
equal. 

3. If equals be taken from equals, the remainders wiU 
be equal. 

4. If equals be added to unequals, the wholes will be 
unequal. 

5. If equals be taken from unequals, the remainders 
will be unequal. 

6. Things which are double of the same thing, are 
equal to each other. 

7. Things which are halves of the same thing, are 
equal to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of all its parts. 
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20 GEOMETRY. 

10. All riglit angles are equal to each other. 

11. Erom one point to another only one straiglit line 
can be drawn. 

12. A straight line is the shortest distance between two 
points. 

13. Through the same point, only one straight line can 
be drawn which shall be parallel to a given line. 

14. Magnitudes, which being applied the one to the 
other, coincide throughout their whole extent, are equal. 



POSTULATES. 

1. Let it be granted, that a straight hue may be drawn 
from one point to another point. 

2. That a terminated straight line may be prolonged, 
in a straight line, to any length. 

S. That if two straiglit lines are unecLiial, the length of 
the less may always be laid off on the greater. 

i. That a given straight line may be 

bisected : that is, divided into two equal 
parts. 



5. That a straight line may bisect 
a given angle. 



6. That a perpendicular may be 
drawn to a given straight hue, ei&eT 
from a point without the line, or at a 
point of a line. 

7. That a straiglit line may be 
drawn, making with a given straight 
line, an angle equal to a given angle. 
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DGB, be equal to 




AGD {a. 9): there- 



If one straight line meet another straight line, the sum of the 
two adja/xnt angles will he equal to two right angles. 

Let the str^ght line DO meet the straight line AB at C; 
then wiU the angle AGD pliis the 
two right angles. 

At the point G suppose CE to 
be drawn perpendicular to AB ; 
then, AGE + EOB = two right 
angles (d. 13).* But EOB is equal 
to ECD + DOB (A. 9) : hence, 
AOE + EGD + DGB = two 
right angles. But ACE + EOD ■■ 
fore, AGD + DOB = two right anj 

Cor. 1. If one of the angles ACD or DGB, is a right 
angle, the other will also be a right angle. 

Offr. 2. If a straight line DE ^ 

is perpendicular to another straight 
line AB; then, reciprocally, AB will 
be perpendicular to DE. 

For, since DE is perpendicular 
to AB, the angle AOD will be a 
right angle (d. 13). But since AG meets DE at the point 
0, making one angle AGD a right angle, the adjacent angle 
AGE will also be a right angle (c. 1). Therefore, AB is 
perpendicular to DE (u. 13). 

Got. 3. The sum of the succes- 
sive angles BAG, CAD, DAE, EAF, 
formed on the same side of the 
line BF, is equal to two right an- 
gles ; for, their sum is equal to 
that of the two adjacent angles BAG and OAF. 
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PROPOSITION II. THIOEEM. 




Tvxt straight lirtes, which have tioo ^points common, coincide the 
one with the other, throughout their whole extent, and form 
one and the same straight line. 

Let A and B be the two comnioii points c 
lines. 

In tlie first place, the two lines 
will coincide between the points A 
and B ; for, otherwise there would 
be two straight lines between A and 
S, which is impossible (a. 11), 

Suppose, however, that in being prolonged, these 1 
begin to separate at some point, as 0, the one 1 
CD, the other, CM At the point 0, suppose OF to be 
drawn, mating with AC, the right angle AOF. 

Now, since ^ CD is a straight line, the angle FCB will 
be a right angle (p. I., c. 1): and since ACE is a, straight 
line, the angle FCF will also be a right angle. Hence, 
the angle FOB is equal to the angle FCF {a. 10) : that is, 
a whole is equal to one of its parts, which is impossible 
(a. 8) : therefore the two straight lines which have two 
points, A and B, in common, cannot separate at any point, 
when prolonged ; hence, they form one and the same 
straight line* 

PEOPOSITION HI, THEOREM. 

i^ when a straight line meets ttvo uther straight Knes at a 
common point, the sum of the two adjacent angles which it 
makes with them, is egual to two right aii^Us, the two 
straight lines which are met, form one and the sam£ straight 
line. 

Let the straight line CD meet the two lines AC, CB, at 
their common point C, and let the sum of the two adja- 
cent angles, DCA, BOB, be equal to two right angles : then 
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will CB be the prolongation of AC; or, AO and OB will 
form one and the eanie straight line. 

For, if GB is not the prolonga- D 

tion of AC, let GE be that prolon- / 

gation. Then the line ACE being / 

straight, the sum of the angles ACD, a p^^^r B 

DGE, will be equal to two right ^""^'^---^p 

angles (p. i). But by hypothesis, 
the sum of the angles AGO, BCB, 
is also eq^ual to two right angles: 
therefore (a. 1), 

AOD+BCE must be equal to ACD+DGB. 
Taking away the angle AGB from each, there remains the 
angle DGE equal to the angle TJGB: that is, a whole 
equal to a. part, which is impossible (a. 8): therefore, AG 
and CB form one and the same straight line. 



PROPOSITION IV. THEOEEM. 

When two straight lines int&r-sfct each other, the opposite or 
vertical anghs, which they form, are equal. 

Let AB and DE be two straight lines, intersecting each 
other at G; then will the angle EGB be equal to the 
angle AGB, and the angle AGE to the angle BCB. 

For, since the straight line BE 
is met by the straight line AG, 
the sum of the angles ACE, AGB, 
is equal to two right angles (p. i.); 
and since the straight Hne AB is 
met by the straight line EC, the sum of the angles ACE, 
and ECB, is equal to two right angles : hence (a. 1), 

ACE+ACB is equal to ACE+EOB. 
Take away from both, the common angle ACE, there 
remains (a. 3) the angle ACD, equal to its opposite or 
vertical angle EGB. In a similar manner it may be proved 
that ACE is equal to DCR 

Scholium. The four anghs formed about a point by two 
straight hues, which intersect each other, are together equal 
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to four right angles. For, the sum of the two angles A OS, 
A CB, ia eqiial to two right angles (p. i) ; and the sum of 
the other two, AGD, DOB, is also equal to two right 
angles : therefore, the sum of the four, is equal to four 
right angles. 

In general, if any numler of straight 
lines OA, CB, OB, &c., meet in a com- 
mon point 0, the sum of aU the suc- 
cessive angles, AOB, BOB, BOB, EOF, 
FGA, will "be equal to four right an- 
gles. For, if four right angles were 
formed ahout the point 0, by two lines 
perpendicular to each other, their sum would be equal to 
the successive angles AOB, BOB, BOB, EOF, POA. 




PIOPO&ITION ■V TOEOPrH 

If tao triangles liaie luo '■ides nnil tkt ni ludtd onjli' (f the 
one, equal to two sides and the i7u.lwied angk of tJte "iher, 
each to each, the two tnangles will he equal 

In the two triangles EBF and BAO, let the side ED 
be equal to the side BA, the side DF to the side AO, and 
the angle B to the angle A ; then will the triangle FDE 
be equal to the triangle BAO. 

For, if these trian- 
gles be applied the one 
to the other, they will 
exactly eonicide. Let 
the side EB be placed 
on the equal side BA; ^ ^' ^ ^ 

then, since the angle D is equal to the angle A, the side 
DF will take the direction AO. But BF is equal to AC; 
therefore the point F will fall on 0, and the third side EF, 
will coincide with the third side BO (a. 11) : consequent- 
ly, the triangle EBF ia equal to the triangle BAO (a, 14). 

(hr. When two triangles have these three things equal, 
viz., the side ED—BA, the side DF=AO, and the anglq 
D=A, the remaining three are also respectively equal, viz., 
the side EF=BO, the angle E=B, and the angle F^G. 
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If two tuanglis have tivo angles and the mduded side of ike 
one, eqiM to two anghs and the iixluded side of the othei; 
each to each, the two trimtgles wiU be equal. 

Let JUDF and DAO be two triangles, having tlie angle 
E ec[iial to the angle S, the angle J^' to the angle 0, and 
the included aide ISF to the included side BO; then will 
the triangle UDF be equal to the triangle BAO. 

For, let the side EF p, A, 

be placed on its equal 
BO, the point JS falling 
on B, and the point F on 

0. Then, since the angle ^ . ^_ 

M ia equal to the angle ^ ^^ ^ 

B, the side FD will take the direction BA ; and hence, 
the point B will be found somewhere in the line BA. In 
like manner, since the angle F is equal to the angle 0, 
the line FJ) will take the direction OA, and the point B 
will be found somewhere in the line OA. Hence, the 
point D, falling at the same time in the two straight Unes 
BA and OA, must fall at their intersection A : hence, the 
two triangles EDF, BAG, coincide with each other, and 
consequently, are equal (a, 14). 

Oor. Whenever, in two triangles, these three things are 
equal, viz.: the angle E=B, the angle ii'=C, and the 
included side EF equal to the included side BO, it may 
be inferred that the remaining three are also respectively 
equal, via.: the angle D=A, the side FIJ—BA, and the 
side DF=AO. 

Scholium. Two triangles which being applied to each 
other, coincide in all their parts, are equal (a. 14). The 
like parts are those which coincide with each other ; hence, 
they are also equal each to each. The converse of this 
proposition is also true ; viz., if two triangles have aU the 
pa/rls of the one equal to the parts of the other, each, to each, 
the triangles vjill he equal: for, when applied to each other, 
they will mutually coincide. 
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PEOFOSITION VII. TDEOKEM. 



The sum of any two sides of a triangle, is greater than the 
third side. 

Let ABO be a triangle : tlien will the sum of two of 
its sides, as AB, BO, be greater than tlie third side AG. 

For the straight line AG i& the short- 
est distance between the points A and 
(a, 12); hence, AB+BC is greater than 
AC. 

Cor. If from "both members of the inequality 
AC<AB+Ba 
we take away either of the sides, as BC, wo shall have 
(A. 5) 

AO-BO<AB: 
that is, the difference between any two sides of a triangle is 
less titan the third ride. 



PROPOSITION VIII. THEOREM. 

^ from any point within a triangle, two straight lines be drawn 
to the extremities of either side, thrir sum will he less Uian 
that of the two remaining sides of the triangle. 

Let be any point within the triangle BAC, and let 
the lines OB, OC, be drawn to the extremities of either 
side, as BO; then will 

OB+00<BA-\-AC. 

Let BO be prolonged till it meets the 
side AC in D: then 



0C<0D+D0 (p. 7): 
add BO to each, and we have 

B0+0C<B0+0D+I)0 {a. 4): 
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or, BO+00<BI)+DO. 

But, BB<:BA+AD: 

add 1)G io eacli, and we have 

BD^-DG<BA^-Aa 
But it lias been shown that 

BO+OG<BI)+DO: 
therefore, still more is 

BO+OC<BA+Aa 



PEOFOSITION IX. THEOEEK. 



eqital to two sides of 
lies unequal, the 
side ufill ielong 



If two triangles have two sides of the 
the other, each to each, and the 
third sides will he unegual; and the 
to the triangh which has the greater 

Let BAG and EBF be two triangles, having the side 
AB=D]<lfAO=DF, and the angle .A>-0; then will the 
side BO be greater than EF. 

Make the angle GAG=D; take AQ=DE, and draw GG. 
Then, the triangles GAG and FDF will he equal, since 
they have an equal angle in each, contained by ecLual sides 
(p. 5) ; consequently, OG is equal to EF (p. 5, C). 
There may he three cases in this proposition. 
1st. Whfen the point Q falls without the triangle BAG. 
2d. When it falls on the base BO; and 
3d. When it falls within the triangle. 
Gase I. In the triangles AGO and ABG, we have, 
GI+IO>GG; anc 
AI+IB>AB; 
therefore 
AG+BG>GO+AB. b- 



Taking away AG 
from the one side and 
its equal AB from the other, and there will remain BO 
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greater tlian GO. But we have found that G(? is equal to 
MF; therefore, BO will be greater than EF. 

Case II. If the point G 
fall on the side BC, it is 
evident that GC, or its equal 
EF, wOl be shorter than BG 
(A. 8). 

Case III. Lastly, if the point G 
fall within the triangle BAC, wc 
shall have 

AG + GG<AB^BG, 
taking AG from the one, and its 
equal AB fi:om the other, there will 
remain 

GC<BC or BO>EF. 

Cor. Conversely : if two sides BA, 
AC, of a triangle BAC, are equal to 
two sides EB, BF, of a triangle EDF, 
each to each, while the third side BC 

of the first is greater than the third side EF of the second, 
then the angle BAC of the first triangle will be greater 
than the angle EDF of the second. 

For, if not greater, the angle BAG must be equal to 
EDF or less than it. In the first case, the side BG would 
be equal to EF (p. 5, o), in the second, BG wotdd be less 
than EF; but either of these results contradicts the 
hypothesis ; therefore, BA G is greater than EDF. 




PEOPOSITION X. THEOEEM. 



If two triangles have the three i 
three sides of the other, each to e 



of the < 



tal to the 
e equal 



Let EDF and BAG be two triangles, having the side 
ED=BA, the side EF=SG, and the side DF=AC; then 
wiU the angle D—A, the angle E=B, and the angle F=C, 
and consequently the triangle EDF will be "^qual to the 
triangle BAG. 
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For, since the sides 
ED, BF, are ec[ual to 
BA, AC, each to each, if 
the angle D were greater 
than A, it would follow, 
by the last proposition, 
that the side EF would be greater than BG; and if the 
angle D were less than A, the side EF would be less than 
BG. But EF is equal to BC, by hypothesis; therefore, 
the angle D can neither be greater nor less than A ; there- 
fore it mu^t be equal to it. In the same manner it may 
be shown that the angle E is equal to B, and the angle 
F Ui G: hence, the two triangles are equal {p. 6, s). 

Scholium. It may. be observed, that when two triangles 
are equal to each other, the equal angles he opposite the 
equal sides, and consequently, the equal sides opposite the 
equal angles: thus, the equal angles D and A, lie opposite 
the equal sides EF and BO. 



PROPOSITION XL THEOREM. 



i triangle, the angles apposite the equal i 



Let BAG be an isosceles triangle, having the side BA 
equal to the side AO; then will the angle G be equal to 
the angle B. 

For, join the vertex A, and the mid- j^^ 

die point B, of the base BO. Then, the 
triangles BAD, BAO, will have all the 
sides of the one equal to those of the 

other, each to each. For, BA is equal to B^ j; 

AG, \>j hypothesis, AB is common, and 

BB is equal to BO by construction : therefore, by the last 

proposition, the angle B is equal to the angle C 

Gyr. 1. An equilateral triangle is likewise equiangular, 
that is to say, has all its angles equal. 

Cor. 2. The equality of the triangles BAB, BAO, proves 
also that the angle BAB, is equal to BAG, and BBA to 
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ADC; hence, tlie latter two are right angl 
ik& line drawn from the vertex of an isosceles triangle to the 
middle paint of the base, divides the angle at the vertex into 
two equal parts, and is perjtendicular to the base. 

Scholium. In a triangle wMclt is not iaosceles, any side 
may be assumed indifferently as the base; and the vertex 
is, in that case, the vertex of the opposite angle. In an 
isosceles triangle, however, that side is generally assumed 
as the base, which is not ec^ual to either of the other two. 

PKOPoaiTioN ; 

Oonversely: If two angles of a i 
>n are also e 




In the triangle BAO, let the angle B be equal to the 
angle A OB ; then will the side ^i C be equal to the side 
AB. 

For, if these aides are not equal, sup- 
pose AB to be the greater. Then, take 
BD equal to AG, and draw CD. Kow, 
in the two triangles BDO, BAC, we have 
BD=AO, by construction; the angle B 
equal to the angle AOB, by hypothesis; 
and the side BG common: therefore, the " 
two triangles, BDG, BAG, have two sides and the included 
angle of the one, equal to two sides and the included 
angle of the other, each to each : hence they are equal 
(p. 5). But the part cannot he equal to the whole (a. 8); 
hence, there is no inequality between the sides BA and 
AG) therefore, the triangle BAG is isosceles. 

PEOPOSITION Xnl. THEOEEM. 

The greater side of euery triangle is opposite to the greater angle ; 
and conversely, the greater angle is opposite to the greater side. 

First, In the triangle CAB, let the angle C be greater 
than the angle B ; then wdl the side AB, opposite G, be 
greater than AG, opposite B. 
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For, make the angle BOJ)=B. 
Then, in the triangle GDB, we shall 
have CD=-BB (p. 12). 

Now, the side ^C<J.i>+Z»0'; 
but AI)^BO=AB-vDB=AB: 

therefore, AO-C.AB, or, AB>AC. 

Secondly. Suppose the side AByAC; then will the 
angle C, opposite to AB, be greater than the angle B, 
opposite to J-C 

For, if the angle C<5, it follows, from what has just 
been proved, that AB<iAG; which is contrary to the 
hypothesis. If the angle 0—B, then the side AB—AO 
(p. 12); which is also contrary to the supposition. There- 
fore, when AB'>AC, the angle G cannot be less than B, 
nor equal to it ; therefore, the angle must be greater 
than B. 



PEUPuSITION XIV. THEOREM. 

Frmn a, given point, without a straight line, only o 
diauhr can be draiim to that line. 

Let A be the point, and DE the given line. 

Let ns suppose that we can draw 
two perpendiculars, AB, AC. Pro- 
long either of them, as AB, till BF / 
is equal to AB, and draw FG. Then j. / 
the two triangles GAB, CBF, will be C\~ 
equal : for, the angles OB A and CBF '■ 
are right angles, the side GB is com- 
mon, and the side AB equal to 

BF, by construction ; therefore, the two triangles are equal, 
and the angle AGB=BGF (p. 5, c). But the angle ACB 
is a right angle, by hypothesis ; therefore, BGF must like- 
wise be a right angle. Kow, if the adjacent angles BGA, 
BGF, are together equal to two right angles, AOF must be 
a straight line (p. 3). Whence, it follows, that between the 
same two points, A and F, two straight lines can be 
drawn, which is impossible (a, 11) : therefore, only one 
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idicular can be drawn from tlie same point to the 
same straight line. 

Got. At a given point C, in the 
line AB^ it ia equally impossible to 
erect more than one perpendicular to 
that line. For, if GO, OE, were both 

perpendicular to AB^ the angles a 

BGD, BCE, would both be right 

angles ; hence, they woidd be equal (a. 10), and a part 

would be equal to the whole, which is impossible. 



PEOPOSITION XV. THEOEEM. 

If from a point without a straight line, a perpendicular he Ut 

fall on the line, and oblique lines he draum to different 

points: 
\st. The perpendiadar wili be shorter than any obliqm live. 
%d. Any two oblique lints which intersect the given line at 

points equally distant from the foot of the peipejidicular, 

wUl he equal. 
Zd. Of two oblige lines which intersect the given line at points 

unequally distant from the petpendicular, ike one which cuts 

off the greater distance wiU he the longa; 

Let A be the given point, DE the given line, AB the 
perpendicular, and AD, AO, AE, the oblique lines. 

Prolong the perpendicular AB till 
SF is equal to AB, and draw FO, 
FD. 

First. The triangle BOF, is equal 
to the triangle GAB, for they have 
the right angle GBF=GBA, the side 
CB common, and the fiiAsBF^BA; 
hence, the third sides, CF and OA 

are equal (p. 5, c). But ABF, being a straight line, is 
shorter than AGF, which is a broken line (a, 12); there- 
fore, AB, the half of ABF, is shorter than AO, the half 
of ACF; hence, the perpendicular is shorter than any 
oblique line. 
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Let ua suppose BC=BE; then the triiuigle 
OAB will be equal to the triangle BAIJ! ; for BO=BI<!, the 
side AB is common, and the angle OBA=ABE;\iQria&, 
the sides AO and AE are eq^ual (p. 5, c): therefore, two 
oblique lines, which meet the given line at equal distances 
from the perpendicular, are equal. 

Thirdly. Since the point is within the triangle FDA, 
the sum of the sides FJ), DA, is greater than the sum of 
the lines FG, CA (p. 8): therefore AD, the half of the 
broken line FDA, is greater than AO, the half of FOA: 
consequently, the oblique line which cuts off the greater 
distance, is the longer. 

Cor. 1. The perpendicular measures the shortest distance 
of a point from a line. 

Oor. 2. From the same point to the same straight line, 
only two equal straight lines can be drawn; for, if there 
could be more, we should have at least two equal oblique 
lines on tlie same aide of the perpendicular, which is im- 



PEOPOSTTION XVI, TIIEOEEJI. 



Jf at the middle point of a straigJit liiie, a perpendicular to 
tJiis line he dratim: 



will he equally > 



1st Any . point of the 

from, the extremity of tlie line: 
2d. Any point, loithout the perpendicular, vnll he unequally 

distant from tlie exlremuies. 

Let AB be the given straight line, its middle point, 
and FCF the perpendicular. 

First. Let D be any point of the per- 
pendicular, and draw DA and DB. Then, 
BiRcs AG=GB, the two oblique lines ili?, 
DB, are equal (p, 15). So, likewise, are 
the two oblique lines, AE, EB, the two 
A F, FB, and so on. Therefore, any 
point in the perpendicular is equally dis- 
tant from the extremities A and B. 
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&condly. Let / be any point out of 
the perpendicular. If lA and IB be 
drawn, one of these lines will cut the 
perpendicular in some point as D ; from 
this point, drawing DB, we shall have 
DB=^DA. For, the straight hne IB is 
less tlian IB+BB, and 

ID+DB^ID+DA=IA ; 
therefore, I£<IA; consequently, any point out of the per- 
pendicular, is unequally distant from the extremities A and B. 

Got. Conversely: if a straight line have two points JS 
and F, each of which is equally distant from the extremi- 
ties A and B, it wiU be perpendicular to AB at the middle 
point 0. 




PEOPOSITION XVII. tHEOEEM. 

i/" two right-angled b-iangles have the hypothemtse and a side 
of the one equal to the hypothenuse and a side of the othe>; 
each to each, the triangles are equal. 

Let BAC and EDF be two right-angled triangles, hav- 
ing the hypothenuse AC—DF, and the side BA—FB : then 
will the triangle BAC be equal to the triangle FBF. 

If the sides BG and 
FF are equal, the tri- 
angles are equal (p. 10). 
Now, suppose these two 
sides to be unequal, and 
BG to be the greater. 

On BG take BG=FF, and draw AG. Then, in the 
two triangles BAG, FDF, the angles B and E are equal, 
. being right angles, ' the side BA^ED by hypothesis, and 
the side, BQ=FF by construction ; consequently, A G=I>F 
(p. 5, c). But by hypothesis AG=DF; and therefore, 
AG=AG (a. 1). But the oblique Jme' AC cannot be equal 
to AG, since BG is greater than BG (p, 15) ; consequently, 
BG and EF cannot be unequal, and hence, the triangles 
are equal (p. 10). 
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Jf two straight lines are j)erpendicular to a i/drd line, . 
" I to each other. 



Let the two lines AO, BD, be perpendicular to AB; 
then wiU they he parallel. 

For, if they could meet in 
a point 0, on either side of g D 

ABy there would be two per- I 

pendicidara OA, OB, let fall | ___^ — " 

from the same point on the A C 

same straight line ; which is 
impossible (p. 14), 

PROPOSITION XIX, THEOKEM. 

If two straight Unes meet a third line, making the sum of the 
interior angles on the same side equal to two right angles, 
the two' Unes are parallel. 

let the two lines KO^ BD, meet the line BA, making 
the angl^ BAO, ABB, together equal to two right angles: 
then the lines KO, RB, will be parallel, 

JProm (7, the middle point of 

BA, draw the straight line EGF, n ^y^ D 

perpendicular to KG : then, it /, 

wiU also be perpendicular to SB. / 

For, the sum BAO+ABB is ^ /f ~^ 

equal to two right angles, by 

hypothesis ; the sum ABB+ABB is likewise equal to two 

right angles (p. 1): taking away ABB from both, there 

will remain the angle BAG—ABB. 

Again, the angles BGB, AGF, are equal (p. 4) ; there- 
fore, the triangles BGB and AGF, have each a side and 
two adjacent angles equal; therefore, they are themselyes 
equal, and the angle GFB is equal to the angle GFA 
(p. 6, c). But G£!B is a right angle by construction; 
therefore, GFA is a right angle; hence, the two lines KG, 
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ED, are perpendicular to the same straight line, and are 
therefore parallel (p. 18). 

Scholium. When two parallel j; 

straight lines AB, CD, are met / 

by a third line FE, the angles _^ / „ 

which are formed take particu- / 

lar names. / 

Interior angles on the same ^ 7H 

side, are those 'whicli lie within / 

the parallels, and on the same 

Bide of the secant line ; thus, HOB, GHD, are interior 
angles on the same side ; and so also are the angles IIGA, 
OHO. 

Alternate angles lie within the parallels^ and on different 
sides of the secant line, but not adjacent; AQ-H, GHD, are 
alternate angles; and so also are the angles GHC, BGH. 

Alternate exterior angles lie without the parallels, and on 
different sides of the secant line, but not adjacent : EGB, 
CHF, are alternate exterior angles; so also are the angles 
AGE, FRD. 

Op-posite exterior and interior angles lie on the same side 
of the secant line, the one without and the other within 
the parallels, bnt not adjacent : thus, EGB, GHD, are 
opposite exterior and interior angles ; and so also, are the 
angles AGE, QRO. 

Cor. 1. If two straight lines meet a third line, making ilie 
alternate angles equal, the straight lines are parallel. 

Let the straight line EF meet the two straight hnes CI), 
AB, making the alternate angles AGH, GHD, eq^ual to 
each other : then will AB and CD he parallel. 

For, to each of the equal 
angles, add the angle HGB ; we g 

shal! then have / 

A G3+HGB = GHD+HGB. A jl b 

But AGH+HGB is equal to / 

t;\'0 right angles (p. 1): lience, C- ~~7il "^ ~^ 

GHD+RGB is also equal to / 

tiwo right angles (a, 1) : then ^ 

CD and AB are parallel (p. 19.) 
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Cor. 2. Tf a straight line EF, meet two straight lines 
CD, AB, making the exterior angle EGB, equal to tlie 
interior and opposite angle GHB, the two lines will be 
parallel. Eor, to each add the angle RGB: we shall then 
have, 

EGB+JIQB = QHD+IIGB : 

biit UGB+HGB is ecLual to two right angles; henee, 
GIin+RGB is equal to two right angles; therefore, CD, 
AB, are parallel (p. 19), 



PEOFOSITION XX TIIEOEEM. 

1/ a straight line meet two parallel straight lines, tJie sum of 
tite interior angles on the same side will be egual to tivo 
right angles. 

Let the parallels AB, CD, he met hy the secant IJne 
FE: then will EGB + GHD, or HGA+GHC, be equal to 
two right angles. 

For, if J-IGB+GED be 
not equal to two right an- 
gles, let IGL be drawn, 
making the sum IIGL + 
QTID equal to two right an- 
gles; then IL and CD will 
be parallel (f. 19); and hence, 
we shall have two lines GB, 
QL, drawn through the same point G and parallel to CD, 
whicli is impossible {a. 13): hence, HGB-i-GHD is equal 
to two right angles. In the same manner it may be proved 
that SGA+GHG is equal to two right angles. 

<hr. 1. If HGB is a right angle, GED will be a right 
angle also : therefore, every straight line perpendicular to one 
of ttvo parallels, is perpendicular to ffie other. 

Cor. % If a straight line meet two parallel straight lines, the 
alternate angles will be equal 

Let AB, CD, be two parallels, and FE the secant line. 
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The stun HGB+QHD is 
equal to two right angles. But / 

the sum HGB+HOA is also g/ 

equal to two right angles (p. 1). ~~ T 

Taking from each the angle HGB, / 

and there remains ^ff_e-(?fiD. C JbT^ — ^ 

In the same manner we may / 

prove that GHC^EGB. ^ 

Ckir. 3, If a straight line meet two parallel lines, the oppo- 
site exterior and interior angles will he equal. For, the sum 
HOB + GHD is equal to two right angles. But the sum 
IIGB-\-MGB is also equal to two right angles. Taking from 
each the angle HGB, and there remains GHB—JiJGB. In the 
same manner we may prove that GHC=AGM. 

Scholium. We see that of the eight angles formed by a 
line cutting two parallel lines obliquely, the four acute 
angles are equal to each other, and so also are the four 
obtuse angles. 

TKOPOSITION XXI. THEOEEM. 

If two straight lines meet a third line, rnajdiig the sum of the 
interior angles on the same side less than two right angles, 
the two lines will meet if sufficienth/ produced. 

Let the two lines OB, IB, meet the line BF, making the 
sura of the interior angles HGB, GHD, less than two right 
angles : then will IB and CD meet if sufficiently produced. 

For, if they do not meet 
they are parallel (d. 13). But 
they are not parallel, for if 
they were, the sum of the 
interior angles BGH, GHD, 
would he equal to two right 
angles {p. 20), whereas it is 
less by h.ypothesis : hence, the 
lines IB, C'B, will meet if sufficiently produced. 

Cor. It is evident that the two lines IB, CD, will meet 
on that side of JEF on which the sum of the two angles 
HGB, GHD, is less than two right anglea. 
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FRorosmoN xxii. theoeem. 

Tux> straight li'nes which are parallel to a tldrd line, are 
uxch other. 



Let OD and AB be parallel to tlie third line £!F ; then 
are they parallel to 'each other. 

Draw PQH perpendicular to ^F, 
and cutting A£, OD, in the points 
P and Q. Since AB ia parallel to i 
EF, PR will be perpendicular to AB 
(p. 20, c. 1) ; and since CD ia parallel ' 
to EF, PR -will for a like reason be 
perpendicular .to CD. Hence, AB and CD are perpendicular 
to the same straight line ; hence, they are parallel (p. 18). 



Q 



PEOPOSITION XXIII. THEOREM. 
Tim parallels are everywksrs equally distant. 

Let CD and AB be two parallel straight lines. Through 
any two points of AB, as F and M, suppose FH and EG 
to be drawn perpendicular to AB. These lines will also 
be perpendicular to CD (p. 20, C. 1) ; and we are now to 
show that they will be equal to each other. 

If GF be drawn, the 
angles GFE, FGH, consid- 
ered in reference to the par- 
allels AB, CD, will be alter- 
nate angles, and therefore, 
equal to each other (p. 20, c. 2). Also, the straight lines 
FS, EG, being perpendicular to the same straight line AB., 
are parallel (p. 18) ; and the angles EGF, QFH, considered 
in reference to the parallels FH, EG, will be alternate 
angles, and therefore equal. Hence, the two triangles EFG, 
FGH, have a common side, and two adjacent angles in 
each equal ; therefore, the triangles are equal (p. 6) ; conse- 
quently, FH, which measures the distance of the parallels 
AB and OD at the point F, is equal to EG, which mea- 
sures the distance of the same parallels at the point E. 
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rilOPOSmON XXIV. TyEOEEM. 



If two angles have timr sides parallel and lying in the same 
direciuxn, they vnli he equal. 

Let SAO and DBF be- the two angles, having AB 
parallel to HD, and J.C to ^F; then will they be equal. 

For, produce DF, if necessary, till 
it meets AG in Q. Then, since EF 
is parallel to GO, -the angle DFF is 
equal to D&G (f."20, c. 3); and since 

DG- ia parallel to AB, the angle DOC h— -^ — — F 

is equal to BAC ; hence, the angle 
DSF is equal to BAG (a. 1). 

Scholium. The restriction of this proposition to the case 
where the side EF lies in the same direction with AC, 
and ED in the same direction with AB, ia necessary, 
because if FM were prolonged towards H, the angle DEH 
would have its sides parallel to those of the angle BAC, 
but would not be equal to it. In that case, DEH and 
BAC would be together equal to two right angles. For, 
DES-\-DEF is equal to two right angles (p. 1); but DEF 
is equal to BAC: hence, DEH + BAC is equal to two 
right angles. 

PKOrOSITION XXV. THEOKEM. 
In every triangle the sum of the three angles is equal to two 

Let ABC be any triangle : then will the sum of the 
angles C-^A+B be equal to two right angles. 

I'or, prolong the side CA towards 
D, and at the point A, suppose AE 
to bo drawn, parallel to BC. Then, 
since J.^, CB, are parallel, and GAD 
cuts them, the exterior angle DAE 
is equal to its interior opposite angle G (p. 20, c. 3). In 
like manner, since AE, CB, are parallel, and AB cuts them, 
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tlie alternate angles B and BAE^ are equal ; hence, the 
three angles of the triangle BAG are equal to the three 
angles CAB, BAB, BAD ; but the sum of these three 
angles is equal to two right angles (p. 1) ; consequently, 
the sum of the three angles of the triangle, is equal to two 
right angles (A. 1). 

Oor. 1. Two angles of a triangle being given, or mere- 
ly their sum, the third will he found by subtracting that 
sum from two right angles. 

Got. 2, If two angles of one triangle are respectively 
equal to two angles of another, the third angles will also 
be equal, and the two triangles will be mutually equian- 
gular, 

Gor. 3. In any triangle there can be but one right 
angle : for if there were two, the third angle must bo 
nothing. Still less, can a triangle have more than one 
obtuse angle. 

Gor. 4. In every right-angled triangle, the sum of the 
two acute angles is equal to one right angle. 

Cor. 5. Since every equilateral triangle is also equian- 
gular (p. 11, c. 1), each of its angles will be equal to the 
third part of two right angles ; so, that, if the right angle 
is expressed by unity, each angle of an equilateral triangle 
will be expressed by ^. 

Gor. 6. In every triangle ABC, the exterior angle BAB 
is equal to the sura of the two interior opposite angles B 
and G. For, AB being parallel to BG, the part BAB is 
equal to the angle B, and the other part BAB is equal to 
the angle 0. 

PROPOSITION XXVI, TIIEOEEM. 

The sum of all the interior angles of a polygon^ is equal to 
twice as many right angles, less f&ur, as the figure has sides. 

Let ABCDB be any polygon : then will the sum of its 
interior angles 
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be equal to twice 'as many right angles, leas four, as tlie 
figure lias sides. 

From the vertex of any angle A, -pj 

draw diagonals AG, AD, to the ver- 
tices of the other angles. It is plain 
th t the poljgon w'U he d" 'dcd 
into OS n y tr lUj^leb Isb two at, 
it has sides fo th se t in£;l s my 
be conbideied as having the point A ^ ^ 

i r a common vertex and for bis b the sev tl >< dea of 
the polygon excepting the two s des wl oh f m the angle 
A It IS evilent also that the aim of ill th angles m 
these tnj,ngles 1 es not difler fro n the s ni f til the 
in^jleb m the polygon hence the un of all the ingles 
of the ^ol^fjOn is equal to tvo light angles taken as 
iQ^ J ti es ds tl e G art. tian^l i n the fi^ e tl at is as 
I anj t n 3 its th e are ales less t o But th s j.ro 
diet 18 e^ual to tvi e is many ^ht irgl a ia the h^^ure 
h (S s des leiis t ur ri^ht ii gles 

Cor 1 Tl e sum of the i ite or i gles n i jnid 
niater 1 is e^ al to two nght angles m Iti^hed by 4—2 
which amounts to four r ght in<rles hence if aU the 
ingles o± 1 quadrilateral a e eq lal each of then ■« 11 be a 
right angle Sence eich of the ano-le ot a r tangle and 
of a s^uai 13 a n^ht ngle (d ^6) 

Co 2 The sum of the interior angles of a ; entag n 
Yi equal to tvo right angles mult j bed by 5—2 wl cl 
amounts to six right angles ; hence, when a pentagon is 
equiangular, each angle is equal to the fifth part of six 
right angles, or to | of one right angle. 

Cor. 3. The sum of the interior angles of a hexagon is 
equal to 2X (6— 2,) or eight right angles; hence, in the 
equiangular hexagon, each angle is the sixth part of eight 
right angles, or 4 of one^ 

Cor. 4. In any equiangular polygon, any interior angle 
is equal to twice as many right angles, less four, as the 
figure has sides, divided by the number of sides. 
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Scholium. "When this proposition is applied 
to polygons which have re-entrant angles, each 
re-entrant angle must be regarded as greater 
than two right angles. But to avoid all ambi- 
guity, we shall henceforth limit our reasoning 
to polygons with saUent angles, which are .named convex 
polygons. Every convex polygon is such, that a straight 
line, drawn at pleasure, cannot meet the sides of the poly- 
gon in more- than two points. 



PEOPOSmON XXVII. THEOEEM, 



Jf the sides of any polygon be prolonged, -in the so 
the sum of the exterior angles vnll he equal \ 



four right 



^<J 



Let the sides of the polygon ABCDFG, be prolonged, m 
the same direction ; then will the sum of the exterior angles 

a + l + c-^d+f+g, 
be equal to four right angles. 

For, each interior angle, plus its 
exterior angle, as A-\-a., is equal to 
two right angles (p. 1). But there 
are as many exterior as interior 
angles, and as many of each as 
there are sides of the polygon : 
hence the sum of all the interior 
and exterior angles, is equal to twice as many right angles 
as the polygon' has sides. Again, the sum of all the inte- 
rior angles is equal to twice as many right angles as tlie 
figure has sides, less four right angles (p. 26). Hence, the 
interior angles plus four right angles, is equal to twice aa 
many right angles as the polygon has sides, and conse- 
quently, equal to the sum of the interior angles plus the 
exterior angles. Talcing from each the sum of the interior 
angles, and there remain the exterior angles, equal to four 
right angles. 
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PEOPOSITION XXVIII. THEOEEM. 

In every ^araUehgram, the opposite sides and angles are egucd. 

Let ABCD be a paralTelogram : then will AB=I)0, 
AD^BO, the angle. ^=(7, and the angle A1)C=ABG. 

For, draw the diagonal BB, dividing 
the parallelogram into the two trian- 
gles, ABD, BBO. Now, since AD, BO, 
are parallel, the angle ADB=DBC (p. 
20, 0. 2) ; and since AB, OB, are parallel, 
the angle ABB=^BDO : and since the 
side DB is common, the two triangi 
therefore, the side AB, opposite the angle ABB, : 
to the side DO, opposite the equal angle BBO (r 10, s.), 
and the third sides AB, BO, are equal: hence, the oppo- 
site sides of a parallelogram are equal. 

Again, since the triangles are equal, the angle A is 
equal to the angle (p. 10, s.) Also, the angle ABO com- 
posed of the two angles, ABB, BBO, is equal to ABO, 
composed of the two equal angles DBO, ABD (a. 2) : hence, 
the opposite angles of a parallelogram are equal. 

Oor. 1. Two parallels AB, OD, included between two 
other parallels AD, BO, arc equal; and the diagonal BB 
divides the parallelogram into two equal triangles. 

Oor. 2. Two parallelograms which have two sides and 
the included angle in the one equal to two Sides and the 
included angle in the other, each to each, are equal. 

Let the parallelogram ABOD, have 
the sides AB, AD, and the included 
angle BAD equal to the sides AB, AB, 
and the included angle BAD, in the 
last figure: then will they be equal, -"^ ^ 

For, in each figure, draw the diagonal DB. By the last 
corollary, the diagonal divides each parallelogram into two 
equal triangles : but the triangle BAD in one parallelo- 
gram, is equal to the triangle BAD in the other (p. 5) : 
hence, the parallelograms are equal (a. 6). 
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PEOPOSITION XXIX. TIIEOEEM. 

Jf the opposite sides of a quadiihteral are equal, each to each, 
tlie equal sides are parallel, and the figure is a parallelogram. 

Let ABQD be ar quadrilateral, having its opposite sides 
respectively equal, viz.: AB=DC, and AI)=BC\ then will 
tiiese sides be parallel, and the figure a parallelogram. 

For, having drawn the diagonal BD D C 

the two triangles ABD, BDG, have all /^T 7 

the sides of the one equal to the cor- / x^^ / 

responding sides of the other; there- / \/ 

fore they are equal, and the angle ABB, "■ ' 

opposite the side AB, is equal to DBG, opposite CI) (p. 10, 
S,); therefore the side AD is parallel to BC (p. 10, C. 1) 
For a like reason ^S is parallel to CD: therefore, tlie 
quadrilateral ABCD is a parallelogram. 



FKOFOSITION XXX. TIIEOEEiL 



If two opposite sides of a quadrilateral are egual and parallel, 
the other sides are equal and parallel, and Hia figure is a 



Let ABOD be a quadrilateral, having the sides AB, 
CD, equal and parallel ; then will the figure be a parallel- 

For, draw the diagonal DB, divid- 
ing the quadrilateral into two trian- 
gles. Then, since AB is parallel to 
DO, the alternate angles ABD, BDC 
are equal (p. 20, c. 2) ; moreover, the 
side DB is common, and the side AB=DG; hence, the 
triangle ABD is equal to the triangle DBG (p. 5) ; there- 
fore, the side AD is equal to BG, the angle ADB=DBO, 
and consequently AD is parallel to BO (p. 19, c. 1) ; hence, 
the figure ABCD is a parallelogram. 
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PROPOSITION SXXI. THEOEEM. 



The two diagonals of a parallelogram divide each oUier into 
eqvxil parts, ue, mutually bisect each other. 

Let ADCB he a paraUelogram, AG s,nd-DB its diago- 
nals, interaectiog at H; then will AE=EC, and DE= 
EB. 

Comparing the triangles AED, BEO, 
■we iind the side AD^GB (p. 28), the 
angle ADB ~ GBE, and the angle 
DAE=ECB (p. 20, c. 2) ; hence, these 
triangles are equal (p. 6); consequently, 
AE, the side opposite ihe angle ABE, is equal to EC, 
opposite GBE, and BE opposite DAE is equal to EB 
opposite EGB. 

Scholium. In the case of the rhomhus, the sides AB, 
BG, being equal, the triangles AEB, EBG, have all the 
sides of the one equal to the corresponding sides of the 
other, and are therefore equal : whence, it follows, that the 
angles AEB, BEG, are equal, and therefore, the two diago- 
nals of a rhombus bisect each other at right angles. 
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BOOK II. 

OF RATIOS AND PROPORTIONS. 



DEFINITIONS. 

1. Proportion is the relation whicli one magnitude 
bears to another magnitude of the same kind, with respect 
to its being greater or less.* 

2. Ratio is the measure of the proportion which one 
magnitude bears to another; and is the quotient which 
arises from dividing the second by the first. Thus, if A 
and S represent magnitudes of the same kind, the ratio 
of J. to 5 is expressed by 

B. 

A' 
A and B are called the t«rms of the ratio ; the first is 
called the ankcedent, and the second, the consequent 

3. The ratio of magnitudes may be expressed by num- 
bers, either exactly or approsimatively ; and in the latter 
case, the approximation may be brought nearer to the true 
ratio than any assignable difference. 

Thus, of two magnitudes, one may be considered to 
be divided into some number of equal parts, each of the 
same kind as the whole, and regarding one of, these 
pai-ts as a unit of measure, the magnitude may be expressed 
by the number of units it contains. If the other magni- 
tude contain an exact number of these units, it also may 

* Seo Davics' Logic of MatbamatiiB : Proportion, J AST. 
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be expressed "by the number of its units, and the two 
magnitudes arc then said to be commensurable. 

If the second magnitude do not contain the measuring 
unit an exact number of times, there may perhaps be a 
smaller unit which will be contained an exact number of 
times in each of the magnitudes. But if there is no unit 
of an a^signahle value, which is contained an exact number 
of times in each of the magnitudes, the magnitudes are 
said to be incommensurable. 

It is plain, however, that if the unit of measure be 
repeated as many times as it is contained in the second 
magnitude, the result will differ from the second magni- 
tude by a quantity less than the unit of measure, since 
the remainder is always less than the divisor. Now, since 
the unit of measure may be made as small aa we please, 
it follows, that magnitudes may be represented by num- 
bers to any degree of exactness, or they will differ from 
their numerical representatives by less than any assign- 
able magnitude. 

i. "We will illustrate these principles by linding the 
ratio between the straight lines CD and AB, which we will 
suppose commensurable. 

From the greater line AB, cut off a part equal A 
to the less OD, as many times as possible ; for ex- 
ample, twice, with the remainder BK 

From the line OD, cut off a part, CF, equal to 
the remainder BS, as many times as possible ; 
vnce, for example, vdih the remainder DF. 

From the first remainder BF, cut off a part 
equal to the second, DF, as many times as possi- 
ble ; once, for example, with the remainder Bff. 

From the second remainder DF, cut off a part X"^ 
equal to BG, the third remainder, as many times ■" 
as possible. 

Continue this process, till a remainder occurs, which is 
contained exactly, a certain number of times, in the pre- 
ceding one. 

Then, this last remainder will be the common measurR 
of the proposed lines. Eegarding this as unity, wo shall 



_.;, Google 



BOOK II. 49 

easily find the values of the preceding remainders; and at 
last; those of the two proposed lines, and hence, their ratio 
in numbers. 

Suppose, for instance, we find GB to be contained 
exactly twice in FD; BO will be l;lie common measure of 
the two proposed lines. Put BG=1 ; we shall then have, 
FI)=2; but SB contains FD once, plus QB\ therefore, 
we have EB=Z: CD contains EB once, plus FD ; there- 
fore, we have CD=5: and lastly, AB contains CD twice, 
plv£ EB\ therefore, we have AB=1Z-^ hence, the ratio of 
the lines is that of 5 to 13. If tlie line CD were taken 
for lanity, the line AB would he '/ ; if AB were takca 
for unity, GD would be ^^. 

5. What has been shown, in respect to the straight 
lines, CD and AB, is equally true of any two magnitudes, 
A and jR. 

For, we may conceive J. to be divided, into M number 
of units, each equal, to A'x then A=MxA': let B be 
divided into jV number of equal units, each equal to A'; 
then iJ=i\'xJ.'; M and-JV being integer numbers. Now 
the ratio of A to B, will be the same as the ratio of 
MxA' to NxA'; that is, the same as the ratio of the 
numerical quantities M and N, since A' is a common unit. 

6. If there be four magnitudes. A, Ji, C, and IJ, having 
such v:ilucs that 

A~U' 
then A is said to have the same ralio to B, that C has to 
I); or, the latio of A to B is said to be equal to the 
ratio of C to D. When four quantities have this relation- 
to each oihci', they are said to bo in proportion. 

To indicate that the ratio of ^ to if is equal to the 
ratio of to D, the quantities arc usually written thus, 

A: B: : C : D, 
and read, .4 is to 5 as C is to D. The quantities which 
are compared together are called the krms of the propor- 
tion. The first and last terms are- called the two extremes, 
and the second and third terms, the two means. 
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I. Of four proportional qimntities, the last is said to be 
a fimrth proportional to the other three, taken in order. 
The first and second terms, are called the first cowpkt of 
the proportion ; and the third and fourth terms, the second 
coupkt: the first and third terms are called the antecedents, 
and the second and fourth terms, the consecjuents. 

8. Three q^uantities are in proportion, when the first 
has the same ratio to the second, that the second has to 
the third; and then the middle term is said to be a mean 
proportional between the other two. 

9. Magnitudes are in .proportion by alternation, or alter- 
nately, when antecedent is compared with antecedent, and 
consequent with consequent. 

10. Magnitudes are iu proportion by inversion, or in- 
tjersely^ when the consequents are taken as antecedents, and 
the antecedents as consequents. 

II. Magnitudes are in proportion by composition, when 
she sum of the antecedent and consequent is compared 
either with antecedent or consequent. 

12. Magnitudes are in proportion by division, when the 
difference of the antecedent and consequent is compared 
either with antecedent or consequent, 

13. Equimultiples of two quantities are the products 
which arise from multiplying the quantities by the same 
number: thus, mXA, mXB, are equimultiples of A and B, 
the common multiplier being m. 

14. Two varying quantities, A and £, are said to be 
recipTocoXly proportional, or inversely proportional, when their 
values are so changed that one is increased as many times 
as the other is diminished. In such case, either of them 
is always equal to a constant quantity divided by the 
other, and their product is eonstanl. 
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PPOPOSITI )N I IHEuIEM 

Wlien four magmtudes are iJi pjoporti/yn, Oie product of the 
two extiemes ts equal to the 2 loduct 0/ the tiix means 

Let A, B^ 0, D, be any four magmtudeh, and M, N, P, 
Q, their numerical representatives ; 

then, if. M : N : : P : Q, 
we shall have MxQ=NxP. 

For, since the magnitudes are in proportion, we liave 
(D. 6), 

N Q . 



N=31x-p: whence, NxP=MxQ. 

Cor, If there are three proportional quantitiea, the 
product of the extremes will be ec[ual to the square of 
the mean (d. 8). For, ]ilN=^P, we have 



Mx Q=N or P . 



FEOPOSITION II. THEOREM. 



Tf ilte ptohict of tivo magmtudes he equal to the p oduct of 
two ut/ie> mnqmtade'', tu,o of them may he made the er- 
tri'mes and the oth/r tuo the m,eaiit> of a propoitun 

Tf we have MxQ=NxP, then vfili M . N . . P . Q. 

For, if P have not to Q, the ratio which M has to JV^ 

let P have to Q\ (a number greater or Icsa than §,) the 

Eame ratio which M has to N: that is, let 

M : N- :: P : Q't 

then (P.l), MxQ'-=NxP; ■ 

^, N-XP ^ ^ N-XP 
hence, Q'= ^ . but, Q= -^ ■ 

Consequently, Q'= Q, and tho supposition that it is either 
greater or leas, is absurd ; hence, the four magnitudes M, 
N, P, Q, are proportional. 

flo.ledL,,GoOglc 
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PKOPOSITION III. TIJEOEEM. 



IJ four magniludes are in proportion, they vnll le in pro- 
porlion when taken alternately. 

Let M, N, P, Q, be four quantities in proportion ; so that 
M : N :: P : § : then will Jf ; P : : -ff : Q. 

For, since M : N : : P : § : we have MxQ=NxP; 

therefore Jf and Q may be made the extremes, and. iV ami 

P the means of a proportion (i'. 2) ; 

hence, M : P : : N : Q. 

PEOPOSITION IV. IHEOEEM. 

If tliere be four proportional magnitudes, and four other pro- 
portiotial magnitudes, having tlie antecedents the same in 
both, the consequents will be proportional. 



Let M 


N : 


; P 


Q, giving MxQ=NxP, 


and Jf 


B : 


: P 


S, giving MxS=BxP, 


then will N 


C : 


: B 


S. 



For, multiplying the equations crosswise, we have 
MxQxPxP=MxSxNxP; 
cancelling MxP in both numbers, we have, 
QxR=SxN: hence (f. 2), 
N : Q : : R : S. 
Car. If there be two sets of proportionals, in %vhich 
the ratio of an antecedent and consequent of the one is 
equal to the ratio of an antecedent and consequent of the 
other, the remaining terms will be proportional.. 
For, if we liad the two proportions, 
M : P : : N : Q a.nA R : S : : T : V, 
■we shall also have 





14-14 




-".-M.'-|4 


and > 


e shall have N : Q : : T : 
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PEOPOSITION V. THEOEEM. 

If four magnitudes are in proportion, tJiey will he in proportion 
when taken inversely. 

U M : N : : P : Q, then will N : M : : Q -. R 
For, from the given proportion, we have 

MxQ=NxP, or, NxP=M-xQ. 
Now, N" and P may be made the extremes, and M and Q 
the means of a proportion (p. 2) ; hence 
]>r I M -. : Q : P. 

PROPOSraON VI. THEOEEM. 

If foar magnitudes are in proportion, they mil he in p7-cp(H^ 
tion by composition or division. 

K we have M : ^ : -. P : Q, 
we shall also have M^^N : M : : P±Q : P. 
For, from the first proportion, we have 

MxQ^NxP, or NxP-=MxQ. 
Add each of the members of the last equation to, and 
subtract it from MxP, and we shall have, 

MxP±N'xP=MxP±MxQ; or 
{M±^)XP={P±Q)XM. 
Bat J/dzA'' and P, may be considered the two extremes, 
and P±Q and M, the two means of a proportion (p. 2): 
hence, 

(J/±.V) : M : : {P±Q) : P. 

PEOPOSITION VII. THEOEEM. 

SJquimuliipks oj am/ tiio inagiatude^ hate the same ratio as 
thf magmtudes themsekes 

Let Jtr and N be iny two magnitudes, and m any num- 
ber whatever, then will mX^f, and rnXN, be equal mul- 
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XM will be to inxK in tlie 



tiples of M and N: aad 
ratio of ^ to ^ 

Por, MxN'^NxM: 

multiplying eacli member by m, and we liare 
mXMxN^mXNxM: then (p. 2), 
rnXM : mXN : : M : N. 



PROPOSITION VIII. THEOEEM. 
Of four pr<^oriional magnitudes, if there he taken any equimid- 
tiples oj ike tuo ankcedents, and any equimultiples of Uie two 
consequents, such equimultiples u.ill le prc^orlional. 

Let M, N, P, Q, be four magnitudes in proportion ; and 
let m anil n be any numbers ^^hate^er, tb n will 
mxM : nXN : : mxP : nXQ. 

For, since M : N : : P : Q, 
■we have MxQ=J^XP; 

hence, m X Mx n X Q—n X Nx mxP, 

by multiplying both members of the equation by mXn. 
But mxM and n X Q, may be regarded as the two extremes, 
EUid n XiV and mXP, as the means of a proportion ; hence, 
mXM : nXN : -. mxP : nxQ- 



PBOFOSITION IX. THEOREM. 

Of four proportional magnitudes, if the two consequents he 
either augmented or diminished by magnilitdes which have 
the same ratio as the antecedents, the resulting i 



and the antecedents mil be propo 


•tional. 


Let M I N : 


: P : 


Q, 


and let M 


P : 


: m : 


n: 


then will M 


P : 


: iV±w 


: ■ e±». 


For, since M 


N : 


: P : 


e, MxQ=lfxP. 


and since M 


P : 


: m ; 


n, Mxn=PXm, 



therefore, MxQ^Mxn=RxP±Pxm, 
or Mx{Q±n)=Px{N±m): 

hence (p. i), M : P : : N±m : Q±n. 
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PROPOSITION X. TIIEOKEM. 

If any number of magnitudes are propcrrtlonah^ any one anl&- 
cedent will be to its CQnsequent, as the sum of all tlte anle- 
cedents to the mm of the consequents. 

Let M : A^ :: P : Q :: n : S, &o. 

Then since, 

M : K :: P : Q, v/e h&ve MxQ-=NxP, 
and, M : N : : M : S, we have M'xS=NxP, 
add to each MxJ^=M'xN, 

then, Mx^+MxQ+MxS=MxN'+N'xP+NxP, 
or, Mx{N+Q+S)=Nx{M+P+E); 

therefore (p. 2), if : N : : M+P+B : N+Q-^S. 

PllOPOSlTION XI. THEOEEM. 

If two magnitudes lie each increased or diminisJied by like 
parts of each, the resulting magnitudes will have tli£ same 
ratio as the magnitudes t/iemselves. 

M N 

Let M and X be any two magnitudes and ■-- and — 

lUce parts of eacli, 

. We have MxN'=MxN 

,, , , ^ MxN MXN 

add to both, or subt. — ; — = — — — i 

MxN , ,. MxN 
and we have (a. 2), MxN^ ------ =Mx^± -^-. 



M N 

that is (r. 2), .If : h^ : : M±— : ^^ — ■ 



PROPOSITION XII. THEOEEM. 

1/ four magnitudes are proportional, their squares or cubes will 



Let M : X : P : Q, 

Then will, MxQ=N-xP. 
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By squaring both members, M^X^=N^XP ' 
and by cubing both members, M XQ =N xP ; 
tJierefore, M^ : N'^ : : P^ : (f, 

aid M^ : N^- :: P' : §'- 

Cor. Ill a similar way it may be shown that like powers 
or roots of proportional magnitudes are proportiooals. 

PROPOSITION XIII, THEOREM. 

^ there he tvx> sets of proportional magnitudes, tJte products of 
the corresponding terms will be proportionals. 



ft 

y. 

PxT : Qx V. 



Let M ; N :: P 

and R : S :: T 

then will MxR : NxS 

For, since MxQ=N'xP> 

and RXV^SXT, 

we shall have Mx QxRx V=N'x PxSxT, 
or, MxRx Qx V=NxSx FxT; 

therefore, MxR : NxS : : FxT : QxY. 

PEOPOSITION 2iV, THEOREM. 

Tf any vumber of vrtagnitvdes are continued prcrportionals ; then, 
the ratio of the first to the third toiU be duplicate of tlie 
corrimon ratio ; and the ratio of tlie first to the fourth will 
be iriplicale of the common ratio; and so on. 

For, let A be the first term, and m the common ratio: 
the proportional magnitudes will then be represented by 

A, ■tnXA, -ii^xA, m^xA, m*X-A, &c. : 
Kow, the ratio of the first to any one of the following 
terms exactly corresponds with the enunciation. 
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BOOK III. 

THE CIRCLE, AND THE MEASUREMENT OF ANGLES. 

DEFINITIONS. 



1. The Circumference of a Circle 
is a curve line, all the points of which 
are equally distant from a point within, 
called the centre. 

The circle is the portion of the plane 
terminated by the circumference. 

2. Every straight line, drawn from the centre to the 
circumference, is called a radius, or, semidiameter. Every 
line which passes through the centre, and is terminated, on 
both sides, by the circumference, is called a diameter. 

From the definition of a circle, it follows, that all the 
radii are etjual ; that all the diameters are also equal, and 
each double the radius, 

3. Any part of the circumference is called an arc. A 
straight line joining the extremities of an arc, is called a 
chord, or subtense of the arc* 

4. A Segment is the part of a circle included between 
an are and its chord. 

5. A Sector is the part of the circle included between 
an arc, and the two radii drawn to the extremities of the 
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6. A Steaight Line is said to he 
inscribed in a circle, when its extremities 
are in the circumference. 

An inscribed angle is one wliich has 
its vertex in tbe circumferenee, and is 
included by two chords of the circle. 

, 7. An inscribed triangle is one which 
has the vertices of its three angles in the 
circumference. 

And generally, a polygon, ia said to 
be inscribed in a circle, when the vertices 
of all the angles are in the circumfer- 
ence. The circumfei'ence of the circle 
is then said to circumscribe the polygon. 

8. A Secant is a line which meets 
the circumference in two points, and lies 
partly within, and partly without the circle. 

9. A Tangent is a line which haa 
but one point in common with the cir- 
cumference. 

The point where the tangent touches the 
is called the point of contact. 




other 1 



Two circumferences touch each 
when they have but one point in 
The common point is called 
the point of iangencj. 



11. A polygon is circumscribed about a 
circle, wlien all its aides are tangents to 
the circumference. In the same case, the 
circle is said to te inscribed in the poly- 
gon. 




POSTULATE. 



12. Ijet it be granted that the circumference of a circle 
may be described fi-oin any centre, and with any radius. 
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PEOPOSITION I. THEOKEM. 

Every diameUr divides the circle and its circumference each into 
two equal parts. 
Let AEBF be a circle, and AB a. diameter. Now, if 
the figure AEB be applied to AFB, 
their common base AB retaining its 
position, the curve hae AEB must 
fall e'xactly on the curve line AFB, 
otherwise there would, in the one 'oi 
the other, be points unequally dis- 
tant from the centre, which is con- 
trary to the definition of a circle. Hence, the diameter 
divides the circle and its circumference, each into two 
equal parts. 

PEOPOSITION II. TIIEOKEM. 

Every chord is less than a diameter. 

Let AD be any chord. Draw the 
radii CA, OB, to its extremities. We 
shall then have (b. i,, p. 7)* 
AB<AO+CB, 
but AO plus GB is equal to AB; 
tence, AB<,AB. 

Cor. Hence, the greatest line which can be inscribed in 
a circle is a diameter. 




PEOPOSITION m. TIIEOEEM. 

A straight line cannot meet the circumference of a circle in 
more than two points. 
For, if it could meet it in three, those three points 
would be equally distant from the centre; and there would 
be three equal straight lines drawn from the same point to 
the same straight line, which is impossible (b. I., P. 15, c. 2). 



a diffsrent Book, t 



if the Book ia also giveii. 
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PEOFOSmoN IV. THEOEEM. 




In the same circle, or in equal circles, equal arcs are sublended bij 

equal diords: and conversely, equal diords subtend equal arcs. 

Let and be the centres of two equal circles, and 
suppose the arc AMD equal to the arc ENG- : then will 
the ehord AD be equal to the chord EG. 

For, since the diam- 
eters AB, EF, are equal, 
the semi-circle AMDB . 
may be applied to the 
semi-circle ENGF, and 
the curve line AMDB 
will coincide with the 

curve line ENQF. But the part AMD ia equal to the part 
ENG, by hypothesis ; hence, the point D will fall on (? ; 
therefore, the chord AD will coincide with EG (b. i., a. 11), 
and hence, is equal to it (b. i., a. 14). 

Conversely: If the chord AD ia equal to the chord EG, 
the subtended arcs AMD, ENG, will also be equal. 

For, drawing the radii OD, OG, the triangles ACD, FOG, 
will have their sides equal, each to each, namely, A C=EO, 
CD= OG, and AD =^FG ; hence, the triangles are them- 
selves equal ; and, consequently, the angle A CD is equal 
to EOG (B.i.,p.lO.) 

Now, place the semi-circle ADB on its equal EGF, bo 
that the radius AG may fall on the equal radius EO. 
Then, since the angle ACD is eqtial to the angle EOG, the 
radius CD wdl fall on OG, and the sector AMDC will 
coincide with the sector ENGO, and the arc AMD with 
the arc ENG : therefore, the arc AMD, is equal to the arc 
MNG (b. I., A. 14). 

PS0P08ITION V. THEOEEM. 

In equal circles, or in the same circle, a greater arc is subtend- 
ed by a greater chord: and conversely, the greater chord 
subtends the greats arc. 
Let C be the common centre of two equal eircles ; then, 

if the arc ADS ia greater than the arc AD, the chord AH 

will he greater than the ehord AD. 
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For, draw the radii CA, CD, 
OR, and the chords AD, AH. 
Now, the two sides AG, OB, of 
the triangle ACH are eq^ual to 
the two sides AO, OD, of the tri- 
angle ACD, and the angle AOS, 
is greater than ACD: hence, the 
third side AH is greater than the 
third side AD (b. i., p. 9); there 
fore the chord which subtends the greater arc is the greater. 

Conversely: If the chord AH is greater than AD, the 
arc ABH will he greater than the arc AD. 

For, if ADH were equal to AD, the chord AH would 
be eq^ual to the chord AD (f. 4), which is contrary to the 
hypothesis; and if the arc ADH were less than AD, the 
chord AH would be less than AD, which is also contrary 
to the hypothesis. Then, since the arc ADH, subtended by 
the greater chord, cannot be equal to, nor loss than AD, it 
must be greater. 

Scholium. The arcs here treated of are each less than 
the semi-circumference. If they were greater, the reverse 
property would have place ; for, as the arcs increase, the 
chords will diminish, and conversely,. 



I'KOrOSlTION' VL TI1E01!!':M. 

The radius tvhich is perpendicular to a diord, bisects- tlie chord, 
and bisects also the subtended arc of i^ie chord. 

Let AB be any chord, and OG a radius perpendicu- 
lar to it : then will AD be equal to DB, and the arc A Q 
to the arc GB. 

For, draw the radii CA, CB. 
Then the two right-angled trian- 
gles ADC, ODB, wDl have AC 
equal to OB, and OD common ; 
hence, AD is equal to DB (b. i., 
p. 17). 

Again, since AD, DB, are 
equal, 00 is a perpendicular 
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erected from the middle of AB; 
and since ■(? is a point of this 
porpendicnlar, the chords AG 
and GB are equal (b. I., p. 16). 
But if the chord AG is equal 
to the chord GB, tho arc AG 
is equal to the arc G£ (p. 4) ; 
hence, the radius C/(?, at right 
angles to the chord AB, divides 
the are subtended hj that chord into two equal parts. 

Scholium. The centre 0, the middle point D of the 
chord AB, and the middle point &■ of the subtended arc, 
are three points of the same straight line perpendicular to 
the chord. But two points determine the position of a 
straight line (a. 11) ; hence, every straight line which passes 
tlirough two of these points, will necessarily pass through 
the third, and be perpendicular to the chord. 

It follows, also, that the perpendicular raised at the middle 
point of a chord passes through Hie centre of the circle, and 
tlirough tlie middle point of the subleiided arc. 

I'or, the perpendicular to the chord, drawn from the 
centre of the circle, passes through the middle point of the 
chord, and only one perpendicular can be drawn from the 
same point to the same straight line (b. I., P. 14, c). 



PEOPOSITION VII. THEOEEM. 

Through three given points, not in the same straight line, o. 
circumference may always be made to pass, and but one 

Let A, B, and C, be tho given points. 

Join the points A and B by 
the straight line AB, and the 
points B and C by the straight 
line BC, and then bisect these 
lines by the perpendiculars DE 
FG : we say first, that DE and 
FG, will intersect in some point 0. 

Eor, they intersect each other 
unless they axe parallel (b. i., d. 16). Now, if they are 
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parallel, the line AB wMcli is perpendicular to DE, is also 
perpendicular to FG, and the angle ^ is a right angle 
(b. I., p. 20, c. 1). But BK, the prolongation of AB, is a 
different line from BF, hecause the three points A, B, C, 
are not in the same straight line ; hence, there would be 
two perpendiculars, BF, BK, let fall from the same point 
B, on the same straight line, which is impoBBible (b. I., P. 
14) ; hence, DE, FG, are not parallel, and consequently, 
will intersect in some point 0. 

Moreover, since the point lies in the perpendicular BE^ 
it is equally distant from the two points, A and B (b, r,, 
p. 16) ; and since the same point lies in the perpendicu- 
lar FQ, it is also equally distant from the two points B 
and Ci hence, the three distances OA, OB, 00, are equal; 
therefore, the circumference described from the centre 0, 
with the radius OB, will pass through the three given 
points, A, B, 0. ■ 

Wc have now shown that one circumference can always 
be nade to pass through three given points, not in the 
sa.iie straight line:, we say farther, that hut one can be 
itescribed through them. 

For, if there were a second circumference passing through 
the three given points A, B, C, its centre cotdd not be out 
of the line BE, for any point out of this line is unequally 
distant from A and B {b. I., P. 16) ; neither could it be out 
of the line FG, for a like reason; therefore, it would be 
in both the lines BE, FG. But two straight lines cannot 
cut each other in more than one point ; hence, there is but 
one circumference which can pass through three given 
points. 

Cor. Two circumferences cannot meet in more than two 
points ; for, if they have three common points, there will 
be two circumferences passing through the same three 
points ; which has been shown, by the proposition, to be 
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PROPOSITION VIII. THEOREM. 

Two equal diords are equally distant from the centre; and of 
two unequal chords, the less is at the greater distance from 
the centre. 

Suppose the chord AB to be equal to the chord I)E. 
From C the centre of the circle, draw CF, and Cf? res- 
pectively pcrpendicidar to the chords : then will OF he 
equal to OQ. 

Draw the radii OA, CD ; then 
in the right-angled triangles CAF, 
BCQ, the hypothenusea CA, CD, 
are equal (d. 2) ; and the side 
AF, the half of AB (p. 6), is 
equal to the side DG, the half 
of DE: hence, the triangles arc 
equal, and CF is equal to CG 
(b. I,, p. 17) ; consequently, the 
two equal chorda J-B, DE, are equally distant from the 
oentre. 

Secondly. Let the chord AH be greater than DE: then 
will DE be furthest from the centre C. Since the chord 
AH is greater than DE the arc AKH is greater than DME 
(p. 5). Out off from the former, a part ANB, equal to 
DME ; draw the chord AB, and draw CF perpendicular 
to this chord, and 01 perpendicular to AIL It is evident 
that OF is greater than CO . (b. I., A. 8), and 00 than CZ 
(b, I., P. 15} ; therefore, CF is still greater than CI. But 
OF is equal to OG, because the chords AB, DF, are equal : 
hence, GQ is greater than GI \ therefore, of two unec^ual 
chords, the less is the farther from the centre of the circle. 




PKOPOSITION IX. THEOREM. 

A straight line perpendicular to a radius, at its extremity, is 
tangent to the circumference. 

Ijet the line BD be perpendicular to the radius OA at 
its extremity A. ; then wiU it be tangent to the eircumfer- 
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For, every obliqiie line GE, B 
is longer tlian the perpendicular 
CA (b. I., P. 15) ; hence, the point 
E is without the circle; there- 
fore, the lino BD has no point 
but A in common with the cir- U 

Gumference; consequently, the line SB is a tangent (d. 9). 

Cor. 1. Conversely, if a straight line be tangent to ft 
circle, it will be perpendicular to the radius passing through 
the point of contact. , 

Let BAD be a tangent, and CA a radius drawn 
through the point of contact A : then will BD be perpen- 
dicular to OA. For, through the centre C, suppose any 
other line, as COS, to be drawn. Then, since BD is a 
tangent, the point E will lie without the circle, and coiisc 
quently GE will be greater than the radius CO or CA ; 
therefore, the radius GA, measures the shortest distance 
from the centre C, to the tangent BD : hence, it is per- 
pendicular to the tangent (b. i., p. 15, c. 1). 

Cor. 2. At a given point of the circumference only one 
tangent can be drawn to the circle. For, let A he the 
given point, BD a tangent, and CA the radius drawn 
through the point of contact A. Now, if another tangent 
could be drawn, it would also be perpendicular to OA at 
the point A, by the last corollary : that is, we should have 
two lines perpendicular to GA, at the same point; which 
is impossible (b. r., r. 14, s). 



PEOFOSITION X. THEOREM. 

Two parallels intercept equal arcs of the c 

There may be three cases. 

First. When the two parallels 
are secants. Let AB and DE be 
two parallels : draw the radius Cff 
perpendicular to the chord MP. 
It will, at the same time, he per- 
pendicular to NQ (b. I., p. 20, c. 1) ; 
therefore, the point R will he at 



'mference. 
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once the middle of the arc MRP, 
and of the are IflfQ {p. 6) ; conse- 
quently, we shall have the arc 
MH^HP, and the arc NH^HQ; 
and therefore 

ME~NH=HP-HQ ■ 
13 other words, MN=PQ. 

Second. When, of the two par- 
allels AB, BE, one is a secant, and 
the other a tangent, draw the radius 
GH to the point of contact H; it 
will be perpendicular to the tan- 
gent BE (p. 9, c. 1), and also to 
its parallel MP (b. I., p. 20, C. 1). 
But since OH is perpendicular to i- 
the chord MP, the point H must '^ 

be the middle of the arc MHP (p. 6) ; therefore, the arcs 
MH, HP, included between the parallels AB, BE, are 
equal. 

Third. If the two parallels BE, IL, are tangents, the 
one at H, the other at K, draw the parallel secant AB ; 
and, from what has just been shown, we shall have 

MH=HP, MK=EP: 
and hence, the whole are 3MK=HPK. If is further evi- 
dent that each of these arcs is a semi-circumference. 

C<yf. Conversely : If the arc HM is equal to the arc 
HP, it is plain that the chord MP wiU be parallel to the 
tangent BE. 



PEOPOSITION SI. THEOREM. 

If tiuo cirtumfeiences haie one point ccmim<m., out of the straight 
hne which joins tlieir c^tres, they will aho have a second 
point jn common, and the tivo points mil he sUuated m a 
line perpendicular to the hne joinuig the unties, and at 
eqii/il distaw^s from it 

Let the two circumferences described about the centres 
and D intersect each other at the point A ; draw AF 
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perpendicular to CD, and prolong it till BF is equal to 
AF: then will the circumferences also intersect each other 





For, since AF is equal to FB, CF common and the 
angles at F right angles, the hypothenuses OB and OA are 
equal (b. I,, P. 5) : hence, the circumference described about 
the centre G, with the radius CA, will pass through B. 
In the same manner it may be shown, that the circumfer- 
ence described about the centre D, with the radius DA, 
will also pass through B. 

Cor. If two circumferences intersect each other, they 
will intersect in two points, and the line which joins the 
centres will be perpendicular to the common chord at the 
middle point. 



FROFOSITION SII. THEOEEU. 

If the ciTcainferences of two circles intersect each other, the dis- 
tance between their 
radii, and greater i 

Let two circumferences be 
described about the centres G 
and Dj with the radii GA and 
DA : then, if these circimifeT- 
enees intersect each other, the 
triangle CAD can always be 
formed. Now, in this triangle, 
GAD, 

CD<CA+AD (B. I., P. 7), 
also, CD>DA-AC (b. i., p. 1, c.) 
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PEOPOSITION XIII. THEOKEM. 



If the distance between the centres of two circles is e^icd to 
the sum of their radii, the circumfermces wiU touch each 
other externcdly. 

Let and D be the centres of two circles at a distance 
from each other equal to OA+AD. 

The circles will evidently have 
the point A commoa, and they will 
have no other ; because if they have 
two points common, the distance 
between their centres must be less 
than the sum of their radii, which 
ia contrary to the supposition. 

Oor. If the distance between the centres of two circles 
is greater than the snm of their radii, the two circumfer- 
-■-ces will be exterior the one to the other. 




PROPOSITION XIV. TIIEOEEM, 



(f tlie distance between Hie centres of two circles is equal to tlf, 
difference of their radii, the two circumferences will touch 
each other internally. 

Let and J) be the centres of two circles at a distance 
from each other equal to AD—OA. 

It is evident, as before, that the 
two circumferences will have the 
point A common : they can have 
no other ; because if they had, the 
distance between the centres would 
be greater than AD— CA (p. 12) ; 
which is contrary to the supposition. 

(hr. 1. Hence, if two circles touch each other, either 
exteiTially or internally, their centres and the point of con- 
tact will be in the sam.e straight line. 

Got. 2. If the distance between the centres of two 
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circles is lees than the difference of their radii, one circle 
will he entirely within the other. , 

Scholium 1. All circles which have their centres on the 
right line AD, and which pass through the point A, are 
tangent to each other at -the point A. For, they have only 
the point A common, and if through A, AE he drawn 
perpendicular to AD, it will be a common tangent to all 
the circles. 

Scholium. 2. Two circumferences must occupy with res- 
pect to each other, one of the. five positions above indi- 
cated. 

\st. They may intersect each other in two points ; 
2d, They may touch each other esternally: 
3d. They may be external, the one to the other : 
4:th. They may touch each other internally : 
5th. The one may be entirely within the other. 

PEOPOsrrioN xv. theoeem. 

In the same circle, or in, equal circles, equal angles at ike 
centre, intercept equal arcs on ike drcamference. And con- 
versely : If the arcs intercepted are equal, the angles contain- 
ed hy the radii are also equal 

"Let C and be the centres of equal circles, and thff 
angle AOB=£>GK 

First Since the angles 
ACB, DCE, are equal, one of 
them may be placed upon 
the other. Let the angle ^CS 
be placed on DOE. Then 
since" their sides are equal, ^ 

the point A will evidently faU on D, and the point B on 
E. The arc AB will also fall on the arc DE\ for, if the 
arcs did not exactly coincide, there would, in the one or 
the other, be points unequally distant from the centre; 
which is impossible : hence, the arc AB is equal to DE 
(i. 14). 

Secrnid. If the ?ti<i.AB=DE, the angle ACB is equal 
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to DCE. For, if these angles are not equal, suppose 
one of tliem, as ACB, to be the greater, and let ACI be 
taken equal to DOK From what has just been shown, 
■we shall then have AI~ DM ; but, by hypothesis, AB is 
equal to J)E; hence, AI must be equal to AB, or a part 
equal to the whole, which is absurd (a, 8) ; hence, the 
angle AOB ya equal to DQE. 



PEOPOSITION XVI. THEOEEM. 

In the same circle^ or in equal circles, if two angles at the 
centre have to each other the ratio of two wfwie numbers, 
the intercepled aixs will have to each other ike same ratio : 
or, we shall have the angle to the angle, as t/ie c 
ing arc to the corrc^ndmg arc. 



se, for example, that the angle: 
to each other as 7 is to 4 : or which i 



sappose that the angle M, which may serve 
measure, is contained 7 times in the angle 



AGB, DOE, are 
the same thing, 



as a common 
ACB, and 4 




times in DCE, The seven partial angles ACm, mCn, nOp, 
kc, into which AOB is divided, are each equal to any of 
the four partial angles into which DCS is divided; and 
each of the partial arcs, Ain, mn, np, kc., is equal to each 
of the partial arcs Dx, xy, &;o. (p. 15). Therefore, the whole 
arc AB will be to the whole arc DE, as 7 is to 4^ But 
the same reasoning would evidently apply, if in place of 
7 and 4 any numbers whatever were employed ; hence, if 
the angles ACB, DCE, are to each other as two whole 
numbers, they will also be to each other as the arcs AB, 
DE. 

Cor. Converaely : If the area AB, DE, are to each other 
as two whole numbers, the angles ACB, DCE will be to 
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each other as the same whole numbers, and we shall have 

AB : DJS :: AOB : DCS. 
For, the partial arcs, Am, mn, &e,, and Bx, xy, &c., being 
equal, the partial anglea ACm, mCii, &.C., and BCx, xCy, &e., 
will also be ecLual, and the entire arcs will be to each 
other as the entire angles. 




PKOrOSITION XVII. THEOEEM. 

In the same drck, or in. e^ual circles, any two angles at iJte 
centre are to each other as the intercepted arcs. 

let AGB and AOD be two angles at the centres of 
equal circles : then will 

ACB : AOB :: AB : AD, 

For, if the angles are ' " 

equal, the area will be equal 
(p. 15). If they are unequal, 
let the less be placed on 
the greater. Then, if the 
proposition is not true, the 
aagle A CB will be to the angle A CD as the arc AB is to an 
arc greater or less than AD. Suppose such arc to be 
greater, and let it be represented hj AO; we shall thus 
have, 

" the angle A OB : angle AOD : : arc AB ; arc J. 0. 
Next conceive the arc J.5 to be divided into equal parts, each 
of which is less than DO; there will be at least one point 
of division between D and 0; let J be that point; and 
draw CL Then the arcs AB, AI, will be to each other 
as two whole numbers, and by the preceding theorem, we 
shall have, 

angle ACB : angle ACT : : arc AB : arc AT. 
Comparing the two proportions with each other, we see 
that the antecedents in each are the same : hence, the con- 
sequents are proportional (b, ii., p. .4) ; and thus we find, 

the angle AOD : angle ACI : : arc ^0 : arc AI. 
But the arc AO is greater than the are AI; hence, if this 
proportion is true, the angle AOD must be greater than the 
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angle ACI: on the contrary, however, it is less;, hence, 
the angle AOB cannot be to the angle A CD us the arc AB 
is to an arc greater than AD. 

By a process of reasoning entirely similar, it may he 
shown that the fourth term of the proportion cannot he 
ess than AD\ hence, it is AD itself; therefore, we have 
angle ACB : angle AOD : : arc AB : arc AD. 

Scholium 1. Since the angle at the centre of a circle, 
and the arc intercepted hy its sides, have such a connec- 
tion, that if the one be augmented or diminished, the other 
will be augmented or diminished in the same ratio, we are 
authorized to assume the one of these magnitudes as the 
measure of the other ; and we shall henceforth assume the 
ara AB as the measure of the angle ACB. It is only neces- 
sary, in the comparison of angles with each other, that the 
arcs which serve to measure them, be described with equal 
radii. 

Scholium 2. An angle less than a right angle will be 
measured by an arc less than a quarter of the circumfer- 
ence : a right angle, by a quarter of the circumference : 
and an obtuse angle by an arc greater than a quarter, and 
less than half the circumference. 

Scholium 3. It appears most natural to measure a quan- 
tity by a quantity of the same species ; and upon this 
principle it would be convenient to refer all angles to the 
right angle. This being made the unit of measure, an 
acute angle would be expressed by some number between 
and 1 ; an obtuse angle hy some number between 1 and 2. 
This mode of expressing angles would not, however, be 
the most convenient iji practice. It has been found more 
simple to measure them by the arcs of a circle, on account 
of the facility with which arcs can be made to correspond 
to angles, and for various other reasons. At all events, if 
the measurement of angles by the arcs of a circle is in 
any degree indirect, it is still very easy to obtain the direct 
and absolute measure by this method ; since, by comparing 
the fourth part of the circumference with the arc which 
serves as a measure of any angle, we find the ratio of a 
right angle to the given angle, which is the ahsoluie v 
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ScJioUum 4. All that has been demonstrated in the last 
three propositions, concerning the comparison of angles 
with arcs, holds true ec[ually, if applied to the comparison 
of sectors with arcs. For, sectors are not only ecuial when 
their angles are so, but are in all respects proportional to 
their angles; hence, ttvo sectors AOB, ACZ>, taken in Uie 
saine circle, or in equal circles, are to each other as the arcs 
AB, AD, the bases of those sectors. Hence, it is evident that 
the arcs of equal circles, which serve as a measm-e of cor- 
responding angles, are proportional to their sectoi's. 




PEOPOSITION SVIII. THEOREM. 

Any inscnbed angle is measured hy half the arc included 
between its sides. 

Let BAD he an inscribed angle, and let us first sup- 
pose the centre of the circle to lie within the angle BAD. 
Draw, the diameter AG£1, and the radii CB, CD, 

The angle BOE, being exterior to ^ 

the triangle ABO, is equal to the sum 
of the two interior angles GAB, ABO 
(b. I., p. 25, C. 6) : but the triangle BA 
being isosceles, the angle CAB is equal 
to ABG; hence, the angle BOE is double 
oi BAG.- Since BOE is at the centre, 
it is measured by the arc BE (p. 17, s. 1); 
hence, BAO will be measured by the 
half of BE. For a like reason, the angle GAD will be 
measured by the half of ED; hence, BAC+GAD, or BAD 
wiU be measured by half of BE+ED, or half of BED. 

Secondly. Suppose the centre to 
lie without the angle BAD. Then, draw- 
ing the diameter AGE^ the angle BAE 
will be measured by the half of BE; 
the angle DAE by the half of DE: 
hence, their difference, BAD, will be 
measured by the half of BE minus the 
lialf of ED, or by the half of BD. 
Hence, every inscribed angle is measured 
by half the arc included between its sides. 
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C&r. 1., All the angles BAG, BBC, 
BEC, inscribed in the same segment ■ 
are equal ; because they are each 
measured by half of the same arc 
BOO. 

Cor. 2. Every angle BAB, inscrib- 
ed in a semicircle is a right angle; 
because it is measured by half the 
semicircuuiference BOB, that is, by 
the fourth part of the whole circnm- 
ferenee (p. 17, 8. 2). 

Cor. 3. Every angle BA 0, inscrib- 
ed in a segment greater than a semi- 
circle, is an acute angle; for it is 
measured by half the are BOC, less 
than a semicircumfereuce (p. 17, s. 2). 

And every angle BOC, inscribed 
in a segment less than a semicircle, is 'J 

an obtuse angle ; for it is measured by half the arc 
greater than a aemicircumference. 

Cor. 4. The opposite angles A and 
C, of an inscribed (jiiadrilateral ABGB, 
are together ecLual to two right angles : 
for, the angle BAB is measured by 
half the arc BCB, the angle BCB is 
measured by half the arc BAB ; hence, 
the two angles BAD, BCB, taken together, are measured 
by half the circumference ; hence, their sum is equal to 
two right angles (p. 17, S. 2). 





PEOPOeiTION XJX THEOEEM. 

TM angle formed by two dwrds, which intersect each other, is 
measured ly half the sum of &ie arcs included between its sides. 

Let AB, CB, he two chords intersecting each other at 
E: then will the angle- AEO, or DEB, be measured by 
half of AC^DB. 
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Draw AF parallel to BO: the 
arc DF wUl he equal to AG (p. 10), 
and the angle FAB equal to the 
angle DFB (b. i., p. 20, c. 3). But the 
angle FAB is measured by half the 
arc .FBB (p. 18); therefore, BFB is- 
measured by half of FBB ; that 
is,, by half of BB+BF, or half of 
BB+AC. 

To prove the same for the angle DEA, or its equal 
BEG. Draw the chord AG. Then, the angle BOA will 
be measured by half the arc BFA; and the angle BAG 
by half the arc OB (p. 18). But the outward angle AFB, 
of the triangle SAG, is equal to the sum of the angles 
A and G (b. l, p. 25, C, 6) ; hence, this angle is measured 
by one-half of BO plus one-half of AFB ; that is, by half 
the sum of the intercepted arcs. By drawing a chord 
BG, similar reasoning would apply to the angle AFO or 
BFB. 



PEOPOSITION XX. THEOREM. 



; formed hy two secants, is measured hy half the 
ifferenoe of the arcs included heiween its sides. 



Let AB, AO, he two secants: then will the angle BAG 
be measured by half the difference of the arcs BFO and 
BF. 

Draw BF parallel to jIC: the 
arc FO will be equal to BF (p. 
10), and the angle BBF equal to 
the angle BAG (b. l, p. 20, c. 3). 
But BBF is measured by half the 
arc BF (p. 18) ; henee, BA is also 
measured by half the arc BE {p. 17) ; 
that is, by half the difference of BEG 
and FG, and consequently, by half 
the difference of BEG and BF. 
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PEOPOSITION XXI. THEOEEM. 

Either of the angles fifrmed by a tangent and a choid, ii 
sured hy half the ate included hetiteen tta sides. 

Let Bm .he a tangent, and J. (7 a chord 

From A, thft "oint of contatt, draw 
the diameter . 4^ . The angle BAD la 
a right angle (f, 9), and 13 measuied by 
half the semicircumference AMD {p. 17, ^fl 
s. 2) ; the angle DA is measured by the 
halfofiJC; hence, ^^I'+i^^C, or _B^C, 
is measured by the half of AMD plug 
the half of DC, or by half the whole 
arc AMDO. 

It may he shown, hy taking the difference of the 
angles DAE, DAG, that the angle GAE is measured by 
half the arc A C. included between its sides. 




PROBLEMS 
RELATING TO THE FIRST AND- THIRD BOOKS 



PROBLEM I. 



To I 



'. a given straight line. 



Let AB he the given straight line. 

From the points A and B aa cen- 
tres, with a radius greater than the half 
of AB, describe two arcs cutting each 
other in D; the point D will be equal- 
ly distant from A and B. Find, in like 
manner, above or beneath the line AB^ 
a second point E, equally distant from 
the points A and B; through the two 
points D and E, draw the line D.E, 
and the point G, where this line meete AB, will he 
distant from A and _B. 
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For, the two points D and JS', being eacli equally dis- 
tant from the extremities A and S, must both he in the 
perpendicular raised at the middle point of AB (b. i., p. 16, c). 
But only one straight line can be drawn through two 
given points (a. 11); hence, the line DE must itself be that 
perpendicular, which divides AB int-o two equal parts. 



>=5> 



PEOBLEM 11. 

At a given point, in a given straight line, to erect a perpendic- 
ular to that line. 

Let BO be the given line, and A the given point. 

Take the points B and C at equal 
distances from A; then from the points 
B and as centres, with a radius great- 
er than BA, describe two arcs inter- 
secting eath other at I) ; draw AD and 
it will be the perpendicular required. 

For, the point D, being equally distant from B and C, 
must he in the perpendicular raised at the middle of BC 
(b. I,, p. 16) ; and since two points determine a line, AD is 
that perpendicular. 

SclwUum. The same construction serves for making a 
right angle BAB, at a given point A, on a given straight 
line BG. 

PROBLEM III. 

From a given point, without a straight line, to let fall a per- 
pendicular cm that line. 

Let A be the point, and BD the given straight line. 

From the point A S3 a, centre, and 
with a radius sufficiently great, des- 
cribe an arc cutting the line BD in 
two points B and B ; then mark a 
point B, equally distant from the 
points B and D, and draw AE: it 
will be the perpendicular required. 

For, the two points A and B are each equally distant 
from the points B and D; hence, the line j^^ is a perpen- 
dicular passing through the middle of BD (b. I., p. 16, c). 
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PROBLEM IV. 

At a point in a given line, to make an angle equal to a given 
angle. 

Let A be tlie given point, AB the given line, and IKL, 
tlie given angle. 

From the vertex JE^ as a 
centre, ivith any radius, des- 
cribe the arc IL, terminating 
in the two sides of the angle. 
From the point J. as a centre, with a distance AB, equal 
to KI, describe the indefinite are BO; then take a radius 
equal to the chord LI, with which, fi-om the point 5 as a 
centre, describe an arc cutting the indefinite arc BO, in D ; 
draw AD ; and the angle BAD will be equal to the given 
angle K. 

For, the two arcs BD, LT, have equal radii, and equal 
chords ; hence, they are equal (p. 4) ; therefore, the angles 
BAD, IKL, measured by them, are also equal (p. 15). 

PROBLEM V. 



( a given arc, . 



I given c 



First. Let it be required to divide the arc AEB into 
two equal parts. From the points A and B, as centres, 
with equal radii, describe two arcs cutting each other in 
D; through the point D and the centre G, draw CD: it 
will bisect the arc AB in the point E. 

For, the two points C and D are 
each equally distant from the extremi- 
ties A and B of the chord AB ; hence, 
the line CD bisects the chord at right 
angles (b. I., p. 16, C) ; and 'consequent- 
ly, it bisects the arc AEB in the point 
E (p. 6). 

Secondly. Let it he required to divide the angle ACB 
into two equal parts. "We begin by describing, fi'om the 
vertex (7, as a centre, the are AUB; which is then bisect- 
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ed as above. It is plain that the line CB will divide the 
angle ACB into two equal parts (p. 17, 3. 1). 

Scholium. By tlie same construction, eacii of the halves 
AE, EB, may be divided into two ecLual parts ; and thus, 
by successive subdivisions, a given angle, or a given arc, 
may be divided into four equal parts, into eight, into six- 
teen, and so on. 



PEOBLEM VI. 

Through a given point, to draw a parallel to a given straight 



Let A be the given, point, and BO the given line. 

Erom the point j1 as a centre, _ ^-^ 
with a radius greater than the 
shortest distance from A to BC, 
describe the indefinite arc BO; 
from the point i' as a centre, 



with the same radius, describe the are AF ; lay off BD = 
AF, and draw AB: this will be the parallel required. 

For, drawing AB, the angles ABF, BAD, are equal 
(p. 15) ; therefore, the lines AB, EF, are parallel (b. i., 
p. 19, c. 1). 

PEOBLEM Vn. 

Two angles of a triangle being given, to find the third. 

Let A and B be the given angles. 

Draw the indefinite lino BEF; 
at any point as E, make the angle 
BBG equal to the angle A, and 
the angle CEff equal to the other 
angle B: the remaining angle SEE ^ i^ v 

will be the third angle required; because, these three angles 
are together equal to two right angles (b. I., F. 1, C. 3), and 
so are the three angles of a triangle (b. 1., p. 25) ; conse- 
quently, HBF is equal to the third angle of the triangle. 
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PROBLEM Vin. 
nil/', mid Hf anifie nhicJi th y c 



gwen, to describe the tnangle. 



■ttain, being 



to the given sides, and 





Let the lines B and be equa 
A the given angle. 

Having drawn the indefinite 
line DF, make at the point 1), 
the angle FDB equal to the given 
angle A ; then take DQ=B, DH= 
C, and draw OH : DGH will be 
the triangle required (b. I., P. 5). 



PROBLEM IX. 

A side and two angles of a triangle 
tlie triangle. 
The two angles will either be 
both adjacent to the given side, 
or one will be adjacent, and the 
other opposite : in the latter case 
find the third angle (prob. 7), 
and (he two adjacent angles will be known. Then draw 
the straight line J).E, and make it equal to the given side: 
at the point Z*, make an angle IBRF, equal to one ^of the 
adjacent angles, and at E, an angle DEG equal to the 
other; the two lines DF, EG, will intersect each other in 
ff; and DEH will be the triangle required (b. l, p. 6). 

PROBLEM X. 
The three sides of a tnangle being given, to describe tlie triangle. 

Let A, B, and C, denote the three given sides. 

Draw DE, and make it equal 
to the side A ; from the point D 
as a centre, with a radius eqnal 
to the second side B, describe an 
arc ; from J^ as a centre, with a -r,^ 

radius eqnal to the third side 0, 0' 

describe another arc intersecting the former 
DF, EF; and DEF wiU be the triangle require 



in F; draw 
1 (b. L, p. 10). 
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Scholium. If one of the sides were greater than the 
sum of the other two, the arcs would not intersect each 
other, for no such triangle could exist (b, l, f, 7) : but the 
solution will always be possible^ when the sutji of any two 
of the lines, is greater than the third. 



PKOBLEM. Sjl,. 

of a triangle, and the angle opposite 
being given, to describe the t/iangk,^ 



of them, 



Let A and B be the given sides, and thegiyen angle- 
There are two cases. 

First When the angle G ia 
a "right angle, or when it is ob- 
tuse. Draw DF and make the 
angle FDE=C; talce DE=A: 
from the point .ff as a centre, 
with a radius equal to the given 
side 5, describe an arc euttiag 
IW in F\ draw EF; then I)EF 
will he the triangle required. 

In this case, the side E must 
be gi-eater than A ; for the angle C being a right angle, or 
an obtuse angle, is the greatest angle of the triangle (b. i., . 
1'. 25, C. 3), and the side opposite to it must,- tkereforef also 
be the greatest (b. i., p. 13). 

Secondly. If the angle is 
acute, and B greater than A, the 
same construction will again ap- 
ply, and DBF will be the trian- 
gle required. 

But if the angle C is acute, 
and the side B less than A, then 
the arc described from the centre 
B, with the radius EF=^B, will 
cut the side DF in two' points 
F and (?, lying on the same side 
of D : hence, there will be two 
triangles DEF, DEQ, cither of 
conditions of the problem. 




which will satisfy all the 
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Scholium. If the arc descjited witli S as a centre, should 
be tangent to the line DG, the triangle would be right 
angled, and there would be but one solution. The pro- 
blem will be impossible in all cases, when the side JB is lesa 
than the perpendicular 'let fell flrom U on. the line DF. 



PEOBLEM xn. 

2Vie adjacent sides of a parallelogram aiid their inclvxkd angle 

being given, to describe the parallelogram. 

Let A and B be the given aides, and G the given angle. 

Draw the line DH, and ^ 

lay off DE equal to ^ : at 
the point D, make the angle 
EDF=G\ i^&DF=B; des- 
eribc two arcs, the one from 
F as a centre, with a radios 

PG=DE, the other from E ^^_ 

as a centre, with a radius EG 

=DF\ to the point G, where these ares intersect each other, 

draw EG, EG ; DEGF will be the parallelogram required. 

For, the opposite aides are equal, by construction; 
hcnee, the figure is a parallelogram (b. i., p. 29) ; and it is 
formed with the given sides and the given angle. 

C&r. If the given angle is a right angle, the figure will 
l>e a rectangle ; if, in addition to this, the sides ai« rqiiah 
it will be a square. 

PEOBLEM XIII. 

To find the centre of a given drck or arc. 
Take three points, A, B, 
0. anywhere in the eircum- 
fiirence, or in the arc ; draw 
AB, BO, or suppose them to 
be drawn; bisect these two 
lines by the perpendiculars 
J)E, EG (PEOB. 1) : the point 
0, where these perpendicu- 
lai-s meet, will be the centre 
sought (p. 6, s). 




Hoiied by Google 



BOOK III. 



83 



ScJioUum. The same conatruction serves for making a 
circumference pass tbrougli three given points A, B, C; 
and also for describing a circumference, ■which shall cir- 
ciunscribe a given triangle ABO. 



PEOBLEM XIV. 

Through a given ]x>int, to draw a tangent to a given circle. 

Let A be the given point, and the centre of the 
given circle. 

If the given goint A lies in the 
circumference, draw the radius CA, and 
erect AD perpendicular to it: AD will 
be the tangent required (p. 9). 

If the point A lies without the cir- 
cle, join A and the centre, by the 
straight line CA : bisect Ck in 0; 
from as a centre, with the radius 
00, describe a circumference intersect- 
ing the given circumference in B ; 
draw AB : ' this will "be the tangent 
required. 

For, drawing OB, the angle OBA 
being inscribed in a semicircle is a 
right angle (p. 18, c. 2) ; therefore, AB is a perpendicular at 
the extremity of the radius GB ; hence, it is a tangent (p. 9). 

Scholium 1. When the point A lies without the circle, 
there will be two equal tangents, AB, AD, passing through 
the point A : for, there will be two right-angled triangles, 
CBA, ODA, having the hypothennse CA common, and the 
side CB.= CD ; hence, there will be two equal tangents, 
AB, AD. The angles OAD, GAB, are also equal {b. 1., p. 17). 

Scholium 2. As there can be but one line bisecting the 
angle BAD, it follows, that the line which bisects the angle 
formed by two tangents, must pass through the centi'e of 
the circle. 
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PROBLEM XV. 




To inscribe a circk in a given triangle. 

Let ABG be the given triangle. 

Bisect the angles A and B, b 

by the lines AO and BO, 
meeting in the point (pbob, 
5); from the point 0, let fall 
the perpendiculars OD, OE, OF 
(pros. 3), on the three sides of 
the triangle : these perpendic- 
ulars will all be equal. 

For, by construction, we have the angle DAO—OAF, 
the right angle AI)0=AFO ; hence, the third angle AOB 
is equal to the third A OF (b. i., p. 25, C. 2). Moreover, 
the side jiO is common to the two triangles J. OZ*, AOF ; 
and the angles adjacent to the equal side are equal: hence, 
the triangles themselves are equal (b. i., p. 6); and Z^O is 
equal to OF. In the same manner it may he shown that 
the two triangles BOD, BOF, are equal ; therefore OD is 
equal to OF; hence, the three perpendiculars OD, OF, OF, 
are all equal. 

Now, if from the point as a centre, with the radius 
OD, a circle be described, this circle will be inscribed in 
the triangle ABO (d. 11) ; for, the side AB, being perpen- 
dicular to the radius at its extremity, is a tangent (p. 9); 
and the same thing is true of the sides BO., AG. 

Scholium. The three lines which bisect the three angles 
of a triangle meet in the same point. 



PSOBLEM XVT. 

On a given sti'aight line to describe a segment ifiat shall contain 
a given angle; that is to say, a segment such, that any 
angle inscriled in it shall he equal to a given angle. 

I^et AB be the given straight line, .ind C the given ang'i'. 
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Produce AB towards D. At tlie poiat B, make the 
angle DBE=C-, draw BO perpeodieular to BE, aud at 
the middle point G, draw GO perpendieiilax to AB: from 
the point 0, where "these perpendiculai's meet, its a centre, 
with the distance OB, describe a circumference : the re- 
quired segment will be AMB. 

For, since BB" is perpendicular to the radius OB at its 
extremityj it is a tangent {p. 9), and the angle ABF is 
measured by half the arc AKB (p. 21). Also, the angle 
AMB, being an inscribed angle, is measured by half the 
arc AKB (p. 18): hence, we have AMB=ABF=EBD=C-. 
hence, any angle inscribed in the segment AMB is equal 
to the given angle C. 

Scholium. If the given angle were a right angle, the 
required segment would be a semicircle described on ^45 as 
a diameter. 



PEOBLEM XVII. 

Two aitf/les being gi-ixn, to find tlieir common measure, and by 
means of it, their ratio in numJjers. 

Let .4 and B be the given angles. 

With equal radii describe 
the arcs CD, EF, to serve as' 
measures for the angles. After- 
wards, proceed in the compar- 
ison of the arcs CD, EF, in 
the same manner as in the 
i'omparison of two straight lines (b, II., D. 
may be cut off from an arc of the same radius, as a straight 
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line from a straight line. "We 
shall thus arrive at the com- 
moa measure of the arcs CD, 
EF, if they have one, and 
thereby at their ratio in num- 
bers. This ratio will be the 
same as that of the given angles (p. 17) ; and if DO is the 
common measure of the ares, the angle DAO wiU be that 
of the angles. 

Scholium. According to this method, the absolute value 
of an angle may be found by comparing the arc which 
measures it, to a quarter circumference. For example, if a 
quarter circumference is to the angle ^4 as 8 to 1, then, 
the angle A will be |- of one right angle, or /^ of four 
right angles. 

It may also happen, that the arcs compared have no 
common measure ; in ■which case, the numerical ratios of 
the angles will only be found approximatively with more 
or less correctness, according as the operation is continued 
a greater or less number of times. 
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PROPORTIONS OF PIGUEES— MEASUKEMEST OF AliEAS. 



DEFINITIONS. 

1. Similar Figures are those wiieli are mutually equi- 
angular {b. I., D. 22), and liave their sides about the equal 
angles, taken in the same order, proportional. 

2. la figures which are mutually equiangular, the angles 
which are equal, each to each, are called homohgoits angles : 
and the sides whicii are like situated, in respect to the. 
equal angles, are called homologous sides. 

3. Area, denotes the superficial contents of a figure. 
The area of a figure is expressed numerically by the num- 
ber of times which the figure contains some other figuri; 

I as a unit of measure. 



4. Equivalent Figures are those which .have eqi^al 
areas. The terra equal, when applied to quantity in gen- 
eral, denotes an equality of measure ; but when applied 
to geometrical figures it denotes an equality in every re- 
spect; and such figures when applied the one to the other, 
coincide in ail their parts (A. 14), The term equivalent, 
denotes an equality in one respect only ; viz, : an equality 
between the measures of figures. The sign =0, denotes 
equivalency, and is read, is equivalent to. 

5. Two sides of one figure are said to be raciprocaUy 
propo^'tional to two sides of another, when one of the sides 
of the first is to one of the sides of the .second, as the 
remaining side of the second is to the remaining side of 
the first. 
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. 6. Similar Arcs, Sectors, or, Segments, 
which in different circles, correspond to equal an; 
centre. 

Thus, if the angles A and are A 

eqnal, the are BFG. wiU be similar to 
J)GS, the sector BAG to the .sector 
JJOB, and the segment BCF, to the 
segment DUG. 

7. The Altitude of a triangle is 
the perpendicular let fell from the ver- 
tex of an angle on the opposite side; 
this side is then eaJled a base. 

8. The altitude of a parallelogram 
is the perpendicular distance between 
two opposite sides. These sides are 
called hases. 

9. The altitude of a -trapezoid is tlie 
perpendicular distance between its two 
pai'allel sides. 



'■ those, 

i at tliB 




PliOPOSlHOS L THEOREM. 

Parallehgrams which have equal bases (nid eqiutl aJtitvdes, are 
equivalent. 

Since the two parallelograms have equal bases, those 
bases may be placed the one on the other. Therefore, lot 
jIB be the common base of the two parallelograms ABCI), 
ABEF, which have the same altitude : then will they be 
equivalent. . 

For, in the parallelogram D C F ,E P F C E 
ABCD, we have 



v/ 



AS=DC,^niiAD=BG{B.i.,¥.:1 
and in the parallelogram ABEF, 
we . have, 

AB=MF, and AF=BE: 
hence, 1)G=FF (a. 1). 

Now, if from the line DF, we take away DC, t^ere will 
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remain CE; and if from the same line wc take away EF, 
there will remain' DF; 
hence, CE^DF (a. 3) ; 

therefore, the triangles ADF and BOE are mutually equi- 
lateral, and consequently, ei^ual (b. i., p. 10). 

But if from the quadrilateral ABED, we take , away the 
triangle ADF, there will remain the parallelogram ABEF; 
and if from the same quadrilateral, we take away the equal 
ti'iangle BGE, there will remain the parallelogram ABCD. 
Hence, any two parallelograms, which have equal bases and 
equal altitudes, are equivalent. 

Sdiolium. Since the rectangle and sqUareare parallelo- 
grams (b. I., B. 25), it follows that either is \equivalent to 
any parallelogram having an equal base and an equal 
altitude. And generally, whatever property is proved as 
belonging to a parallelogram, belongs equally to every 
variety of parallelogram. 

PKOrOSITlON II. TIIEOEEM. 

If a ti-iangh and a parallelogram have equal bases and equal 
altitudes, the triangle toill he half the parallelogram. 

Place the base of the triangle on that of the parallelo- 
gram, so that the triangle AGB, and the parallelogram 
ABFD shall have the common .base' AB: then will the 
triangle be half the parallelogram. 

For, since the triangle and the D_ 
parallelogram have equal altitudes, 
the vertex G, of the triangle, will 
be in the upper base of the paral- 
lelogram (b. I., p. 23). Through A, 
draw AE parallel to BG, forming the parallelogram ABGE. 

Kow, the parallelograms ABFD, ABGE, are equivalent, 
having the samo base and altitude (p. 1). But the triangle 
ABC is half the parallelogram _B£ (b.l,p. 2§,c:i): there- 
fore, it is half the equivalent parallelogram BE (a. 7). 

Cor. All triangles which have equal bases and equal 
altitudes are equivalent, being halves of equivalent paral- 
lelograms. 
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PEOI'OSIllON III. THEOREM. 

Two rectangles having equal altitudes are ia each other c 



Let ABOD, AEFD, be two rectangles liaving the com- 
mon altitude AD; they are to each other as their bases 
AB, AK 

MrsL Suppose that the haaea 
are commensurable, and are to 
each other, for esamplCj as the 
numbers 7 and 4. If AB be di- 
vided into 7 equal parte, AE 

will contain 4 of those parts. At each point of division 
erect a perpendicular to the base ; seven partial rectangles 
will thus be formed, aU equal to each other, because each 
has the same base and altitude (p. 1, s). The rectangle 
ABGD win. contain seven partial rectangles, while AEFB 
win contain four : hence, the rectangle 



ABOD : AEFB 



i, or as AB 



AE. 



The same reasoning may be applied to any other ratio 
equally with that of 7 to 4 : hence, whatever be the r!itio, 
we have, when its terms are commensurable, 

ABOD : AEFD : : AB : AE. 

Second. Suppose that the bases AB, D .FK_C 

AE, are incommensurable : we shall still 
have 

ABGD : AEFD : : AB : AE. 

5 are not to each 



E T B 



For, if the rectangles 
other in the ratio of AB to AE, they are to each other in 
a ratio greater or less : that is, the fourth terra must be 
greater or leas than AE. Suppose it to be greater, and 
that we have 



AB 



AO. 



ABOD : AEFD 

Divide the line AB into equal parts, each less than EO. 

There will be at least one point I of division between E 

and 0: from this point draw IK perpendicular to AI, 
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forming the new rectangle AK: then, since the bases AB, 
AT, are commensurable, we have, 

ABOD : AIKD : : AB : AT. 
Bat by hypothesis we liave 

ABCD : AEFD : : AB : AO. 

In these two proportions the antecedents are equal ; 
hence, the consequents are proportional (b. il., P. 4), that is, 
AIKD : AFFB : : AT : AO. 

But AO is greater than AT; which requires that the 
rectangle AEFD be greater than AIKD: on the contrary, 
however, it is less (a. 8); hence, the proportion is not true; 
therefore ABCD cannot be to AEFD, as AB is to a lino 
greater than AE. 

In the sanae manner, it may be shown that the fourth 
term of the ■ proportion cannot be less than AF] therefore, 
being neither greater nor less, it is equal to AE. Hence, 
any two rectangles having equal altitudes, are to each other 
aa their bases. 

PROPOSITION IV. THEOREM. 

Any two rectangles are to each other as the products of their 
has^ and allitiules. 

Let ABCD, AEQF, be two rectangles; then will the 
rectangle, 

ABCD : AEGF : : ABxAD : AFxAF. 
Having plaeed the two rect- 
angles, 80 that the angles at A 
arc opposite, produce the sides 
GE, CD, till they meet in K 
Then, the two rectangles ABCD, 
AEHD, having the same altitude 
AD, are to each other as their bases AB, AE: in like 
manner the two rectangles AEHD, AEGF, having the same 
altitude AE, are to each other as their bases AD, AE: 
thus we have, 

ABOD : AEHD : : AB : AE, . 

AEHD 1 AEGF : : AD : AE. 
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Multiplying the corresponding t«rms of these propor- 
tions together (b. ii., p. 13), and omitting the term AEH.J), 
since it is common to both the antecedent and consequent 
(b. II., p. 7), we have 

ABCD : AEGF : ; ^5x^-0 : ASxAF. 

Sdiolivm 1. If we take a line of a given length, as one 
inch, one foot, one yard, &c., and regard it aa the linear 
unit of measure, and find how many times thia unit is 
contained in the base of any rectangle, and also, how many 
times it is contained iii the altitude : then, the product of 
these two ratios may be assumed as the measure of the 
rectangle. 

For example, if the base 
of the rectangle A contains 
ten units and its altitude three, 
the rectangle will be repre- 
sented by the number 10x3 

=30 ; a number which is entirely abstract, so long as ive 
regard the numbers 10 and 3 as ratios. 

But if we assume the square constructed on the hnear 
unit^ aa the unit of surface, then, the product will give 
the number of superficial units in the surface ; because, for 
one unit in height, there are 9s many superficial units as 
th^re are linear units in the base; for two units in height, 
twice as many; for three units in height, three times as 
many, kc. 

In this case, the measurement which before was merely 
relative, becomes absolute : the number 30, for example, 
by which the rectangle was measured, now represents 30 
ffuperficial iinita, or 30 of those equal squares described on 
the unit of linear measure : this is called the Area of the 
rectangle. 

Scholium 2. In geometry, the product of two lines fre- 
qiiently means the same thing as their rectangle, and this 
expression has passed into arithmetic, where it serves to 
designate the product of two unequal numbers. The term 
fiqtiare is employed to designate the product of a number 
multiplied by itself. 
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The sq^uares of the numbers 1, 2, S, 
&c., are 1, 4, 9, &c. So likewise, the 
goo metrical scLuare constructed ou a 
double line is evidently fonr times as 
great a3 the square on a single one ; on 
ii triple line it is nine times as gi-eat, 
&c. 



PEOPtffilTlON V. TriEOKEM. 

The area of a parallelogram is equal to the product of ib base 
and altitude. 

Let ABCD be any parallelogram, and BE its altitude : 
then will its area be equal to ABxBE. Draw AF, and 
complete the rectangle ABEF. 

The parallelogram ABCD is equiv- 
alent to the rectangle ABEF (p.l,s,); 
but this rectangle is measured by ABy, 
BE (p. 4, S. 1); therefore, ABxBE is 
equal to the area of the parallelograJn ABCD. 

Oor. Parallelograma of equal bases are to each other as 
their altitudes ; and parallelograms of equal altitudes are to 
each other as their bases. For, let C and D denote the 
altitudes of two parallelograms, and B the base of each : 
then, BxC : BxD : : C : _D (b. ii., P. 7). 
If ^ and S arc the bases, and C the altitude of each, we 
shall have, 

AxC : BxC :: A : B: 
and parallelograms, generally, are to each other- afi the pro- 
ducts of their bases and altitudes. 



PEOPOSITION VI, TIlEOliEM, 

The area of a triangle is equal to half tJie product of its base 
and altitude. 

Let BAC be a triangle, and A.D perpendicular to the 
base: then will its area be equal to onehalf of DCxAD. 
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For, draw OE parallel to BA, and 
AE parallel to .BO, completing the par- 
allelogram 5S Then, the triangle ABO 
is half the parallelogram ABOE, which 
has the same base BO, and. the same 
altitude AB (p. 2) ; hnt the area of the parallelogram is 
cqnal to BGxAB (p. 5); hence, that of the triangle must 
be ^BCxAD, or BCx^fAD. 

Cor. Two triangles of equal altitudes are to each other 
as their bases, and two triangles of equal bases are to each 
other aa their altitudes. And triangles generally, are to 
each other, as the products of their bases and altitudes. 




PROPOSITION VII. THEOEEM. 

The area- of a trapezoid is equai to the product of its altitude, 
hy half the sum of its parallel bases. 

Let ABOD be a trapezoid, EF its altitude, AB and CD 
its parallel bases: then will its area be equal to EFx, 
i{AB+OJ)). 

Through I, the roiddle point of the 
side BO, draw KL parallel to the op- 
posite side AD] and produce DO till 
it meets KL. 

In the triaiigles IBL, lOK, we have 
the side IB=IC, by construction; the angle LIB = CIK 
(b. I., p. 4) ; and since OK and BL are parallel, the angle 
IBL~IOK (b, I., p. 20, c. 2) ; hence, the triangles aje equal 
(b. I., p. 6) ; therefore, the trapezoid ABGD is equivalent to 
the parallelogram ALKD, and consequently, is measured by 
EFxAL (p. 5). 

But we have AL=DK-, and since the triangles IBL 
and KOI are equal, the side BL=OK: hence AB-VOI>= 
AL+DK=^2AL; hence, AL is the half sum of the bases 
AB, OB; hence, the area of the trapezoid ABOD, is equal 
to the altitude EF multiphed by the half sum of the bases 
AB, OD, a result which is expressed thus: 
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Sclwlium. If through I, the middle point of BC, the 
line IH be drawn parallel to the' base AB, it will bisect 
AD at H. For, since the figure ALIH is a parallelogram, 
as also, HIKD, their opposite sides are parallel, and we 
have^Zr=/i, o.-aADH^IK; but since the triangles i 5^ 
IKC, are equal, we have IL=IK; therefore, AH=HD. 

AB + OD 



But s 



i the line III=AL, it is also e 
irea of the 



hence, the area ot tue trapezoid may 
by EFxBI; consequently, the area of a 
to its altitude iniiltiplied by the line which 
points of its indiiied sides. 



1 to- 



PRorosiTioN vin. tiieoeem. 



The square descrilted on tlie s^cm of two lines is equivalent to 
the sum of the squares described on tlie lines, together with 
twice the rectangle contaiiied hy the lines. 

Let AB, BO, be any two lines, and A C their sum ; 
then will 

A^ or {AB-^BCf^z^AB" + BC" + 2.15 x BC. 

On AO describe the square AGBE ; take AF=AB; 
draw FG parallel to AC, and BJff parallel to AM 

The square ACDE is made up of -g 
four parts ; the first ABIF is the square ' 
described on AB, since we made AF = 
AB: the second IGDH is the square 
described on IQ, or BC; for, since we 
have AC=AE and AB=AF, the dif- 
ference, AC~AB must be equal to the 
difference AB-AF, which gives BC = BF; but 10 is 
equal to BO, and BO to FF, because of the parallels; 
therefore, IGDH is equal to a square described on BO. 
Now, if these two squares be taken away from the large 
square, there will remain the two rectangles BCGI, 
FIHE, each of which is measured by ABxBC: hence, 
the square on the sum of two lines is equivalent to 
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the sum of tte squares on tlie lines, together \ritb twice 
the rectangle contained by the lines. 

(hr. If the line AC were divided into two equal parts, 
the two rectangles FH, BO, would become squares, and the 
square desci^ibed on the whole line would be equivalent to 
four times the squai'e described on half the line, 

ScJwlium. This property is equivalent to the properly 
demonstrated in algebra, in obtaining the square of it 
binomial ; which is expressed thus : 



PROPOSITION IX. THEOEEM. 

Tlie sqiiO,re described on the difference of two line 

to tlie sum of the squares described on the lines, diminished 
by ticke the rectangle contained by the lines. 

Let AB, BC, be two lines, and A their difference ; 

then, 20"; or {AB-BCf-o=AB^+Bd'^~2ABxBa 

On AB describe the square ABIF; l F 

take AE^AO; through (7 draw CG- 
]>arallel to BI, and through E dra.w 
US parallel to AB; and prolong it 
to -^ making EK= CB, and then 
complete the square KEFL. 

Since KD=AB, and BC=KL, the ^ " " 

two rectangles GI, EG, are each measured by ABxBC: 
the whole figure ABILKEA, is equivalent to AB +BG ; 
take from each the two rectangles 01, KG, and there will 
remain the square AGDE, equivalent to AB +BC' dimin- 
ished by twice the rectangle of ABxBO. 

Scholium. This proposition is equivalent to the algebrai- 
cal formula, 

ia-hf=a'-1ub-\-b\ 
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niOPOSITION X. THEOREM. 

The rectangle contained hy the sum and the difference of t 
lints, is equivalent to the differ^ice of their squares. 

Let AB, BC, be two lines; then will 

{AB+B0)X{AB~BG)<::=AB'-W. 

Upon AB and AO, describe the 
squares ABIF, AODH; prolong AB 
till BK is equal to BC; and com- 
plete the rectangle AKLE, and pro- 
long 01) to (?. 

The base AK of the rectangle 
AL is the sum. of the two lines AB 

BO; and its altitude AE is their difference ; therefore, the 
rectangle AKLE is equivalent to 

{AB+BO)x{AB-BC). 

Again, DIIIQ is equal to a square described on OB ; 
and since BH is eqnal to i5Z>, and BK to EF, the rect- 
angle BL is equal to the rectangle E&i hence, the rect- 
angle AKLE is equivalent to ABHE plus EDGE, which 
is precisely the difference between the two squares AL and 
BI described on the lines AB, OB : hence, we have (A. 1.), 
{AB +BG)X{AB -BO)o AB'-BO'. 

Scholium. This proposition is equivalent to the algebrai- 
cal formula, 

(a+b)X(a~h)=a'-i"'. 



PEOPOSITION XI. THEOEEM. 

The square described on (Ae hypothenuse of a 

angle is equivalent to the sum, of ihe squares described on t/>& 
two other sides. 

Let BOA be a right-angled triangle, right-angled at A : 
then wUl the square described on the hjpothcnuse BG be 
equivalent to the sum of the squares described on the other 
two sides, BA, AC. 
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Having described a square 
on each of the three sides, 
]et fall from A, on the hy- 
pothenuee, the perpendicular 
AD, and prolong it to ^; 
and draw the diagonals AF, 
Off. 

The angle ABF is made 
up of the angle ABC, to- 
gether with the right angle 
CBF; the angle GBHia made 
up of the same angle ABG, 
together with the right-angle ABH\ hence, the angle ABF ia 
ecLiial to HBC (a. 2). But we have AB=BH, being aides of 
the same square ; and BF=BC, for the same reason : there- 
fore, the triangles ABF, HBO, have two sides and the in- 
cluded angle in each equal ; therefore, they are themselves 
equal (b. i., p. 5). 

But the triangle ABF is half the rectangle BB, 
"because they have the same base BF, and the same alti- 
tude BD (p. 2). The triangle HBC is in like manner half 
the square AH: for, the angles BAC, BAL, being both 
right angles, AO and AL form one and the same straight 
line parallel to HB (b. r., P. 3) ; hence, the triangle and 
square have equal altitudes (b, l, p. 23) ; they also have the 
common base BH; consequently, the triangle is half the 
square (p. 2). 

The triangle ABF has already been proved equal to the 
triangle HBC; hence, the rectangle BDEF, which is double 
the triangle ABF, must be equivalent to the square AH, 
which is double the equal triangle HBG. In the same 
manner it may be proved, that the rectangle EGCD is equiva- 
lent to the square AI. But the two rectangles FEDB, EG CD, 
taken together, make up the square FOCB: therefore, the 
square FGOB, described on the hypothenuse, is equivalent 
to the sum of the squares BALH, OIKA, described on the 
two other sides ; that i^, 



BO- 



=AB +A0'. 



Cor. 1. Hence, the sqnai-c of one of the sides of a right- 
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angled triangle is equivalent to the aqizare of tte liypotlie- 
iinse diminished by the square of the other side ; thus, 

Cm: 2. If from the vertex of the right angle, a perpen- 
dicular be let fall on the hypothenuse, the parts of the 
hypothenuse are called segments: we shall then have, 

The square of the hypothenuse to the square of either side 
about the right angle, as the hypothenuse io the segment a^aceni 
to that side. 

For, by reason of the common altitude BF, the square 
BQ is to the rectangle BE, a& BC to BB (p. 3) : but the 
square BL is equivalent to the rectangle BE : hence 

B^ I BA' :: BG I BB. 
We may show, in like manner, that 

BO'' : IG^ :: £0 : DC. 
(hr. 3. The squares of the two sides containing the right 
angle, are to each other as the adjacent segments of ike hypothe- 

For, the rectangles BDEF, BOGE, having the same 
altitude, are to each other as their bases BD, CD (p. 3). 
But th^e rectangle are equivalent to the squares AH^ AI; 
therefore, we have 

Ib" ■ AG" :: BD : DC. 

Cor. 4. The square described on the diagonal of a square 
is equivalent to double the square described on a side. 

Let ABCD be a square described on 
AB, and EFQH a square described on 
the diagonal AC. The triangle ABO 
being right-angled and isosceles, we shall 
have 

A^^:>AJ^+Wo%AE'. E B F 

It is plain, that of the eight equal right-angled triangles 
which compose the square EG^ four will lie without the 
square ABGD, and four within it : hence, the square on the 
diagonal is equivalent to dovhle the square on the side. 
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Cor. 5. By the last corollary, we have 
A^ : IB'' : : 2 : 1 ; 
hence, by extracting the square root {b. ii., p. 12, c), 

Aa : AB ^/l : I: 
that is, the diagonal of a square is to the side as the square 
root of two to one ; consequently, the diagonal and side of a 
square are incommemurahle. 



PEOPOSITION XII. THEOREM. 

In any triangle, the square of a side opposite an acute angle is 
equivalent to the squares of the base and the other side, 
diminished h/ twice the rectangle contained hy the base and 
the distance from the acute angle to the foot of the perpen- 
dicular let fall from, the opposite angle on the base, or on 
the base produced. 

Let ABG be a triangle, G one of the acute angles, and 
AD perpendicular to the base BO; then will 

XB^=c>ScVi^-2i?ax CD. 
First. "When the perpendicular falls ^ 

within the triangle ABC, we have BD= 
BC—GD, and consequently, 

mfo=Ba'+0lf~2BGxGI) (p. 9). 

Adding Am to each, and observing that 

the right-angled triangles ABB, ABG, ^ 

give Aff+.BS^oAB^, and iP+Uffo 
we have AB''^d^BG^+AG'-2B0x CD. 

Secondly. When the perpendicular AD 
falls without the triangle ABC, we have 
BD=GD—BC; and consequently, 

B^O GD'+W-^CBxBG (p. 9). 
Adding Aff to both, we find, aa before, 
ZB^o£C''+ JG*-25Cx CD. 
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PEOrOSITION XIII. TIIEOKEM. 

I any lAtuse-anghd triangle, the square of the side apposite the 
obtuse angle is equivalent to the squares of the base and the 
otlter side, augmented by twice the rectangle contained by the 
hase and the distance from ilie obtuse angle to the foot of the 
t fall from the opposile angle on th^ hase 



Let AOB be a triangle, the obtuse angle, and AJ) 
perpendicular to BC produced ; tbeu will 

i5*=0= JCV£C'+25CX CD. 
For, we have, BD=BO+ CD ; 
and by squaring (p. 8), 

Bff=<==Bd''+C&+2BCx CD. 

Adding Alf to botli, and reducing as in the last theorem, 
and we have' 

ZS^K>SC'+i:^+25(7x CD. 

Scholium. The right-angled triangle is the only one in 
which the sum of the squares described on two sides is 
equivalent to the square described on the third ; for, if the 
angle contained by the two sides is acute, the sum of their 
squares is greater than the square of the opposite side; if 
obtuse, it is less. 

PEOPOSITION XIV. THEOEEM. 

In any triangle, the sum of the squares described on two sides 
is equivaleni to twice the sq^m/re of half the third side, plus 
twice the square of the line drawn from the middle point of 
that side to ike vertex of the opposite angle. 

Let ABO be any triangle, and AS a line drawn to the 
middle of the base BC; then will 

AB^AC" o 2£B'+2U'. 
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For, on BG, let fall tlie perpendic- 
ular AD. Then, 

AG^oAE^+E<f-2E0xED. (p. 12). 
And, B TW 

AB''oAlf+EB'+2EBxED (p. 13). 

Hence, by adding and observing tliat EB and EO are 
equal, we have 

AB^+AG^o ^EB^+^AE^. 

Cur. 1. In, any quadrilateral, the sum of the squares of Ha 
fowr sides is equivalent to (Ae sum, of t/ie squares of the tioo 
diagonals, pltis four times the square of the line joining ilie 
middle points of the diagonals. 

Let ABGD be a q^uadrilatersil, AO, 
BD, the diagonals, and EF a line join- 
ing the middle points E and F. 

From the theorem, we have 




GD'^ CBo aaF+2 OF , 

Alf^AB^^^lBF^+'iAl<^ ■ 

and from the same theorem, by multiplying by 2, 

2CF^+2AF^OiA^+iEF^ : 

hence, by addition, 

GB^+CB^+Ajf+AB'=a=iBF^+iAE^+'iEF- : 

whence (p, 8, c), 

Glf+ GB%Alf+AB''^=^ BJf+AG'+i EF\ 

Car. 2. In the case of the parallelogram the points E and 
F will coincide, and the sum of the sc[iaare3 described on the 
sides will be equivalent to the sum of the squares describ- 
ed on the diagonals. 
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PROPOSITION XV. THEOEEM. 

Jf, in any t'nangle, a line be drawn parallel to the base, it 
mil divide the two other sides propm-tionally. 

Let ABG "be a triangle, and DE a straight line drawn 
parallel to the base BG\ then will 

AD : DB :: AE : EC. 

Draw the lines BE and CD. Then, 
the triangles ADE^ BDE, having a 
commoii vertex, E, have the same alti- 
tude, and are to each other as their 
bases {p. 6, c.) ; hence we have 

ADE : BDE : : AD : DB. 

The triangles ABE, DEC, having a B C 

common vertex D^ also have the same altitude, and are to 
each other as their bases; hence, 

ADE : BEG :: AE : EG. 

But the triangles BDE, DEC, are ecLuivalent, having the 
same base DB, and their vertices B and C in a line paral- 
lel to the base : and therefore, we have (b. ii., p. 4, c.) 
AD : DB :: AE : EG. 

Cor. 1. Hence, by composition, wc have (b. ii., p. 6), 
AD+DB -.AD:: AE+EC : AE, ov AB : AD:: AG: AE; 
and also, AB : BD : : AC : GE. 

Ow. 2. If any number of parallels AG, EF, -QH, BD, 
be drawn between two straight lines AB, OD, those 
straight lines will be cut proportionally, and we shall have 
AE : CE :: EG : EH : GB : ED. 

For, let be the point where AB q 

and CD meet. In the triangle OEE, 
the line AG being drawn parallel to 

the base EF, we shall have -A/ \0 

OE : AE :: OF : GE. 
In the triangle OGH, we shall like- 
wise have 

OE : EG :: OF : FII. 7 \" 
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And, by reaaon of the common ante- 
cedents OU, OF (b. II., p. 4), we have 

am; : GF :: BG : FH. 
It may be proved in the same manner, 
that 

EG : FH :: GB : HD, 
and so on ; hence, the lines AB^ CD, 
are cut proportionally by the parallels 
AC, EF, GK &c. 




PROPOSITION XVI. THEOEEM. 

Convtrsdy : If two sides of a triangle are cut proportionally hy 
a straight line, this straight line will he parallel to Hie third . 



In the triangle BA C, let the line BE be drawn, cutting 
the sides BA and CA proportionally in the points D and E\ 
that is, so that 

BD \ BA :: GE : EA: 
then will BE be parallel to BC. 

Having drawn the lines BE and ^ 

BO, we have (p. % c.}, 



BDE 




BAE :: BB : DA, 
DEO : DAE : : CE : EA: 
but, by hypothesis, 

BD : DA :: CE : EA: 
hence (b. ii., p. 4, c), 

BDE ; DAE : : DEC : DAE, 
and since BDE and DEO have the same ratio to DAE, 
they have the same area, and hence are equivalent (d. 4). 
They also have a common base BC; hence, they have the 
same altitude (p. 6, C.) ; and consequently, their vertices D 
and S he in a parallel to the base BC {b. i., p. 23). 
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FKOPOBITION XVII, THEdREM. 

The line which Insects the vertical angle of a triangle, divides 
the base into two segments, which are proportional to the 
adjacent sides. 



, bisecting tlie 




In the triangle AOB, let AD be d: 
angle 0A£; then will - 

BD : CD :: AB : 

Through the point C draw j. 
OS parallel to AD, and prolong \ -.,_ 
it till it meets BA produced in M \ '"-■• 

In the triangle BOM, .the line \ 
AD is parallel to the base CE; \ 
hence, we have the proportion 
{p. 16), 
BD : DO :: BA : AK < 

But tiie ti'iangle ACE is isosceles: for, since AD, OM, 
are parallel, we have tlie angle ACE=DAO, and the angle 
AEC^BAD (B. I., F. 20, c. 2, 3); but, by hypothesis, DAG 
=DAB; hence, the angle ACE=AEC, and consequently, 
AE=AC (b, I., p, 12). In place of AE in the above pro- 
portion, substitute AC, and we shall have, 
BD : DC :: AB : AC. 

Cor. If the line AD bisects the exterior angle OAE of 
the triangle BAG, we shall have, 

BD : CD : AB : AC. 

For, through C draw CF par- 
allel to AD. 

Then, CAD^ACF, 
and, EAD=AFC; 

hence, (A. 1), ACF=AFO; 
consei^uently, ^i*" is e(inal to ^ C. 

But, since FC is parallel to 
the base AD 



BD 
BD 



DC : 
DC : 



AB 
AB 



AF; 
AC. 



J, Google 



GEOMETRY. 



PROPOSITION XVIII. THEOEEM. 

Miuiangular triangles have their homologous sir. 
and are similar. 

Let BOA and CED be two equi- 
angular triangles, having the angle 
BAC=CDS, ABC=DCE, and ACB 
—DEO ; then, the homologous sides 
will be proportional, viz.: 



BG : CM 



BA- 



CD 



AC 



DM. 



straight 



Place the homologous sides BO, CM in the b 
line ; and prolong the sides BA, MD, till they meet in F. 

Since BCM is a straight line, and the angle BCA equal 
to CM'D, it follows that AC \a parallel to DM (b. i., p. 19, 
c. 2). In like manner, since the angle ABC is equal to 
DOE, the line AB is parallel to DO. Hence, the figure 
ACDF is a parallelogram, and has its opposite sides equal 
(B. I., p. 28). 

In the triangle BMF^ the line ^ C is parallel to the base 
FE; hence, we have (p. 15,} 

BO : OM :: BA : AF- 
or putting OD in the place of its equal AF, 
BC : CM :: BA : OD. 
In the same triangle BMF, CD is parallel to BF; and 
hence, 

BO : OM :: FD : DM; 
or putting AO ia. the place of its equal FD, 
BC : CM :: AC : DM. 
And finally, since both these proportions contain the 
same ratio BG to CM, we have {b. ii,, p. i, c), 
BA : OD :: AC i DM. 
Thus, the equiangular triangles CAB, CEB, have their 
homologous sides proportional. But two figures are similar 
when they have their angles equal, each to each, and their 
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. sides proportional {d. 1, 2) ; consequently, tlie 
equiangular triangles £AG, CED, are two similar figures. 

Cor. Two triangles which have two angles of the one 
equal to two angles of the other, are similar ; for, the third 
angles are then equal, and the two triangles are equian- 
gular (b. I., V. 25, c. 2.) 

Scholium. Observe, that in similar triangles, the homolo- 
gous sides are opposite to the equal angles ; thus, the 
angle BOA heing equal to GJED, the aide AB is homologous 
to DG; in like manner AC and DE are homologous, be- 
cause opposite to the equal angles ABC, BCE. 



PE(jPi)-iITrON TI\ THH)irM. 

Conversely : Tt i ingles^ which have theii sides proportional, are 
equiangular and simihit 

If, in the two tnanglea BAG, DBF, we have, 
BG : EF :: BA : ED :: AC : DF; 
then will the triangles BAG, EDF, have their angles equal, 
namely, 

A=D, B=E, C=F. 
At the point E, make the angle 
FEG=B, and at F, the angle EFO 
= C; the third angle Q will then 
be equal to the third angle A (b. 
I., p. 25, c. 2). Therefore, by the 
last theorem, we shall have 

BG : EF :: AB : 
but, by hypothesis, we have 

BC : EF :: AB : 
hence, EG=VE. By the same theorei 
BG : EF :: AC : 
and by hypothesis, we have 

BC : EF :: AG : DF; 
hence, FG^DF. Hence, the triangles EGF, FED, having 




DE; 

, we shall also liave 
FG: 
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their tliree sides equal, each to 
each, are themselves equal (b. i., 
p. 10). But, by construction, the 
triangles EGF and ABC are equi- 
angular; hence, DEF and ABG 
£Lre also equiangular and similar 

(A. 1). 

Scholium 1. By the last two propositions, it appears that 
triangles which are equiangular are similar: and conversely: 
if triangles have their sides proportional, they are equiangu- 
lar, and consequently, similar. 

The case is different with regard to figures of more than 
three sides : even in quadrilaterals, the proportion between 
the sides may he altered without changing the angles, or 
the angles may be changed without altering the proportion 
between the sides. Thus, in quadrilaterals, equality between 
the corresponding angles does not insure proportionality 
among the aides : and reciprocally ; .proportionality among 
the sides does not insure equality among the corresponding 
angles. It is evident, for example, that 
if in the quadrilateral ABCD, we draw 
EF parallel to BG, the angles of the 
quadrilateral AEFD, are made equal to 
those of ABOD ; though the proportion 
between their sides is different; and in 
like manner, without changing the four 
sides AB, BC^ CD, AB, we can change the angles by 
making the point B approach to J), or recede from it. 

Sdiolium, 2. The two preceding propositions, are in strict- 
n^s but one, and these, together with that relating to the 
square of the hypothenuse, are the most important and 
fertile in results of any in geometry. They are almost 
Euflcient of themselves for every application to subsequent 
reasoning, and for solving every problem. The reason is, 
that all figures may be divided into triangles, and any tri- 
angle into two right-angled triangles. Thus, the properties 
of triangles include, by implication, those of aU figures. 
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rKOPOSITION XX. THEOREM. 

Two triangles, whicli have an angle of ike one equal to an angle 

of the other, and Ae sides containing those angles proportional, 

are similar. 

Let ABC, DEF, be two triangles, havicg the angle A 
equal to D ; then, if 

AB : DM :: AG : DF, 
the two triangles will be similar. 

Make AQ=DE, and draw QH ^ 
parallel to BG. The angle AQH will 
be equal to the angle ABO (b. i., p. 
20, C. 3); and the triangles AGE, 
ABG, "will be equiangular: hence, we 
shall have, ^ C E f 

AB : AQ : AG : AH. 
But, by hypothesis, we have, 

AB : BE :: AG : BE; 
and by eonstraetion, AG=BE: hence, J.ff=i>i^ There- 
fore, the two triangles A Glf, DEE, have two sides and the 
included angle of the one equal to the sides and the in- 
cluded angle of the other: henee, they are equal (b.i., F. 5); 
but the triangle AGE is similar to ABC: therefore, DEF 
is also similar to ABO. 



PROPOSITION SSI. THEOREM. 

Two triangles, which have their sides parallel, or perpendicular 

to ea<Ji other, are similar. 

Let BAO, EBF, be two triangles, having their sides re- 
spectively parallel to each other ; then wiU they be similar. 

Eirsf. If the side BA is parallel to G 

RD, and BC to EE, the angle ABC 
is equal to BEF (b. i., p. 24) : if CA 
is parallel to EB, the angle BOA 
is equal to FEB, and also, BAG to 
EBF ; hence, the triangles GBA , 
FEB, arc equiangular ; consequently 
tiiey are similar (p. 18). 
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Secondly. If tlie side BE is per- 
pendicular to BA, and the side FD 
to GA, the two angles I and S 
of the quadrilateral DHAI arc right 
angles ; and since all the four angles 
are together equal to four right 
angles (b. i., p. 26, C. 1), tKe remain- 
ing two lAH, IDE, are together equal to two right 
angles. But the two angles BDF, IDII, are also equal 
to two right angles (b, i., p. 1) : hence, the angle MDF is equal 
to lAH, or BA C (a. S). In like manner, if the third side EF 
is perpendicular to the third side BO, it may be shown 
that the angle DFE is equal to 0, and DEF to B: hence, 
the triangles ABO, DEF, which have the sides of the one 
perpendicular to the corresponding sides of the other, are 
equiangular and similar (p. 18). 

SdioUum. In the case of the sides being parallel, the 
homologous sides are the parallel ones : in the case of their 
being perpendicular, the homologous sides are the perpen- 
dicular ones. Thus, in the latter case, DE is homologous 
with BA, DF with AC, and EF with BO. 

The case of the perpendicular sides may present a rela- 
tive position of the two triangles different from that exhi- 
bited in the diagram. But we can always conceive a tri- 
angle FED to be constructed within the triangle ABG, and 
such that its sides shall be parallel to those of the triangle 
compared with BAO; and then the demonstration given in 
the text will apply. 



PEOPOSITION XXII. THEOEEM. 

In any tnangh, if a line he dravm parallel to the hose, aU 
lines drawn from the vertex will divide the base and the 
parallel into proportional parts. 

Let BAG be a triangle, BE parallel to the base BO, 
and the other lines drawn as in the figure; then will 
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For, since DI is parallel to BF, 
the triangles IDA and FBA are 
equiangular ; and we have 

TJI : BF :: AI : AF; 
and, since IK is parallel to FG, 
we have, in like manner, 

AI : AF :: IK : FQ ; 
hence (b. ii., P. 4, c), DI : BF : 



ZJ'I\ 



IK 



FG. 



In the same manner, we may prove that 

IK : FG :: KL : QH; 
and so with the other segments : hence, the line DE is 
divided at the points I, K, L, ro. the same proportion, as 
the base BC is divided, at the points F, G, H. 

Cor. Therefore, if BG were divided into equal parts at 
the points F, G, E, the parallel J)F would be divided also 
into equal parts at the points I^ K, L. 



FKOPOSITION XXni. THEOREM. 

In a, right-angled triangh^ if a per^pendicular is drawn from 
the vertex of the right artgle to the hypot/ienuse. 

Isl. The tnmigles cm. each side of the perpendicular are similar 
to the whole triangle^ and to each olhe^-: 

2d. Either side about the right angle is a mean proportional 
hetween the hypotherhuse and the adjacent segment: 

Sd. The perpendict^la,r is a mean proportimal ietween the seg- 
ments of the hypoihenuse. 

Let BAC be a right-angled triangle, and AD perpen- 
dicular to the hypothenuse BG. 

First. The triangles BAD and A 

BAG have the common angle B, 
the right angle BDA=BAC, and 
therefore, the third angle BAD of 
the one, equal to the third angle 
G, of the other (b. l, p. 25, c. 2) : 
hence, these two triangles are similar (p. 18). In the s 
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manner it may be shown that the 
triangles DA and BA C are simi- 
lar ; hence, the three triangles arc 
all equiangular and similar. 

Secondly. The triangles BAD, 
BAO, being similar, their homolo- " u yj 

goua sides are proportional. But BD in the small triangle, 
and BA in the large one, are homologous sides, because 
they lie opposite the equal angles. BAD, BCA (p. 18, s.) ; the 
hypothenuse BA of the smaU triangle is homologous with the 
hypothenuse BG of the large triangle : hence, the proportion, 

BD : BA :: BA : BO. 
By the same reasoning we hare 

DO : AO :: AO : BO; 
hence, each of the sides AB, AO, is a mean proportional 
between the hypothenuse and the adjacent segment. 

Thirdly. Since the triangles DBA, DAO, are similar, we 
have, by comparing their homologous sides, 

BD ■ AD i: AD : DC; 
hence, the perpendicular AD is a mean proportional between 
the segments BD, DO, of the hypothenuse. 

Scholium. Since BD : AB : : AB : BO, 
we have (b. ii., p. 1, c), AB^oBDxBO. 
Eor the same reason, AC^oDCxBC; 
theTe{oTe,A^+AO''oBDxBO+DGxBGolBD+DO)X 

BO^oBCxBG^C^W ; 
that is, the square described on the hypothenuse BG is equiva- 
lent to the sum of the squares described on the two sides BA, AC, 
Thus, we again arrive at this property of the right-angled 
triangle, and by a path very different from that which for- 
merly conducted us to it ; and thus it appears that, strictly 
speaking, this property is a consequence of the more gen- 
eral property, that the sides of equiangular triangles are 
proportional. Thus, the fundamental propositions of geom- 
etry are reduced, as it were, to this single one, that equi- 
angular triangles have their homologous sides proporifionaL 
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It fiappena frecLuently, as in this instance, that by 
deducing consequences from one or more propositions, we 
are led bact to some proposition already proved. In fact, 
the chief characteristic of geometrical theorems, and one 
indubitable proof of their certainty is, that, however we 
combine them together, provided only our reasoning be 
correct, the results we obtain always agree with each other. 
The case would be different, if any proposition were false 
or only approximately true : it would frequently happen 
that on combining the propositioi^ together, the error 
would increase and become perceptible. Examples in which 
the conclusions do not agree with each other, are to be seen 
in all the demonstrations, in which the reductio ad ahswdv/m 
is employed. In aucli demonstrations, if the hypothesis is 
untrue, a train of accurate reasoning leads to a manifest 
absurdity : that is, to a conclusion in contradiction to a 
principle previously established : and from this we conclude 
that the hypothesis is false. 

Cor. If from the point A, in the 
circumference of a circle, two chords 

BA, AC, be drawn to. the extremi- 
ties of a diameter BC^ the triangle g — g— 
BAC will be right-angled at A (b. 
III., P. 18, c. 2) ; hence, first, the perpendicular AD is a mean 
proportional between fke two segments BD, DC, of the c" 
hence, AffoBDxDC. 

Furthermore, by the proposition, (Ae chord BA u 
proporUoTial hetween ike diameter BC, and the adjacent s 

BB, that is, 

bT=<2=BCxBD, and Uf-oBCxCD. 

PROPOSITION XXIV, THEOKEM. 

Two triangles having an angh in each equal, are to each 
as the rectangles of the adjacent sides. 

Let ABO, ADE, be two triangles haying the equal i 
ji, placed, the one, on the other; then the triangle 
ABG : ADE :: ABxAO : ADxAF. 
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Draw BE. Then, the triangles ABE, 
ADM, having the common vertex E, are 
to each other as their bases (p. 6, c.) 
that is, 

BAE : BAB : : BA : DA. 

In like manner, since 5 is a common 
vertex, the triangle 

BAO : BAE :: AC : AE 
Multiply together the corresponding terms of these propor- 
tions, omitting the common term^iJ^; and we have (b, IL, 
F. 13), 

BAO : BAE : BAxAO : ABxAE. 

Cor. If the two triangles arc equiva- 
lent, "we have, 

BAXAC=BAXAE: 
hence (b. ii., p. 2), 

BA : DA : AE : AC: 
consequently, DC and BE are parallel 
(p. 16). 




PKOPOSITION SXV. THEOKEM. 

Similar triangles are to each other as the squares described on 
their homologous sides. 

Let ABC, DEE, be two similar triangles, having the 
angle A equal to D, and the angle B=E: then will the 
triangle BAC be to the triangle EDF, as a square describ- 
ed on any side of BAC to a square described on the 
homologous side of EDF. 

First, by reason of the equal an- 
gles A and D, we have (p. 24), 

BAC : DEE : : BAxAG : DExDF. \ D 

Also, because the triangles are similar 
(p. 18), 

AB : BE :: AC : DF, 
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And multiplymg the terms of this proportion by the 
corresponding terms of the identical proportion, 

AO : DF :: AC : DF, 
there -will result 

ABXAO : DFXBF i : AC^ : DF" 
Oonsequenily (b. il, p. 4, c), 

ADG : BEF : : AG' : W. 
Therefore, the similar triangles BAG, EDF, are to each 
other aa the squares described on their Homologous sides 
AG, DF, or as the squares described on any other two 
homologous sides. 

PKOPOSmON SXVI. THEOSEM. 

!rwo similar polygons Tiiay he divided into the same number of 
triangles, similar each to each, and &imilarlg j)laced. 

Let AEDCB, FKIHQ, he two similar polygons. 

From any angle A, ^ 

in the polygon AFDGB, 
draw diagonals, AB, 
AG. From the homol- 
ogous angle F, in the 
other polygon, .draw 
the diagonals FI, Fff, 
to the other angles. 

The polygons being similar, the homologous angles, 
ABG, FGU, are equal, and the sides AB, BG, proportional 
to FG, GIT, that ia, 

AB : FQ :: BG : GH (d. 1). 
Wherefore, the triangles ABO, FGH, have an angle in each 
equal, and the adjacent eides proportional : hence, they are 
similar (p. 20) ; consequently, the angle BGA is equal to 
QHF. Taking away these equal angles fi-om the equal 
angles BGD, GSI, and there remains AGD=FHI. But 
since the triangles ABO, FGff, are similar, we have 

AO : FII :: BG : Gil; 
and since the polygons are similar, 
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BC : GH :: CD : HI; 
hence, AC : FH :: GD : SI 

The angle AOD, we already know, is equal to FHI; 
hence, the triangles ACD, FHI, are similar (Pi20). In the 
same manner, it may be shown that all the remaining tri- 
angles are similar, whatever be the number of sides in the 
polygons proposed: therefore, two similar polygons may be 
divided into the same number of triangles, similar, and 
similarly placed. 

Scholium. The converse of the proposition is ecjuaUy 
tmei If iiod. polygons are composed of tiie same number of 
triangles similar and similarly situated, the- two polygons are 
similar. 

For, the similarity of the respective triangles will give 
the angles, 

ABC=FaH, BOA^GHF, AGD=FEI: 
hence, BOD=GHI, likewise, GDF=HIK, &c. 
Moreover, we have, 

AB : FQ : : BC : GH : : CD : HI : : DE : IK, &c.; 
hence, the two polygons have their angles equal and their 
sides proportional ; consequentiy, they are similar. 

PEOFOSITION XSVII. THEOEEM. 

The perimeters of similar polygons are to each other as their 
homologous sides : and the polygons are to each other as the 
squares described on these sides. 

Let AFDCB and FKIHG, be two similar polj-gons: 
then will 

per. AFDCB : per. FKISG : AF : FK. 
First. Since the fig- 



ures are similar, we 

have 

AB : FG :: BC : 

GH :: CD : HI, &c., 

hence, the sum of the 

antecedents AB-i-BC+ 
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CD, &c., which makes up the perimenter of the first poly- 
gon, is to the sum of the consec[uentB FG+OS+31, &c., 
which makes up the perimeter of the second polygon, aa 
any one antecedent is to its consequent (b. ii., p. 10) ; that 
is, as AB to F&, or as any other two homologous sides. 

Secondly. Since the triangles ABC, FGS, are similar, 
we have (p. 25), 

ABG : FGH :: aC : FH^\ 
and from the similar triangles AGD, FSI, 

ACD : FHI : : Mf' : FH^ ; 

therefore, by reason of the common ratio, AC to FH , we 
have (a ii., r, 4, c.) 

ABC : FGH : : AGD : FHI. 
By the same reasoning, we should find 

ACB : FMI : : ABE : FIX; 
and so on, if there were more triangles. And from this 
series of equal ratios, we conclude that the sum of the 
antecedents ABC+ACT>-\-AJ)E, which make up the poly- 
gon AEDGB, is to the sum of the consequents FQH+ 
FHI+FIK, which make up the polygon FKIHQ, as one 
antecedent ABC, is to its consequent FGH (b, ii., p. 10), or 
as AB is to FG (p. 25) ; hence, similar polygons are to 
each other, as the sgriares described on t/teir homologous sides. 

Cor. If three similar figures are described on the three 
sides of a right-angled triangle, the figure on the hypoOienuse is 
equivalent to the sum of the other two. 

Let A, B, C, denote three similar figures described on 
the hypothenuse and sides of a right-angled triangle, and a, 
h, c, the corresponding squares; then, 

A : B : G :: a : b : c; 
and, A : B+G :: a : 5 + c (b. ii., p. 9) : 
but, a is equivalent to 6 + c (f. 11); 

hence, A is eq^uWaleiit B + G, 
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PEOPOSITION XXVIII, TIIEOKEM. 

Tf two chords intersect each other in a circle, Hie segments are 
reciprocally proportional. 

Let the cborda AB and CD intersect at : then will, 
AO : DO :: 00 : OB. 

Draw AO and BD. In the triangles 
AOO, DOB, the angles at are equal, 
being vertical angles {b. I., p. 4) ; the angle 
A ia equal to the angle D, because both are 
inscribed in the same segment (b. III., P. 18, 
c. 1) ; for the sarae reason the angle 0=B; 
the triangles are therefore similar (p. 18), and the homologous 
sides give the proportion 

AO : DO :: GO : OB. 

Cor. Therefore, 

AOxOBoDOxCO: 
hence, the rectangle of the two segments of one chord is 
equivalent to the rectangle of the two segments of the 
other. 




PEOPOSITION SXIS. THEOEEM. 

If from a -point mihout a circle, two secants ie drawn termi- 
nating in the concave arc, the whole secants will he redpro- 
cdlly prqporiionai to their external segments. 

Let the secants OB, OC, be drawn from the point 0: 
then will 

OB : 00 :: OD : OA. 

Eor, drawing AC, BD, the triangles q 

AGO, BOD have the angle common; 
hkewise the angle £ = C (b. hi., P. 18, c. 1) ; 
these triangles are therefore similar (P. 18), 
and their homologons sides give the pro- 
portion, 

■ OB : 00 :: OD : OA. 

Gar. Henee, the rectangle 

OBxOA^::>OGxOD. 




_.;, Google 



BOOK IV. 



119 



Sdutlium. This proposition, it may be observed, bears a 
close analogy to tlie preceding, and differs from it only as 
the two chords AB, CD, instead of intersecting each other 
within, cut each other without the circle. The following 
proposition may be regarded as a particular case of the 
proposition just demonstrated. 



PKOPOaiTION XSS. THEOEEM. 

If frorn a point without a circle, a tangent and a secant he 
draion, f/ie tanyent will he a mean propoTtional ietween the 
secant and its external segment 

From the point 0, let the tangent OA, and the secant 
OC be drawn, then will 

00 : OA :: OA : OD, 
or, oT^a^OOxOD. 

For, drawing AD and AC, the trian- 
gles DAG, GAG, have the angle G com- 
mon; also, the angle GAD, formed by a 
tangent and a chord, is measured by half 
the arc AD (b. iir., f. 21) ; and the an- 
gle Chas the same measure (b. iii., p. 18); 
hence, the angle GAD= (a. 1) : there- 
fore, the two triangles are similar, and 
we have the proportion 

00 : OA :: OA : OD. 
which gives OA^ o OCX OD. 




PKOPOSITION XXXI. THEOEEM. 

If either angh of a triangle is bisected by a line terminating in 
the (^yposite side, the rectangle of the sides about die bisect 
angle, is equivcdent to the square of the bisecting line, together 
with the rectangle contained by the segments of the third 
side. 
In the triangle BAC^ let AD bisect the angle A; then 



ABxACoAD'+BDxDO. 
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Descri'bc a circle througli the tliree 
points A,B, (b. hi., pros, 13, s.) ; prolong 
AD till it meets the circumference in E, 
and draw OM 

The triangle BAB is similar to the 
triangle JSAO; for, by hypothesis, the 
angle BAD=I!AO; also, the angle B==JiJ, 
since^thcy are hoth measured by half the are ^C (b. hi., p. 
18) ; hence, these triangles are similar, and the homolo- 
gous sides give the proportion 

BA : AE \: AD : AC; 
hence, BAxAG^^^AExAD; hut AE=AD+DE, 
and multiplying each of these equals hy AD, we have 

AExAD^Z^A&-^ADxDE; 
now (P. 28, c), ADxDE=c^BDxDC'; 
hence, finally, BAxACoAD''+BDxBO. 

PEOPOSITION XXXII. THEOEEM. 

In any triangle, the rectangle contained hy two sides is equiva- 
- leni to the rectangle contained hy the diameter of the circum- 
scribed' circle, and the perpendicular let fall on the third side. 

In the triangle BAO, let AD be drawn perpendicular to 
BC] and let EG he the diameter of the circumscribed 
circle : then will 

ABxAC^^ADxCE. 

For, drawing AE, the triangles 
DBA, OAE, are right-angled, the one 
at D, the other at A : also, the angle 
B=E (b. III., p. 18, c. 1); these tri- 
angles are therefore similar, and we 
have 

AB : CE :: AD : AC; 
and hence, ABxAO^oCExAD. 

Cor. If these equal quantities be multiplied by BC, there 
will result 

ABXACXBC=0EXADXBC; 
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now, ADXBC is double the area of the triangle (p. 6); 
therefore, the product of the three sides of a ti-iangle is equal 
to its area multiplied by twice the diametm- of the circumscribed 
drch. 

The product of three lines is sometimea represented 
by a solid, for a reason that will be seen hereafter. Its 
value is easily conceived, by supposing the lines to be 
reduced to numbers, and then multiplying these numbers 
together. 

Scholium. It may also be demonstrated, that the area of 
a triangle is equal to its perimeter multiplied by half the radius 
of the inscribed circle. 

Jor, the triangles AOB, B 

BOC, AOC, which have a 
common vertex at 0, have 
for their common altitude the 
radius of the inscribed circle; 
hence, the stun of these tri- 
angles will be equal to the 

sum of the bases AB, BG, AC, multiplied by half the 
radius OD; hence, the area of the triangle ABQ is equal 
to its penmeter multiplied by half the radius of the inscribed 
circle. 




PROPOSITION XXXIII. THEOEEM, 

In every quadrilateral inscribed in a circle, ike rectangle of the 
two diagonals is equivalent to the sum of the rectangles of 



Let ABOD be a quadrilateral inscribed in a circle, and 
A G, BD, its diagonals : then we shall have 

AOxBDoABxCB+ADxBG 

Take the arc CO^AD, and draw 
BO, meeting the diagonal AG in J. 

The angle ABD=CBI, since the 
one has for its measure half of the arc 
AD (b, in., p. 18), and the other, half 
of GO, equal to ^i> ; the angle ABB 
=BOI, because they are subtended by 
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tlie same arc ; hence, tlie triangle 
ABD is similar to tlie triangle IBO, 
and we have the proportion 

AD : CI :: BD : BO; 
and consecLuently, 

ADxBOoCIxBD. 
Again, the triangle ABI is similar to the triangle BDC; 
for the are AD being equal to CO, if OD he added to 
each of thein, we shaU. have the arc AO=DC\ hence, the 
angle ABI is equal to DBG; also, the angle BAI to BDC, 
hecauae they stand on the same arc; hence, the triangles 
ABI, DBC, are similar, and the homologous sides give the 
proportion 

AB : BD :■. AI : OD; 
hence, ABx CDoAIxBD. 

Adding the two results obtained, and observing that 
AIkBD+OIxBD^{AI+CI)xBD=AGxBD, 
we shall have 

ADxBO+ABxCDoAOxBD. 



PROBLEMS 
ELATING TO THE FOURTH BOOK. 



To divide a given straight line into any numler of equal parts, 
or into parts p)rc^>ortional to given lines. 

First. Let it he proposed to divide the 
line AB into five equal parts. Through 
the extremity A, draw the indefinite straight 
line A G : take / C of any magnitude, and 
apply it five times uponjiC; join the last 
point of division (?, and the extremity B 
of the given line, by the straight line OB; 
then through (7, draw GI parallel to GB: 
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AI will Ije the fifth part of the line AB\ and by apply- 
ing AI five times upon AB, the line AB will be divided 
into five equal parte. 

For, since GI is parallel to QB, the sides AQ, AB, 
are cut proportionally in C and I (p. lo). But AO 'is. 
the fifth part of AG, hence, AI is the iifth part .of AB. 
let it be 




proposed to divide the 
line AB into parts pro- 
portional to the given 
lines P, Q, R. Through 
A, draw the indefinite 
line A ; make- A 0=P, 
0D= Q, DE=R; join the 

extremities E and B ; and through the points G and D, 
draw CI, 1)F, parallel to EB ; the line AB will be divided 
into parts AI, IF, FB, proportional to the given lines P, Q, Ji. 
For, by reason of the parallels GI, DF, EB, the parts 
AI, IF, FB, are proportional to the parts A 0, CD, BE (p. 
15, C. 2) ; and by construction, these are equal to the given 
lines P, Q, B. 



FEOBLEM IL 

To find a fourth proportional to three given lines, A, B, G. 

Draw the two indefi- 
nite lines I)E, DF, form- 
ing any angle with each 
other. Upon DE take 
DA=A, and DB=B; 
upon 1)F take BC=^G, 
draw AC; and through 
the point B, draw BX parallel to AC; and DX will be 
the fourth proportional required. For, since BX is parallel 
to ACf we have the proportion (p, 15, c. 1), 

DA : DB :: BG : DX; 
now, the first three terms of this proportion are equal to 
the three given lines : consequently, DX is the fourth pro- 
portional required. 
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Chr. A third proportional to two given liaes, A, B, may 
be found in the same manner, for it will be the same as a 
fourth proportional to the three lines, A, B, B. 



PROBLEM III. 
To find a mean ■proportional between hta given lines A and B, 

Upon the indefinite line DF, 
take DE^A, and EF=B; and 
upon the whole line DF, as a 
diameter, describe the semicirenm- 
ferenee DGF; at the point F, 
erect, upon the diameter, the per- 
pendicular EG meeting the semicircumference in Q\ EG 
will be the mean proportional required. 

For, the perpendicular EGf let fell from a point in the 
circnmferenlce upon the diameter, is a mean proportional 
between the two segments of the diameter BE, EF (p. 23, 
c.) ; and these segments are equal to the given lines A and B. 




PROBLEM IV. 



'o divide a given line into two such parts, that the greater 
part shall he a mean proportional between the wJiole line 
and the other part. 



Iiet AB be the given line. 

At the extremity B, erect the 
perpendicular BO, equal to the 
half of AB • from the point C, 
as a centre, with the radius CB, 
describe a semicircle ; draw A G 
cutting the circumference in jO; 
and take AF^AD: then F will 
and we shall have. 



i the point of division, 



AB 



AF 



'Sot, as being perpendicular to the radius at its ex- 
tremity, is a tangent (b. hi., p. 9) ; and if .4 C be prolonged 
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till it again meets 
(p. 30), 

AE 


the circumference, in . 
: AB :: AB : A 


hence, by division. 




AS-AB 


: AB :: AB-AD 



But, since the radius is the half of AB, the diameter DE 
ia eq^ual to AB, and conseq^uently, AE~AB—AD—AF; 
> AF=AD, we have AB~AI)=FB: hence, 



AF : AB :: FB i AB, or AF; 
whence, by inversion, 

AB : AF ■.: AF : FB. 

Scholium. This sort of division of the hne AB, viz., so 
that the whole line shall be to the greater' part as the greater part 
is to the less, is called division in extreme and mean ratio. 
It may further be observed, that the secant AE is divided 
in extreme and mean ratio at the point D ; for, since AB = 
BE, we have, 

AB : BE :: BE : AD. 

PEOBLEM V. 

Through a given point, in a given angle, to draw a line so 
that ihe segments comprehended between ike point and the 
two sides of the angle, shall be equal. 

Let BOD be the given angle, and A the given point. 

Through the point A, draw AB 
parallel to CD, make BE=OF, and 
throngh the points B and A, draw 
BAD ; this will be the Hne required. 

For, AB being parallel to CD, we 
have, 

BB : EG :: BA : AD; 
but BE=EG; therefore, BA=AD. 
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equivalent to the 



PKOELEM VI. 

To describe a square that shall he equivalent to a given paral- 
lelogram, or to a given triangle. 

First. Let ASOD be 
the given parallelogram, 
AB its base, and DH 
its altitude : between AB 
and DU find a mean 
proportional ^Y; then 
will the square described upon XY 
parallelogram ABGD. 

For, by construction, 

AB : XY i: XY : BE; 
.therefore, XY^'oABxDB; 

hut ABxDE is the measure of the parallelogram (p. 6), 
and XY^ that of the square ; consequently, they arc equiv- 
alent. 

Secondly, l&t BAG A 

be the given triangle, 
BO its base, AD its al- 
titude ; find a mean pro- 
portional between BG 
and the half of AD, and 
let XY be that mean ; the square described upon XY 
will be equivalent to the triangle ABG. 

For, siaee 

BG : XY :: XY : \AD, 
it follows, that 

XY^OBOX\AD ■ 
hence, the square described upon XY is equivalent to the 
triangle BAG. 

PliOKLEM VII. 

Upon a given line, to describe a rectangle that shall be equiva- 
lent to a given rectangle. 

Let AB be the line, and ABFO the given rectangle. 
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Find a fourth pro- 
portional to the three 
lines, AD, AB, AO, and 
let AX be that fourth 
proportional ; a rectan- ^ ^ A ~D 

gle conatrueted with the 
lines AD and AX will be equivalent to the rectangle ABFC. 

For, since 

AD : AB :: AG : AX, 
it follows, that ADxAXoABxAO; 
hence, the rectangle ADEX is equivalent to the rectangle 
ABFC. 

PEOBLEM Vm. 

To find two lines whose ratio shall be the same as the ratio of 
two rectangles contiiincd by ijiven lines. 

Let AxB, CX-O, be the rectangles eontaine(5 by the 
given lines A, B. C, and D. 

Find X, a fourth proportional to the 

three lines, B, G, D; then ■will the two ^ 

lines A and X have the same ratio to 

each other as the rectangles AY.B and y, ^ 

Cx-O. ^, , 

For since, 

B : :: D : X, 
it follows that GxDoBxX; hence, 

AxB : GXD : : AxB : BxX : : A : X. 

Cor. Hence, to obtain the ratio of the squares deaeribed 
upon the given lines A and 0, find a third proportional X, 
to the lines A and G, so that 



yon will then have 

^xX=o=C'', m ^xHoAxC'' ; 
Jl : C* : : ^ : X. 
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PEOBIEU IX. 
To find a triangle that shall he eguwaknt to a given jiolygon. 

Let AUDCB be the given polygon. 

Mrst. Draw the diagonal OE C 

cutting off the triangle CDE; 
through the point D, draw DF 
parallel to CE, and meeting AE 
prolonged; draw C'F: the poly- 
gon AEDOB ■ is equivalent to -^ iv i. r 
the polygon AECB, which has one side less than the 
given polygon. 

For the triangles ODE, CFE, have the base CE com- 
mon, they have also equial altitudes, since their vertices D 
and F, are situated in a line DF parallel to the base: 
these triangles arc therefore equivalent (p. 2, c.) Add to 
each of them the figure AECB, and there will result the 
polygon AEDCB, equivalent to the polygon AFCB. 

The angle B may in like manner be eut off, by sub- 
stituting for the triangle ABC, the equivalent tnangle AGO, 
and thus the pentagon AEDCB will be changed into an 
equivalent triangle &CF. 

The same process may be applied to every other figure; 
for, by successively diminishing the number of its .sides, 
one being retrenched at each step of the process, the equiv- 
alent triangle will at last be found. 

Scholium, "W"e have already seen that every triangle may 
be changed into an equivalent square (peob. 6); and thus 
a square may always be found equivalent to a given recti- 
lineal figure, which operation is called squaring the recti- 
lineal figure, or finding the quadrature of it. 

The problem of the quadrature of the circle consists in 
finding a square equivalent to a circle whose diameter is 
given. 
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PROBLEM X. 

5i> find the side of a sqtiare which shall be equivalent i 
sum or the difference of two given squares. 

Let A and £ be the sides of tlie given squares. 

First. If it is required to find 
a square equivalent to the sum 
of these squares, draw the two 
indefinite lines, ED, EF, at right 
angles to each other ; take El>= 
A, and EQ=B; and draw DG: 
this will be the required side of the square. 

For the triangle DEO being right-angled, the square 
described upon the hypothenuse DG, is equivalent to the 
sum ■ of the squares upon ED and EO (p. 11). 

Secondly. If it is required to find a square equivalent 
to the difference of the given squares, form, as before, 
the .right angle FEE; tate &E equal to the shorter 
of the sides A and B; from the point (? as a centre, with 
a radius GH, equal to the other side, describe an arc 
cutting EH in. H: the square described upon ER will be 
equivalent to the difference of the squares described upon 
the lines A and B. 

For, the triangle GEH ia right-angled, the hypothenuse 
GH=A, and the side GE=B ; hence, the square described 
upon EH, is equivalent to the difference of the squares A 
and B (p. 11, c. 1). 

Scholium,. A square may thus be found, equivalent to the 
Bum of' any number of squares ; for a construction similar 
to that whicb reduces two of them to one, will reduce 
three of them to two, and these two to one, and so of 
others. It would be the same, if any of the squares were 
to be subtracted from the sum of the others. 
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PEOBLEM XI. 



To find a square which shall be to a given square as a given 
line to a given line. 

Let J-Cbe the given square, and M and N the given 
lines. 

Upon the indefi- 
nite line EG-, take EF 
=M,hn&FO=N; up- 
on £JGf, aa a diameter 



e a semicireum- 
ference, and at the 
point F erect the per- 
pendicular FU. From the point IT, draw the chords HG, 
HE, which produce indefinitely : upon the first, take HK 
equal to the side AB of the given square, and through the 
point K draw KI parallel to EG ; HI will be the aide of 
the required square. 

For, by reason of the parallels KI, GE, we have 
HZ : EK :: HE : HG ; 
hence, HI^ : HK^ : : HF^ : Hq'^ : 

but in the right-angled triangle GHE, the square of HE 
is to the square of HG as the segment EF is to the seg- 
ment FG- (p. 11, c. 3), or as M is to iV"; hence, 

M^ : HK'' :: M : N. 

But HK=AB; therefore, the square described upon HI is 
to the square described upon AB &s M hs io N. 

PROBLEM SIT. 
U;pon a given line, la describe a polygon similar to a given 



Let FG be the given line, and AEDCB the given 
polygon. 
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k^"5z>. 



In the given poly- 
gon, draw the diago- 
nals A 0, AD ; at the 
point F mate the angle 
QFH=BA G, and at the 
point (?, the angle FQH 
=ABO\ the lines i^^ 
QH will intersect each other in S^ and the triangle FQH 
will he similar to ABO (f. 18). In the same manner upon 
FH, homologous to AC, describe the triangle FIH similar 
to ADC; and upon FI, homologous to AD, describe the 
triangle FIK similar to ADF. The polygon FQHIK will 
be similar to ABODE, as required. 

For, these two polygons are composed of the same 
number of similar triangles, similarly placed {p. 26,, s.) 



PEOBLEM XIII. 

Two similar figures heing given, to describe a similar figure 
which shall he equivalent to their sum or difference. 

Let A and B be homologous sides of the given figures. 

Eind a square equivalent 
to the sum or difference of 
the squares idescribed upon A 
and B; let X be the side of 
that square ; then will ^ be 
that aide in the figure required, ^ 

which is homologous to the 

aides A and B in the given figures. Let the figure itsdf, 
then, be constructed on the side ..^ aa in the last problem. 
This figure will be equivalent to the sum or difference of 
the figures described on A and B (p. 27, c.) 




PROBLEM XIV. 

To describe a figure similar to a given figure, and bearing to 
a the given ratio of M to If . 

Let ^ he a side of the given figure, -X" the homologous 
side of the required figure. 
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Find tlie value of X, such, that its 
square shall he to the square of A, as M to 
JV (pros. 11). Then upon Xdescrihe a fig- 
ure similar to the given figure (PEOB. 12) : 
thia will be the figure required. 





FKOELEM XV. 

To construct a figure similar to the figure P, and equivalent k 
the figure Q. 

Find M, the side of 
square equivalent to the 
ure P, and N the side < 
square equivalent to the 
Q (PROB. 9, s.) Let X be 
fourth proportional to the 

three given hnes, M, N, AB ; upon the side X, homologous 
to AB, describe a figure similar to the figure P ; it ■will also 
be equivalent to the figure Q. 

Eor, calliiig Y the figure described upon the side X, 
we have, 

P : Y :: AB" : X^ ; 
but by construction, 
AB : X :: M : 
hence, P 



N; or, AB : 
Y :: M" 



N". 



But, by construction alsc 



>P, aud -ff = 



therefore, P : Y : : P : Q; 

consequently, YoQ; hence, the figure T is similar to 

the figure P, and equivalent to the figure Q. 



PROBLEM XVI. 



To comtmct a rectangl 
ing the sum of its 



t a given square, and hav- 
i equal to a given line. 



Let be the square, and the line AB equal to the 
sum of the sides of the required rectangle. 
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upon AB as a diam- 
eter, describe a semicir- 
eumference ; at A, draw 
AB perpendicular to AB, 
and make it equal to tlie 
side of the square C; 
then draw the line i)S parallel to the diameter AB; from the 
point £J, where the parallel cuts the circumference, draw 
^F perpendicular to the diameter; AF and FB will he 
the sides of the required rectangle. 

For," their sum is equal to AB; and their rectangle 
AFxFB is equivalent to the square of FF, or to the square 
of AB; hence, this rectangle is equivalent to the given 
square 0. 

Scholium. The problem is impossible, if the distance AD 
exceeds the radius ; that is, the side of the square G must 
not exceed half the line AB. 



PEOBLEM XVII. 

2b conslruct a rtctangh Oiat shall be equivalent to a given 
square, and the difference of whose adjacent sides shall be 
equal to a given line. 

Let G denote the given square, and AB the difference 
of the sides of the rectangle. 

Upon the given line AB, as a 
diameter, • describe a circumference. 
At the extremity of the diapieter, 
draw the tangent AD, and make it 
equal to the side of the square G; 
through the point D and the cen- 
tre draw the secant DOF, inter- 
secting the circumference in E and 
F; then will DE and DF be the 
adjacent sides of the required rectangle. 

For, the difference of these sides is equal to the diame- 
ter EF or AB; and the rectangle DE, DF is equal to 
Aff (p. 30); hence, the rectangle DFxDE, is equivalent 
to the given square G. 
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PEOBLEM XVIII. 

To find the common measure, hetween the side and diagonal of 

a square. 

Let ABGQ- be any square, and AG its diagonal. 

We first apply OB upon GA. E 

For tills purpose let the semicir- 
cumferenee DBE be described, from 
the centre 0, with the radius CB^ 
and produce -i C to ^. It is evident 
that OB is contained once in AO, 
with the remainder AD. The' result 
of the first operation is, therefore, a 
quotient 1, with the remainder Ai?. 

This remainder must now be compared with BG, or ite equal 
AB. 

Since the angle ABQ is a right angle, AB is a tangent, 
and since AE is a secant drawn from the same point, we 
have (P. 30), 

AD : AB :: AB : AE. 
Hence, in the second operation, where AD is compared 
with AB, the equal ratio of AB to AE may be taken instead : 
but AB, or its equal OD, is contained twice in AE, witB 
the remainder AD; the result of the second operation ia 
therefore a quotient 2 with the remainder AD, and this must 
be again compared with AB. 

Thus, the third operation consists in comparing again 
AD with AB, and may he reduced in the same manner to 
the comparison of AB or its equal OD with AE; from 
which there will again be obtained a quotient 2, and the 
remainder AD. 

Hence, it is evident that the process will never termi- 
nate, and consequently that no remainder is contained in 
its divisor an exact number of times ; therefore, there ia 
no common measure between the side and the diagonal of 
a square. This property has already been shown, since (p. 
11, c. 5), 

AB : AG :: 1 : V2, 
but it acquires a greater degree of clearness by the geo- 
metrical investigation. 
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REGULAR POLYGONS— MEASUREMENT OF THE CIRCLE. 
DEFINITION. 

A Eegulab Polygon ia one which is both ec[uilateral 
aod equiangular. 

A regular polygon may have any numter of sides. 
The equilateral triangle is one of three sides ; the square, 
is one of four, 

PEOPoaiTION I. THEOREM. 
Regular polygons of (Ae same number of sides are similar figures. 

Let ABQDEF, abcedf, be two regular polygons. 

Then, either angle, 
as A, of the polygon 
ABODUF, is equal to 
twice as many right an- 
gles less four, as the fig- 
ure has sides, divided by 
the number of sides ; and the same is true of eithei: angle 
of the other polygon (b. L, P. 26, c. 4); hence (a. 1), the 
angles of the polygons are equal. 

Again, since the polygons are regular, the sides AB, BO, 
CD, &c., are equal, and so likewise the sides ai, he, cd 
(d.), &c. ; hence 

AB : ah :: BG : be :: CD : cd, ko.; 
therefore, the two polygons have their angles equal, and 
their sides taken in the same order proportional ; conse- 
quently, they are similar (b. IV,, D. 1), 

Cor. 1. The perimeters of two regular polygons of the 
same number of sides, are to each other as their homolo- 
gous sides, and their surfaces are to each other as the 
squares of those sides (b. iv., p. 27). 
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Cor. 2. The angle of a regular polygon, like the angle 
of an equiangular polygon, is determined by the number 
of its sides {s. i., p. 26, c. 4). 

PEOrOSITlON II. THEOEEM.. 

4 regular polygon may he circumscribed by the circurriference 
of a circle, and a circle may he inscribed within it. 

Let HQFE, &c., be any regular polygon. 

Through the three points A, Bj C, 
describe the circumference of a circle : 
the centre "will lie in the line OP, 
drawn perpendicular to £C at the 
middle point P (b. m., P. 6, s.) Then 
tlraw OB and 00. 

If the quadrilateral OPCD be 
placed upon the quadrilateral OPBA, ^ 

they will coincide ; for, the side OP is common ; the angle 
OPC= OPB, each being a right angle ; hence, the side 
PO will apply to its equal PB, and the point will 
fall on B : besides, the polygon being regular, the angle 
PCD^PBA (D.); hence, CD will take the direction BA; 
and since CD=BA, the point Z> will fall on A, and the 
two quadrilaterals will coincide. Hence, OJ) is equal to 
A ; and consequently, the circumference which passes 
through the three points A, B, C, will also pass through 
the point I). In the same manner it may be showUi that 
the circumference which passes through the three points 
B, C, B, will also pass thrqugh the point B; and so of all 
the pthcr vertices; hence, the circumference which passes 
through the points J., B, 0, passes also through the vertices 
of all the angles of the polygon, consequently, the cireum- 
'ference of the circle circumscribes the polygon (b. III., D. 7). 

Again, in reference to this circle, all the sides AB, BO, 
CD, &c., of the polygon, are equal chords ; they are there- 
fore equally distant from the centre (b. hi., p. 8) : hence, if 
from the point as a centre, with the distance OP, a cir- 
cumference be described, it will touch the side BO, and all 
the other sides of the polygon, each in its middle point, and 
the circle will be inscribed in the polygon (b. hi., d. 11). 
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Scholium. Tlie point 0, the common centre of tlie in- 
scribed and circnmscribed circles, may also be regarded as 
the centre of the polygon; and the angle AOB is called 
the angle at the centre, being formed by two lines drawn 
from the centre to the extremities of the same side AB. 
The perpendicular OP, is called the apothem of the polygon. 
Oor. 1. Since all the chords AB, BO, OB, &c., are equsJ, 
. all the angles at the centre are likewise equal (b. ni,, p. 4) ; and 
therefore, the value of any angle will be found by dividing 
four right angles by the number of sides of the polygon. 

Cor. 2, To inscribe a regular 
polygon of any number of sides 
in a given circle, we have only 
to divide the circumference into 
as many equal parts as the poly- 
gon has sides ; for, when the arcs 
are equal, the chords AB, BC, 01), 
&c, are also equal (b. hi., p. 4) ; 

hence, likewise the triangles AOB, BOO, OOD, must be 
equal, because their sides are equal each to each (b. i., p. 10) ; 
therefore, by addition, all the angles ABO, BCD, ODE, &c., are 
equal {A. 2) ; hence, the figure ABODEU, is a regular polygon. 

PROPOSITION m. PROBLEM. 
To inscribe a sguare in a -given drde. 

Draw two diameters AC, BD, intersecting each other 
at right angles ; join their extremities A, B, 0, D, tlia 
figure ABCD will be a square. 

For, the angles J.OB, BOG &c., 
being equal, the chords AB, BC, 
&c., are also equal (b. hi., p. 4) ; 
and the angles ABC, BCD, &c., 
being inscribed in semicircles, are 
right angles (b. hi., p. 18, c. 2).. 

Scholium. Since the triangle 
£00 is right-angled and isosceles, ^ 

we have {b. IV., p. 11, c. 5), BC : BO : : ■x/^ : 1. , 
hence, the side of the inscribed square is to the radius, as tlie 
square root of two, to unity. 
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PROPOSITION IV. THEOEEM. 

If a regular hexagon ie inscribed in a, circle, Us side vnll he 
equal to tite radius. 

Let ABCDEH, be a regular hexagon, inscribed in a 
circle: then, will its side AB be eq^ual to the radius OA. 

For, the angle A OB is equal 
to one-sixth of four right angles, 
(p. 2, c. 1), or one-third of two 
right angles : hence, the sum 
of the remaining angles OAB, 
OBA, is equal to two-thirds of 
two right angles (b. i., p. 25). 
But the triangle AOB is isos- 
celes, hence, the angles at the 

base are equal (b. I,, P. 11) : therefore each is one-third of 
two right angles': hence, the triangle AOB is equiangu- 
lar; hence, AB=AO (b.i., p. 12). 




PKOPOSITION V. PEOBLEM. 
To inscribe in a given circle, a regular hexagon. 

Let be the centre, and OB ^the radius of the given 
circle. 

Beginning at any pdint, as ^^ 

B, apply the radius £0, six 
times as a chord to the circum- 
ference, and we shall form the 
regular hexagon -BODEFA (p. 
4), ■ Hence, to inscribe a regu- 
lar hexagon in a given circle, 
the radius must be applied six 
times as a chord, to the cir- 
cumference; which will bring 
us round to the point of begin- 




Cor. 1. If the vertices of the alternate angles be joined 

flo.ledL,,GoOglc 
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by the lines AG, OS, SA, there will be inscribed in the 
circle an eqtulateral triangle AOE, since each of its angles 
■will be measured by one-sixth of four right angles, or one- 
third of two (b. I., p. 25, c. 5). 

Car. 2. If we draw the radii OA, 00, the figure OCBA 
will be a rhombus : for, we havo 

00=CB=BA=OC. 
Hence, the sum of the squares of the diagonals is equiva- 
leot to the sum of the squares of the sides (b. IV., p. 14, c. 2) ; 
that is, Ad^-\-OB^=o^iAB^oWB^; 

and by taking away OB , we have, 

J^=D=30S^; hence, 

AG" : OB" : 3 : 1 ; or, 

AC I OB :: V^ : 1: 

hence, the side of the inscribed equilateral triangle is to. the 

radius, as t/te square root of three, to unity. 



PEOPOeiTION VI. PEOBIEM. 
In a given circle to inscribe a regular decagon. 

Let be the centre, and OA the radius of the given 
circle. 

Divide the radius OA in 
extreme and mean ratio at 
the point M (b. IV., pros. 4) : 
Take OM, ' the greater seg- 
ment, and lay it off from A 
to B; the chord AB will 
be the side of the regu- 
lar decagon, and by apply- 
ing it ten times to the cir- 
cumference, the decagon will 
be inscribed in the circle. 

i'or, drawing MB, we have by construction, 
AO : OM :: OM : AM; 
or, since AB=OM, 

AO : AB :: AB : AM. 
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But since the triangles ABO, 
AMB, have a -.common angle 
A, included between propor- 
tional sides, tkey are similar 
(b. IV., P. 20). Now the triangle j 
BAO being isosceles, AMB 
must be isosceles also, and ' 
AB=BM; but AB^OM; 
hence, also MB=MO ; hence, 
tbe triangle BMO is isosceles. 

Again, in the isosceles tri- 
angle BMO, the angle AMB ^ 
being exterior, is double the. interior angle (b. i., p. 
25, c. 6): but the tingle AMB=MAB ; hence, the triangle 
OAB is such, that each of the angles OAB or OBA, at its 
base, is double the angle 0, at its vertex ; hence, the three 
angles of the triangle are together eC[Tial to five times the an- 
gle 0, which consec[uently, is the fifth, part of two right angles, 
or the tenth part of four; hence, the arc AB is the tenth 
part of the circumference, and the chord AB is the side 
of the regular decagon. 

Cor. 1, By joining the vertices of the alternate angles 
of the decagon, a regular pentagon AGEGI will be in- 
scribed. 

Cor. 2. Any regular polygon being inscribed, if the arcs 
subtended by its sides be severally bisected, the chords of 
those serai-arcs will form a new regular polygon of double 
the number of sides : thus it is plain, that the sq^uare will 
enable ns to inscribe, successively, regular polygons of 8, 
16, 32, &c., sides. And in like manner, by means of the 
hexagon, regular polygons of 12, 24, 48, &c., sides may he 
inscribed; and by means of the decagon, polygons of 20, 
40, 80, kc, sides. 

Car. 3. It is further evident, that any of the inscribed 
polygons will be less than the inscribed polygon of double 
the number of sides, since a part is less than the whole. 
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PROPOSITION VII. PKOBLEM. 

A regular inscribed poli/gon hetng given, ta circumsci-tbe a sim- 
ilar poison about the same circle. 

Let be tHe centre of the circle, and GDEFAB 
regular inscribed polygon. 

At 3; the middle 
point of the arc AB, 
draw a tangent GH, 
and do the same at the 
middle point of each of 
the arcs S(7, CD, &c. ; 
these tangents will be 
parallel to the chords 
AB,BG, GD,kQ. (B.in., 
p. 10, C.) ; and will, by 
their intersections, form 
the regular circumscrib- 
ed polygon OHIK &e., similar to the one inscribed. 

For, since ?' is the middle point of the are BTA, and 
N the middle point of the equal arc BNG, it follows, that 
BT^BN; or that the vertex B of the inscribed polygon, 
is at the middle point of the arc NBT. Draw OH. The 
line OH "will pass through the point B. 

For, the right-angled triangles OTH, NOB, having the 
common hypothcnnse OH, and the side OT=ON, a're equal 
(b. I., p. If), and consequently the angle TOH—HOI/, where- 
fore the hue OH passes through the middle point B of the 
arc 7W {B. iii., p. 15). In the same manner it may be 
shown that 01 passes through 0; and similarly for the 
other vertices. 

But since GH is parallel to AB, and HT to BO, the 
angle (?ff/=A-BC (b.i.,p.24); in hke manner, HIK^BCD- 
and so for the other angles : hence, the angles of "the cir 
cumscribed polygon are equal to those of the inscribed. 
And further, by reason of these same parallels, we have 
QH : AB :: OH : OB, aad. HI : BC :: OH : OB; 
therefore, GH : AB : : HI : BG. 
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But AB=BO, 
therefore OH=HI. 
For a like reason, 
m=-JK, &c.; hence, 
the sides of the circum- 
scribed polygon are all 
equal ; hence, this poly- 
gon is regular and simi- 
lar to the inscribed 




Cor. 1. -Eeciprocal- 
ly : if the circumscribed polygon OHIK &c., be given, and 
the inscribed one ABC &c., be required, it will only be 
necessary to draw from the vertices of the angles G, S, I, 
&o., of the given polygon, straight lines 0Q-, OH, &c., meet- 
ing the circumference in the points A, B, 0, &e. ; then to 
join these points by the chords AB, BC, &c. ; this will 
form the inscribed polygon. Aii easier solution of this 
problem would be, simply to join the points of contact T, 
N, /*, &c., by chords TN, NP, &c., which likewise would 
form an inscribed polygon similar to the circumscribed one. 

Cor. 2. Hence, we may circumscribe about a circle any 
regular polygon, which can be inscribed within it, and con- 



Gor. S. It is plain that NH+]IT=HT+TQ=H&,- one 
of the equal sides of the polygon. 

Cor. 4. If through B, A, F, &c., the middle points of 
the arcs NBT, TAS, SFB, &c., we draw tangent lines, we 
shall thus form a new regular circumscribed polygon having 
double the number of sides : and this process may be re- 
peated as often as we please. The new polygon will be 
regular, because it will be similar to a new inscribed poly- 
gon which may be formed (p. 6, C. 2} of double the number 
of sides of the first.' It is plain, that each new circumscribed 
polygon will be less than the one from which it was derived, 
since a part is less than the whole. 
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PEOPOSITION Vin. THEOEEM. 

The ar&i of a regular polygon is equal to its perimeter multi- 
plied by half tlie radius of (he inscribed circle. 

Let there be the regular polygon GHIK, and ON', OT, 
radii of tlie inscribed circle drawn tbrougb points of tan- 
gencj : then will its area be equal to tbe perimeter mul- 
tiplied by one-balf of OT. 

Eor, the triangle GOH is 
measured by QHx\OT; the trian- 
gle Om, by HIXlON: "but 0N= 
OT; hence, the two triangles taken 
together are measured by 
{GH+EI)x\OT. 
And, by finding the measures of 
the other triangles, it will appear 
that the sum of them all, or the 

whole polygon, is measured by the sum of the bases QH, 
HI, &c., or, the perimeter of the polygon, multiplied by 
one-half of OT; that is, the area of the polygon ia equal 
to its perimeter multiplied by half the radius of the in- 
scribed circle. 




PEOPOSITION IS TIIEOEEM, 

Th jer n ee s of eg la polygons h ng tie s e uniher of 
s ie- a to ea ? otler a th ral of the a. msc b d 
les a d al as tie ad of Je anb d a des d 

ilie a saetoeahoh as Je squa es of ho e ad 

Let AB be the s le of o e polygon the centre ind 
con&equent y 1 th r lius of the circuniacr 1 ed c cle 
and OD p rpenl cular to AB the rilins of the ns ed 
circle. Let ah, be a side of the other ^ t\ v. 
polygon, o the centre, oa and od, the 
radii of the circumscribed and the 
inscribed circles. 

Then, the perimeters of the two 
polygons are to each other as the 
sides AB and ah (b. iv., p. 27) : but 
the angles A and a are equal, being 
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each half of the angle of the poly- 
goQ ; BO also are the angles B and 
b; hence, the triangle ABO, abo, 
are similar, as are, likewise, the 
right-angled triangles ADO, ado; 
therefore, 



AB : ab : 



AO : 



: DO : do; 




hence, the perimetera of the poly- 
gons are to each other as the radii 

AO, ao,oi the circumscribed circles, and also, as the radii 
DO, do, of the inscribed circles. 

The surfaces of these polygons are to each other as the 
squares of the homologous sides AB, ab (b. ly., f. 27) ; they 
are therefore likewise to each other as^ the squares of A 0, 
ao, the radii of the circumscribed circles, or as the squares 
of OD od, the radii of the inscribed circles. 



PKOrOSlTION X. THEOREM. 

Two regular polygons, of the same number of sides, can always 
be formed, Ae_ one drcumscribed about a circle, the other in- 
scribed in it, which shall differ from each other by less than 
any given surface. 

Let Q be the side of a square less than the given sur- 
face. Bisect AO, a fourth part of the circumference, and 
then bisect the half of this fourth, and proceed In this 
manner, always bisecting one of the area formed by the 
last bisection, until an arc is found whose chord AB is leas 
than Q. As this arc will be an exact part of the eircum- 
fcrence, if we apply the chords AB, BO, CD, &c,, each equal 
to AB, the last will terminate at A, and there will be formed 
a regular polygon ABODE &e., inscribed in the circle. 

Next, describe about the circle a similar polygon al>cde 
&c. (p. 7) : the difference of these two polygons will be 
less than the square of Q. 

For, from the points a and i, draw the lines aO, bO, to 
the centre 0: they will pass. through the points A and B 
(p. 7). Draw also OK to the point of contact K: it will 
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bisect AB in I, and be per- 
pendicular to it (b. III., p. 6, s.) 
Prolong AO to £■; and draw 
BR 

Let p represent tlie cir- 
cumscribed polygon, and P the 
inscribed polygon: then since 
the triangles aOh, A OB, are 
like parts of p and P, we 
have (b. il, p. 11), 

aOb : AOB : : p : P: 
But the triangles being similar (b, iv., f. 25), 

aOb : AOB : : Oa : OA^, o 
Hence, p : P : : 0^ : OK'. 

Again, since the triangles OaK, EAB arc similar, having 
their sides respectively parallel (b iv., p. 21). 

Oa : 0^ :: AE' : M^ hence 
p : P :: AE^ : EB^, or by division (b. ir., p. 6), 

■p : p-P :: AE^ : AE" -EB\ or AB''. 
But p is less than the sqaare described on the diameter 
AE {p.VfCA); therefore, p—Pis less than the square de- 
scribed on AB : that is, less than the given square on Q: 
hence, the difference between the circumscribed and inscribed 
polygons may, by increasing the number of s 
made less than any given surface. 



PSOPOSTTION XI. PKOBLEM. 

The surfixce of a regular w^cribed polygon, and that of a sim- 
ilar circumscribed polyg<m, beiiig given. ; to find die surfixces 
of the regidar inscribed and circumiscnbed polygons having 
double the number of sides. 

Let AB be a side of the given inscribed polygon ; 
EF, parallel to AB, a side of the circumscribed polygon, 
and G the ceijtre of the circle. If the chord AM and the 
tangents AP, BQ, be drawn, AM will be a side of an in- 
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scribed polygon, having twice the number of sides; and 
AP+PIf—2PM or PQ, will be a side of the similar cir- 
omaacribed polygon {p. 7, C. 3). 

Now, as the same construc- 
tion mU take place at each 
angle corresponding to ACM, 
it will be sufficient to consider 
AOM by itself; for the trian- 
gles connected with it are evi- 
dently to each other as the 
whole polygons of which they 
form part. Let P, then, be 
the surface of the inscribed 

polygon whose side is AS, p, that of the similar circum- 
scribed polygon; P' the surface of the polygon whose side 
is AM, p' that of the similar circumscribed polygon : P 
and p are given ; we have to find P' and p'. 

First. Now the. triangles A CD, AOM, having the com- 
mon vertex A, are to each other as their bases CD, CM (b. 
IV,, P. 6, C); they are likewise to each other as the poly- 
gons P and P', of which they form part (b. ii,, p. 11) : hence, 

P : P' :: CB : CM. 
Again, the triangles CAM, OME, having the common vertex 
M, are to each other as their bases OA, CE ; they are like- 
wise to each other as the polygons P' and p of which they 
form part ; hence, 

P' : p :: GA : 
But since AD and ME are parallel, 
CD : CM :: CA 
hence, P : P' :: P' 

hence, the polygon P' is a mean proportional between the 
two given polygons P and p, and consequently, 
P' = VPXp. 

Secondly. The altitude CM being common, the triangle 
CPU is to the triangle GPE, as PM is, to PE; but since 
GP bisects the angle MCE, we have (b. lY., P. 17), 
PM : PE :: CM : GE : : CD : CA : : P : P' ; 
hence, 0PM : CPE : : P : P' ; 



CE. 
le have, 



p; 
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and consequently, 

0PM : CPM+CPJS, 01 CM:EJ : : P : P-\-P; 
and hence, ^CPM, or GMPA : OME :: IP : P+P'. 
But OMPA is to OME as the polygons p' and p, of which 
they form part: hence, 

p' : _p : : 2P : P+P'. 
Now as P' has "been already determined; this new propor- 
tion ■ will serve to determine p', and give us 
, 2PXp 

and thus by means of the polygons P and p it is easy to 
find the polygons P' and p', which shall have double the 
number of sides. 

rEOPOSITION XII. PEOBLEM, 

To find the approximale area of a circle wJiose radius is unity. 

Let the radius of the circle be 1 ; the side of the in- 
scribed square will be ■\/2 (f, 3, S.) ; that of the circum- 
scribed square will be equal to the diameter 2 ; hence, the 
surface of the inscribed square will be two, and that of the 
cireumscribed square will be 4. Hence, P~2, and p~i; 
by the last proposition we shall find the 
inscribed octagon P'= VS=2.8284271, 
circun^cribed octagon p'=-^j^—To=S.31S70S5. 

The inscribed and the circumscribed octagons being thus 
determined, we shall easily, by means of them, determine 
the polygons having twice the number of sides. "We have 
only in this case to put P=2.8284271, ^-=3.3137085 ; we 
shall find 

i"=VPX^=3.0614674, 

,_2PXp__ 
F-p+p-' 

These polygons of 16 sides will enable us to find the 
! of 32 sides ; and the processes may be continued 
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nntil the difference between the inscribed and circumscribed 
polygons is less than any given surface- (p. 10), Since the 
circle lies between the polygons, it will differ from either 
polygon by less than the polygons differ from each other: 
and hence, in so far as the figures which express the areas 
of the two polygons agree, they will be the true figures to 
express the area of the circle. 

We have subjoined the computation of these polygons, 
carried on till they agree as far as the seventh place of 
decimals. 



4 . . 


2.0000000 . . 


40000000 


8 . . 


2.8284271 . . 


3.3137086 


16 . . 


3.0614674 . . 


8.1825979 


32 . . 


3.1214451 . . 


3.1517249 


64 . . 


3.1365485 . . 


3.1441184 


128 . . 


3.1403311 . . 


3.1422236 


256 . . 


3.1412772 , . 


3.1417604 


612 . . 


3.1415138 . . 


3.1416321 


1024 . . 


3.1416729 . . 


3.1416025 


2048 . . 


3.1415877 . . 


3.1416961 


4096 . . 


3.1415914 . . 


3.1415933 


8192 . , 


3:1415923 . . 


3.1415928 


16384 . . 


3.1415925 . . 


S.1415927 


32768 . . 


3.1416926 . . 


3.1415926 


The approximat 


e area of the circle, we 


mfer, therefore 



is equal to S.1415926, Some doubt may exist 
about the last decimal figure, .owing to errors ] 
from the parts omitted ; but the calculation has been car- 
ried on with an additional figure, that the final result here 
given might he absolutely correct even to the last decimal 
place. The number generally used, for computation, is 
3.1416, a number very near the true area. 

Scholium 1. Since the inscribed polygon has the same 
number of sides as the circumscribed polygon, and since 
the two polygons are regular, they will be similar (p. 1) : 
and, therefore, when their areas approach to an equality 
with the circle, their perimeters will approach to an equal- 
ity with the circumference. 
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Scholium 2, That magnitude to which a varying i 
nitude approaches continually, and which it cannot pas 
called a limit. 

HaYiug shown that the inscribed and eircumsc 
polygons may be made to differ from each other by le^ 
than any given surface (p. 10), and since each differs from 
the circle less than from the other polygon, it follows that 
the circle is the limit of all inscribed and circumscribed 
polygons, resulting from continued bisections, and that the 
circumference is the limit of their perimeters. Hence, no 
sensible error can arise in supposing that what is true of 
a polygon resulting from an indefinite number of bisections 
of the subtended arcs, is also true of its limit, the circle. 
Indeed, the circle is but a polygon of an infinite number 



PKOPOSITION Xm. TllEOKEM. 

The cirevmferences of circles are to each other as their radii, 
and the ^reas are to eadi other as the sguares of t/idr radii. 

Let us designate the circumference of the circle whose 
radius is CA by circ. GA ; and its area, by area OA: it is 
then to be shown that 

■circ. GA : circ. OB :: GA : OB, and that 
area CA : area OB :: cT : 0B\ 




Inscribe within the circles two regular polygons of lie 
same number of sides. Then, whatever be the number of 
sides, their perimeters wiU he to each other as the radii 
CA and OB {p. 9). Now, if the arcs subtending the sides 
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of the polygons he continually tisected, tie perimeter of 
each polygon -will continue to approach the circumference 
of the circumscribed circle, and when we pass to the limit 
(p. 12, s. 2), we shall have 

ciTG. CA : drc. OB : : CA : OB. 

Again, the areas of iihe inscribed polygons are to each 

other as GA to OB (p. 9). But when the number of 

sides of the polygons is increased, and we pass to the 

limit; we shall have 

area CA : area OB : : cT : 0B\ 

Cor. 1. It is plain that the limit of any portion of the 
perimeter of an inscribed regular polygon lying between 
the vertices of two angles, is the corresponding arc of the 
circumscribed circle. Thns, the limit of the perimeter in- 
tercepted between Q and _£' is the arc QFE. 

Cor. 2. If we multiply the antecedent and consequent 
of the second couplet of the first proportion by 2, and of 
the second by 4, we shall have 

drc. CA : drc. OB : : WA : WB- 
and area CA : area OB : : lO^ : 405" ; 

that is, the drcumf&rences of drcles are to each other as their 
diameters, and their areas are to each other as the squares of 
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PEOPOSITION XIV. TIIEOEEM. 

Simitar arcs are to each oGisr as thdr radii: and similar sec- 
kn-s are to each other as the squares of their radii. 

Let AB, DE, be similar arcs,, and ACB, DOE, similar 
sectors: then will 

AB : DE :: 
and AGB : BOB 

For, since the arcs are sim- 
ilar, the angle is ec[ual to 
the angle (b. iv., D. 6). But 
we have (b. hi., p. 17), 

angle C : 4 right angles 
and, angle ; 4 right angles 
hence (b. ii., p. 4, c), 

AB : BE : : circ CA : dre. OB ; 
but these circumfereucos are as the radii AC, DO (p. 13); 
hence, 

AB : DE :: OA : OB. 
For a like reason, the sectors AGB, DOE, are to each 
other as the whole circles ; which again are as the e 
of their radii (p. 13) ; therefore, 

se^t. AGB : sect. DOE : : Cl" : 01?. 




PSOPOSXTION XV. THEOREM. 

The area of a circle is equal to- the product of half the radius 
by the cirGumfeTen,ce. 

Let A ODE be a circle whose cen- 
tre is and radius OA : then will 
area. OA—^OAxdrc. OA. 

For, inscribe in the circle any regu- 
lar polygon, and draw OF perpendicu- 
lar to one of its aides. The area of 
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the polygon ia equal to ^OF, mul- 
tiplied by the perimeter (p. 8). Now, 
let the number of sides of the poly- 
gon be increased by continually bisect- 
iug the arcs which subtend the sides: 
the limit of the perimeter is the cir- 
cumference of the circle ; the limit of 
the apothem is the radius OA, and 
the limit of the area, of the polygon is the area of the 
circle (p. 12, s. 2). Pacing to the limit, the expression for 
the area becomes 

area OA=^OAxcirc. OA ; 
consequently, the area of a circle is equal to the product 
of half the radius by tlie circumference. 

Cor. The area of a sector is equal to the arc of the 
sector multiplied by half the radius. 

For, we have (b. hi., p. 17, s, 4), 
sect. A OB : area. OA : i AMB i circ. OA ; 
or, sect. ACB : area A :: AMBx 

iCA : circ. CAx^OA. 
But, circ. GAX^OA ia equal to the 
area GA ; hence, AMBx^OA is equal 
to the area of the sector. 




PEOPOSITION XVI. THEOEEM. 

The area of a circle is egiial to the square of the radius muU 
Hplied hy the ratio of tJie diameter to the drcumfei'ence. 

' Let the , cireumference of the circle whose diameter is 
unity bo denoted by w ; then, since the diameters of cir- 
cles are to each other as their circumferences (p. 13, C. 2), v 
will denote the ratio of any diameter to its circumference. 
We shall then have 

1 ; ■r ;: ^CA : circ. CA: 
therefore, drc. CA=t(X%CA. 

Multiplying both members by \GA^ we have 
\GAxdrc.OA=^xG^, 
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or {p. 15) area OA=fX GA 
that is, (lie area, of a circle t 
to -t into i3ie square of ike radius. 

SchoUwm 1. To find tlie numeri- 
cal value of *, let us suppose the 
radius G4=l ; we shall then have 

area CA—'t. 

Bat we have found the area of the circle whose radius i 
1 to be 8.1415926 (p. 12) : therefore, we have 
*=3.1415926. 
In common calculations, wc take •^==3.1416. 




Scholium 2. The problem of the c[uadrature of the circle, 
as it is called, consists in finding a square equivalent in 
surface to a circle, the radius of which is known, Kow it 
has just heen proved, that a cir'de is equivalent to the rect- 
angle contained hy its circumference and half its radius 
(p. 15) ; and this rectangle may be changed into an equiv- 
alent square, by finding a mean proportional between its 
length and its breadth (b. iv., PRcfe. 3). To square the 
circle, therefore, is to find the circumference when the 
radius is given ; and for effecting this, it is enough to 
know the ratio of the diameter to the circumference. 

Hitherto the ratio in question has never .been determin- 
ed except approximatively ; but the approximation has 
been carried so far, that a knowledge of the exact ratio 
would afford no real advantage whatever beyond that of 
thu. approximate ratio. Accordingly, this problem, which 
engaged geometers so deeply, when their methods of 
approximation were less perfect, is now degraded to the 
rank of those idle questions, with which no one possessing 
the shghtest tincture of geometrical science, will occupy 
any portion of his time. 

Archimedes showed that the ratio of the diameter to the 
circumference is included between S-fg and 3^ ; hence, 3^ 
or y affords at once a pretty accurate approximation to 
the number above designated by «■ ; and the simplicity 
of this first approximation has brought it into very general 
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use. Metius, for the same number, found tlie much more 
accurate value fff. At last, the value of *, developed ^o 
a certain order of decimals, was found by other calculators 
to be' 3.1416926535897932 &c. : and some have had patience 
enough to continue these decimals to the hundred and 
twenty-seventh, or even to the hundred and fortieth place. 
Such an approximation is practically equivalent to perfect 
accuracy: the root of an imperfect power is in no case 
more accurately tnown. 



TKOrOSITION 1 



'/ntersect each other, the arc 
' circle will he longer than 



Jf the circumferences of two circles 
of the ccmmion chord in the lei 
the corresponding arc of the grec 



Let A and £ be the centres of two circles, AG, BG, 
their radii, and D the - pointe in "which their circumfer- 
ences intersect and GD their common chord : then will the 
are DUG described with the radius BG^ be longer than the 
are DFO described with the greater radius AG. 

Join the centres A and B, 
and prolong .AS to B. Then, 
since AB bisects the chord 
GD at right angles (b. hi., p. 11) ; 
it also bisects the arcs at 
the points F and E (b. in., p. 
6). Draw GE and DE which 
will be ec^ual to each other 
(B. III., P. 4) ; also GF and DF. 

Eisect the arcs GE, ED, 
and also the arcs GF, FD, and 
draw chords subtending the new 
arcs : there will thus be inscribed in the two segments 
BEG, I>FG, portions of two polygons, having the same 
number of sides, in each, 

Now, since the point F is within the triangle BEG, 




y^ 
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EG plus BD is greater than GF plus FD (b. I., p. 8) : 
hence, ihe half, OE is greater than the half, GF. If now, 
with C aa a centre, and GE as a radius, we describe an 
arc EH, the chord GE being greater than GF, the are OFH 
will be greater than the arc GF (b. iir., p. 5). If we sup- 
pose the arc GKE to move with the chord GE then, 
when the chord GE becomes the chord GH, the arc GKE 
will pass throngh the points C and H, and will have with 
GFH, the common chord GH. 

If, now, we bisect the arc which is equal to GKE, and 
alao the arc GFH, we know from what has already been 
shown, that the chord of half the outer arc will be greater 
than the chord of half the inner arc OEM, much more will 
it be greater than the chord of GL, which is half the are 
GF] that is, the chord of the arc GE, one-half of GE, 
will always be greater than the chord of the arc CL, one- 
half of GF. Hence, the perimeter of that portion of the 
polygon inscribed in the segment GED, will be greater than 
the perimeter of the corresponding polygon inscribed in the 
segment OFD. If, then, we continue the bisections indefi- 
nitely, the hmit of the outer perimeter will be the arc GED, 
and of the inner, the arc CFD : hence, the arc GED is 
greater than the arc GFD. 

Cor. If equal chords be taken in unequal circles, the 
arc of the chord in the greatest circle will be the shortest ; 
for, the circles may always be placed aa in the figure. 
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PLANES AND POLYEDRAL ANGLES. 



BFINITIONS 



1. A straight line is perpendicular to a ^tof«, when it 
is perpendicular to every straiglit line of the plane, 
which passes through its foot : converselj, the plane is 
perpendicular to the line. The point at which the perpen- 
dicular meets the plane, is called the foot of the perpendic- 
ular. 

2. A line is 2^<^Tallel to a pla-ne, when it ca,nnot meet 
that plane, to what distance soever both be produced. 
Conversely, the plane is parallel to the line. 

3. Two planes are parallel to each other, when they 
cannot meet, to what distance soever both he produced. 

4. The indefinite space included between two planes 
which intersect each other, is called a diedral angle: the 
planes are called the faces of the angle, and their line of 
common intersection, the edge of the angle. 

A diedral atigk is measured by the angle contained be- 
tween two lines, one drawn in each face, and both perpen- 
dicular to the common intersection at the same point. This 
angle may be acute, obtuse, or a right angle. If it is a 
right angle, the two faces are perpendicular to each other. 

5. A PoLYEDRAL angle is the indefinite space included 
by. several planes meeting at a common point. Each plane 
is called a face: the line in which any two faces intersect, 
is called an edge : and the common point of meeting of all 
the planes, is called the vertex of the polyedral angle. 
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Thus, the polyedral angle whose ver- 
tex 13 ;S^ ia bounded by the four faces, 
ASB, BSO, CSD, DSA. Three planes, at 
leaat, are necessary to form a polyedral 
angle. 

A polyedral angle bounded by three 
planes, is called a triedral angle. 




POSTULATES. 



1. Let it bo granted, that from a given point of a 
[dane, a line may be drawn perpendicular to that plane, 

2. Let it be granted, that from a given point without a 
plane, a perpendicular may be let fall on the plane. 



PEOPOSITION I. THEOREM. 

A straight line cannot he partly in a pktne, and pcurtly out of it. 

For, by the definition of a plane (b. I., v. 9), when a 
straight line has two points common with it, the line lies 
wholly in the plane. 

Scholium. To discover whether a surface ia plane, apply 
a straight line in different ways to that surface, and ascer- 
tain if it coincides with the surface throughout its whole 
extent. 

PEOPOSITION II. THEOIIEM. 

Ttoo straight lines which intersect each other, lie in the same 
plane, and determine its } 

Let AB, AG, be two straight lines 
which intersect each other in j1 ; a plane 
may be conceived in which the straight 
line AB is found ; if this plane be turned 
round AB, until it pass through the point 
0, then the line AG, which has two of its points A and 
G, in this plane, lies wholly in it ; hence, the position of 
the plane is determined by the single condition of contain- 
ing the tyo straight hnes AB, AG. 
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Cor. 1. Any tkree points A, B, 
G, not in a straiglit line, determine 
the position of a plane. Hence, a 
triangle BAC, determines the posi- 
tion of a plane. 

Cor. 2. Hence, also, two paral- -^z 

lels AB, CD, determine the posi- A / 

tion of a plane ; for, drawing the / 

secant EF, the plane of the two 
straight hncs AE, EF, is that of 
the parallels AB, CD. But the hnes AE, EF, determine 
this plane ; therefore, so do the parallels, A B, CD. 



/»- 



PROPOSITION III. THEOREM, 
If two planes cut one another, their common section will be a 




Let the two planes AB, CD, cut 
one another, and let E and F 
be two points' of their common 
section. Draw the straight line ■ 
EF. This hne lies wholly in the 
plane AB, and also, wholly in the 
plane CD (b. i., d. 9) : therefore, 
it is in both places at once. But 
since a straight line and a point out of it cannot lie in 
two planes at the same time (p. u., c. 1), EF contains all 
the points conimon to both planes, and consequently, is 
their common intersection. 

PROPOSITION IV. THEOKEM. 
If a straight line he perpendicular to two straight lines at their 
point of intersection, it will he perpendicular to the plane 
of tliose lines. 

Let MN be the plane of the two lines BB, CO, and let 
AP be perpendicular to each of them at their point of 
intersection P ; then will AP be perpendicular to every 
line of the plane passing through P, and consequently to 
the plane itself {d. 1). 
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For, through P draw in the 
piano MN, any straight line as FQ. 
Through any point of this hoe, aa 
Q, draw BQO, so that BQ shall 
be eq^ual to QO (b. IV., pkob. 5); 
draw AB, AQ, AG. 

The base BO being divided into 
two equal parts at the point Q, the 
triangle BPO gives (B. IV., p. 14). 

The triaiiglo BAG in like manner gives, 
AO'+AB^o2.i^+2.qG'. 

Taldng the first of these equals fl'om the second, and 
observing that the triangles APC, APB, being right-angled 
as P, give 

AO'-PG^olP, and Zs'-PS'oiP^, 
we shall have, 

aP'+AP^ ^Z^2A^-2PQ^. 

Therefore, by taking the halves of both, we have 
JP^.c=l^--Pg'. or A^<>AP'+P^; 
hence, the triangle APQ is right-angled at P ; hence, AP 
is perpendicular to PQ. ■ 

Scholium. Thus, it is evident, not only that a straight 
line may be perpendicular to all the straight lines which 
pass through its foot, in a plane, but that it always must 
be so, whenever it is perpendicular to two straight lines 
drawn in the plane : hence, a line and plane may fulfil the 
conditions of the first definition. 

Gov. 1. The perpendicular AP is shorter than any 
obhque line A Q ; therefore, it measures the shortest distance 
from the point A to the plane MNl 

Got. 2. At a given point P, on a plane, it is impossi- 
ble to erect more than one perpendicular to the plane ; for, 
if there could be two perpendiculars at the same point P, 
draw through these two perpendiculars a plane, whose sec- 
tion with the plane MN is PQ; then these two perpen- 
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diculara would be both perpendicular to tlie line PQ, at 
tlie same point, which is impossible (b. i., p. 14, c.) 

It is also impossible to let fell from a given point, out 
of a plane, two perpendicnlaTS to that plane ; for, if AP, 
AQ, be two such perpendiculars, the triangle APQ will 
havg two right angles AP^, AQP, which is impossible (b. 
I., P. 25, c. 3). 



PROPOSITION V. THEOREM. 

If, from a point wiSiout a plans, a perpendicular he drawn to 
the plane, and oblige lines he drawn to different points: 

Isi The oblique lines which pierce the plane at points equally 
distant from the foot of the perpendicidar, are equal : 

2(t Of tvx) oblique lines which pierce Hie plane at unequal dis- 
tances, the'one passing through the remote point is tlie longer. 

Let AP he perpendicular to the plane MR; AB, AG, 
AD, oblique lines intercepting the eq^ual distances PB, PC, ■ 
PD, and AH a line intercepting the ' larger distance PE : 
then- will AB=AC=AD; and AU will be greater than 
AP. 

For, the angles APB, APC, APP, 
being right angles, and the distances 
PS, PC, PB, equal to each other, 
the triangles APB, APC, APD, 
have in each an equal angle con- 
tained by two equal sides : there- 
fore they are equal (b, i., p. 5) ; 
hence, the hypothenuses, or the 
oblique lines AB, A 0, AD, are equal 
to each other. 

Again, since the distance PE is greater than PD, or its 
equal PB, the obliqne lifte AE is greater than AB, or \\s 
equal AD (b. 1, p. 15). 

Cor. AU the equal oblique lines, AB, A G, AD, &c., ter- 
minate in the circumference BCD, described from P, the 
foot of the perpendicular, as a centre ; therefore, a point A 
being given out of a plane, the poi^t P at which the per- 
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pendicular let fall from A would meet that plane, may be 
fouEd by marking upon that plane three points, £, G, D, 
equally distant from the point A, and then finding the 
centre of the circle which passes through these points ; this 
centre will be P, the point sought. 

Scholium. The angle ABP is called the inclination of the 
oblique line AB to Oie plane MN'; which inclination is evi- 
dently equal with respect to all such lines AB, AG, AD, as 
make equal angles with the perpendicular ; for, all the tri- 
angles ABP, ACP, ABP, &c., are equal to each other. 

PROPOSITION VI. THEOEEM. 

^ from Hie foot of a perpendicular a line be drawn at right 
angles to any line of a plane, and the point of inlersection 
be joined with any point of the, perpendicular, this last line 
will be perpendicular to- the line of Hie plane. 

Let AP be perpendicular to the plane NM, and PD 
perpendicular to BG; join D with any point of the per- 
pendicular, as A ; then will AB also be perpendicular to 
BG 

Take BB^BG, and draw PB, 
PC, AB, AG. Now, since DB is. 
equal to D.G, the oblique line PB 
is equal to PC (b. 1, P. 5) : and 
since PB is equal to PC, the 
oblique line AB is equal io AG 
(p. 5) ; , therefore, the line AD 
has two of its points A and D 
equally distant from the extremi- ■"■' 

ties B and C; therefore, AD is a perpendicular to BC, at 
its middle point D (b. i., p. 16, c.) 

Cor. It is evident, likewise, that BO is perpendicular 
to the plane of the triangle APD, since it is perpendicu- 
lar to the t;vo straight lines AD, PD of that plane {p. i). 

ScJiolium 1. The two lines AB, BG, afford an instance of 
two lines which are not parallel, and yet do not meet, be- 
cause they are not situated in the same plane. The short- 
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est distance between these lines is 
the straight hne PD, which is at 
once perpendicular to the line AP 
and to the line BO. The distance 
PD is the shortest distance hetween 
them : because, if we join any other 
two points, such as A and B, we 
shall have AB>AD, AD>PD; 
therefore, still more, AB^PD. 

Scholium 2. The two lines AB, GB, though not situated 
in the same plane, are conceived as forming a right angle 
with each other; because A.E and the line drawn through 
any one of its points parallel to BG, would make with 
each other a right angle. In the same manner, AB, PD, 
which represent any two straight lines not situated in the 
same plane, are supposed to form with each other the same 
angle, as would be formed by AB and a straight line 
drawn through any point of AB, parallel to PB. 




PKOPOSITION VII. THEOREM. 

Jf one of two parallel Hues ie perpendicular to a plane, the 
olJier will also be jterpendicular to the same plane. 

Let BD, AP, be two parallel lines; if AP is perpen- 
dicular to the plane NM, then will BD 
ular to it 

For, through the parallels 
AP, DB, pass a plane ; its inter- 
section with the plane MN" will M 
be PD ; in the plane MN draw 
BG perpendicular to PD, and 
then draw AB. 

Now, BG is perpendicular to 
the plane .iPi>^ (p. 6, c.) there- if 

fore, the angle BDB is a right angle ; but the angle EDP 
is also a right angle, since AP is perpendicular to PB, 
and DB parallel to AP (b, i., p. 20, c. 1) ; therefore, the line 
DB is perpendicular to the two straight lines DP, DB; 
consequently it is perpendicular to their plane MN (p. 4). 
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Cot. 1. Conversely : if the straight lines AP, BE, are 
perpendicular to the same pMne MR, they will be parallel 
For, if they be not parallel, draw, through the po'.nt D, a 
line parallel to AP, this parallel will be perpendicular to 
the plane MN; therefore, through the same point IJ more 
than one perpendicular will be erected to the same plane^ 
which ia impossible (p. 4, c. 2), 

Cor. 2. Two lines A and B, parallel to a third C, are 
parallel to eafih other ; for, conceive a plane perpendicular 
to the line C; the lines A and B, being parallel to C, are 
perpendicular to this plane ; therefore, by the preceding 
corollary, they are parallel to each other. 

The three parallels are supposed not to he in the same 
plane ; otherwise the proposition would be already known 
(b. I., p. 22). 



PEOPOSITION VIIL TIIEOEEM. 

If a straight line is parallel to a line of a plane, it is par- 
allel to the plane. 

Let the straight line ABhQ parallel to the line CD of 
the plane NM; then will it be parallel to the plane NM. 

For, if the line AB, which lies _^ B 

in the plane ABDO, could meet the 
plane MNi it could only he in some M 
point of the Une CD, the common 
intersection of the two planes ; but 
the line AB cannot meet GD^ since 
they are parallel (b. I., D. 16) : hence, 

it will not meet the plane MN; therefore, it is parallel to 
that plane (d. 2). 



PROPOSITION IX. TnEOEEM. 

Two planes which are perpendicular to the same straight line 
are parallel la each ol]i«r. 

Let the planes Ml>f, PQ, be perpendicular to the hne 
AB, then will they be parallel. 
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For, if they can meet any --...^ M 
where, .'et "be one of their y """•V---,^ ^ ^ 
common points, and draw OA, ''\ \ ^\ P\ 
0^. Fow, the lice ^if, which pX^ | 

is perpendicular to the plane 
MN, is perpendicular to the 
straight line OA, drawn through 
its foot in that plane (d. 1); for 

the same reason A£ is perpendicular to £0 ; therefore, there 
are two perpendiculars, OA and OB, let fall from the same 
point 0, upon the same straight line, which is impossible 
(b. I., P. 14) ; therefore, the planes MN, PQ, cannot meet 
each other ; eonaequently, they are parallel. 

PEOPOSITION X. THEOEEM, 

If a plane cut two parallel planes, the lines of intersection will 
he parallel. 

Let the parallel planes NM, QP, be intersected by the 
plane EH; then will the lines of intersection EF, GB, 
be parallel. 

For, if the lines UF, QH, m 

iyiug in the same plane, were 
not parallel, they would meet 
each other when prolonged ; and 
then the planes MN, PQ, in which 
those lines lie, would also meet; 
and hence, the planes would not 
be parallel, which is contrary to 
the hypothesis, 

PEOPOSITIOK XI. THEOEEM. 

If two planes are parallel, a straight line which is perpendicu- 
lar to one, is also perpendicular to the other. 

Let MN, PQ, be two parallel planes, and let AB be 
perpendicular to the plane NM; then will it also be per- 
pendicular to Q^P. 
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For, draw any line BC in tlie -^^ -^ 
plane PQ, and througK the lines O ""4 — __ ~~\ 
AB and BG, pass a plane ABG, '''\ \_5Z5_\ 
intersecting the plane UN in 
AD; the inteTsection AD is par- 
allel to BG {p. 10). But the line 
AB, heing perpendicular to the 
plane MN, is perpendicular to ^ 

the straight line AD {p. 1) ; therefore, also, to its parallel 
BO (b. I., p. 20, c. 1) ; hence, the line AB being perpendicu- 
lar to any line BC, drawn through its foot in the plane 
PQ, is perpendicular to that plane (d, 1), 



PROPOSITION Sn. THEOEEM. 
All parallels included hetween two •parallel planes are equal. 

Let MI^, PQ, be ■two parallel planes, and HF, GE, two 
parallel lines: then will Q-E=HF. 

For, through the parallels QE, 
HF, draw the plane EGHF, in- 
tersecting the parallel planes in 
EF and GH. The intersections 
EF, Gff, are parallel to each other 
(p. 10) ; and since GE, UF are 
parallel, the figure EGHF is 
a parallelogram ; 
EG=FH (b. l, p. 28). 

Gor. Hence, it follows, that two ^ralkl planes are every- 
where equidistant. For, suppose EG to be perpendicular to 
the plane PQ; then, the parallel FH ia also perpendicular 
to it (p. 7), and the two parallels are likewise perpendicu- 
lar to the plane MN (p. 11) ; and being parallel, they are 
equal, as shown by the proposition. 
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PROPOSITION XIII. TnEOEEM. 



If two angles, not situated in the same plane, have their sides 
parallel and lying in the same direction, these angles wiU he 
equal and their planes mil he parallel. 

Let tlie angles OAS and PBF, lave the side AO 
parallel to £D, and Ijing in the same direction : also, AS 
parallel to BF, and lying in the same direction ; then will 
the angles CAS and DBF be eqyal, and their planes par- 
allel. 

For, take A G and BD equal to 
each other, and also AB=BF] 
and draw CE, BF, AB, CD, FF. 
Since AG is equal and parallel to 
BB, the figure ABDO is a paral- 
lelogram (b. l, p. 30) ; therefore, CD 
is equal and parallel to AB. I'or 
a similar reason, FF is equal and 
parallel to AB; hence, also, CD 
is equal and parallel to FF (p. 

7, c. 2) ; hence, the figure DFFO ' ~ ^^ ^ 

is a parallelogram, and the side CF is equal and parallel 
to DF; therefore, the triangles GAF, DBF, have their cor- 
responding sides equal ; consequently, the angle CAF^DBF. 
Again, the pland AGF is parallel to the plane BDF. 
For, if not, suppose a plane to he drawn through the point 
A, parallel to BDF. If this plane he different from ACE, 
it will meet the lines CD, FF, in points different fi'om G 
and E, for instance in and H\ then, the three lines BA, 
DC, FS, will be equal (p. 12), and each equal to AB: 
but the lines AB, CD, FF, are already known to be equal ; 
hence, DO=BG, and HF—FE, which is absurd; hence, 
the plane AGE is parallel to BDF. 

Cor. If two parallel planes ■MN', PQ, are met by two 
other planes CABB, EABF, the angles GAF, DBF, formed 
by the intersections of the parallel planes are equal; for, 
the intersection ^f7 is parallel to BD, and AE to BF 
(p. 10) ; therefore, the angle CAE=DBF. 
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If three straight lines, not situated in the same plane, are equal 
and parallel, the triangles formed hy joining ike extremilies 
of these liiKS will he egual, aiid ihdr phmt 



Let AB, CD, EF, be tJiree equal and parallel lines. 

Since AB is equal and paral- M 

lei to CD, the figure ABDC is 
a parallelogram; hence, the side 
AG 'is equal and parallel to BD 
(b. I., P. 30). Eor a like reason, 
the s\A.es-AE, BF, are equal and 
parallel, as also CE, DF\ hence, 
the two triangles .ICfi^ BDF, have 
their sides equal, and are therefore 
equal {b. i., p. 10) ; and as their sides, 
are parallel and lie in the same 
directions, their planes are parallel (p. 13). 




PROPOSITION SV. THEOREM. 



If two straight Hi 



! be cut hy three parallel planes, tkey v 
divided proportionally. 



Suppose the lino AB to meet the parallel planes M]^, 
PQ, JiS, at the points A, E, B ; and the line CD to meet 
the same planes at the points C, F, B: then will 
AE : EB :: CF : FD. 

Draw AD meeting the plane 
PQ in G, and draw ^C, EG, GF, ■ 
BD. Since the parallel planes PQ, 
BS, are cut by the third plane 
BAD, the intersections BD and EQ- 
are parallel (p. 10) : and we have 
AE : EB :: AG : GD. 
and the intersections AG, GF, 
being parallel, 

AG : QD :: CF : FD; 
hence (b. ii., p. 4, c), AE : EB 
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PEOPOSITIOK XVI. THEOEEM. 

If a line is perpendicular to a plane, every plane passed 
through the perpendicular^ is also perpendicular to the plane. 

Let AP be perpendicular to the plane NM; then -mil 
every plane passing throngh AP be perpendicular to NM. 

Let BF be any piano passing through 
AP, and BC its intersection with the 
plane MN. In the plane MN, draw DE 
perpendicular to BP: then the line AP, jj 
being perpendicular to the plane MN, ^ 
is perpendicular to each of the two ^ 
straight lines BO, ' DK Now, since AP 
and DE are both perpendicular to the 
common intersection BC, the angle which ^ 

they form will measure the angle between the planes (d. 4) : 
but the angle API), or APE, is a right angle : hence, the 
two planes are perpendicular to each other. 

Scholium. When three straight lines, such as AP, BP, 
DP, are perpendicular to each other, any two may be 
regarded as determining a plane, and the three will deter- 
mine three planes. Now, each line is perpendicular to the 
plane of the other 'tv/o, and the three planes are perpen- 
dicular to each other. 




PEOPOSITION XVn. THEOEEM, 

Conversely: If two planes are p^pendtcular to mih other, a line 
drawn in one of them .perpmdii,ulai to their common inter- 
section, will be perpendiculai to tJie other j 

Let the plane BA be perpendiciilar to 
AW; then, if the line AP be pt-rpenilic- 
ular to the intersection BC, it ■will ako 
be perpendicular to the plane NM. 

For, in the plane MN, draw PD per- 
pendicular to PB ; then, because the 
planes are perpendicular, the angle APB 
is a right angle (d, 4) ; therefore, the line 
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AP is perpendicular to the two straight lines PB, PP, 
passing througli its foot; therefore, it is perpendiculair to 
their plane MN (p. 4), 

Cor. If the plane PA is perpendieular to the plane MN', 
and if at a point P of the commoil intersection we erect 
a perpendicular to the plane MN", that perpendicular will 
be in the plane PA. For, let us suppose it will not, then, 
in the plane PA draw AP perpendicular to PB, the com- 
mon, intersection, and this AP at the same time, is per- 
pendicular to the plane MN", by the theorem ; therefore at 
the same poiat P there are two perpendiculars to the plane 
MNl one out of the plane BA, and one in it, which is im- 
possible (f, 4, c, 2). 



PEOPOSITION SVIil. TIIEOEEM. 

Jf tito jiloiiti ithuJi cut each other aie perpendiaular to a third 
plane theii common i> tcnection ts aho perpendicular to iliat 
plane 

Let the planes BA, DA, be perpen^ 
dicular to NM; then will their intersec- 
tion AP be perpendicular to NM. 

For, at the point P, erect a perpen 
dicular to the plane JOT; that perpen 
dicular must be at once in the plane 
AB and in the plane AD {p, 17, c.) , 
therefore, it is their common intersection 
AP. 




PROPOSITION XIX. THEOREM. 



of either two of the plane angles which include a 
rle, is less than the third. 



The proposition requires demonstration only when the 
plane angle, which is compared with the sum of the two 
others, is greater than either' of them. Therefore, suppose the 
triedtal angle i? to be formed by the three plane angles 
ASB, ASO. BSC, and that the angle ASB is the gi-eatest; 
we are to ahow that ASB-cASO+BSG. 
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In the plane ASB make the 
angle BSD=BSG, and draw the 
straight line ADB at pleasure ; then 
make 80=80, and draw AC, BO. 

The two sides BS, SD, are equal 
to the two B8, 80, and the angle 
BSD=B80; therefore, the triangles 
BSD, B80, are equal (b. i., p. 5); hence, BD=BO. But 
AB<.AO+BO; taking BD from the one side, and from the 
other its equal £(7, there remains j4Z'<ji(7. The two sides 
AS, SB, are equal to the two AS, SO; the third side AB 
is less than the third side AO; therefore, the angle ASD-C 
A8C (B. I., P. 9, c.) Adding BSD=BSO, we have 
ASD+BSD, or ASB<ASO+BSG. 



PKOPOSITION XX. THEOREM, 

The sum of the plane angles which include any polyedral angh 
is less than four right angles. 

Let 8 he the vertex of a polyedral angle bounded by 
the faces BSC, GSD^ D8.W, ESA, ASB; then will the sum 
of the plane angles about 8 be less than four right angles. 

For, let the polyedral angle be cut ^ 

by any plane Al), intersecting the edges 
in the points A, B, G, D, E, and the 
faces m the lines AB, BO, CB, BE, 
EA. From any point of this plane, as 
0, draw the straight lines OA, OB, 00, 
OB, OB. 

We thus form two sets of triangles, 
one set having a common vertex 8, 
the other having a common vertex 0, 
and both having the common bases AB, BO, OB, BE, EA. 
Now, in the set which has the common vertex 8, the sum 
of all the angles is equal to the sum of all the plane angles 
which comprise the polyedral angle whose vertex is S, to- 
gether with the sum of all the angles at the bases : viz. : 
SAB, SBA, 8BG, &c. ; and the entire sum is equal to twice as 
many right angles as there are triangles. In 'the set -whose' 




.;, Google 



BOOK VI. 171 

common vertex is 0, the sum of all tlie angles is eq\isl 
to the four right angles about 0, together with the inte- 
rior angles of the polygon, and this sum is equal to 
twice as many right angles as there are triangles. Siiice 
the number of triangles, in each set, is the same, it fol- 
lows that these sums are equal. But in the triedral 
angle whose vertex is B, ABS+SBO>ABG (p. 19), and 
the same may be shown at each of the other vertices, 
0, D, S, A: hence, the sum of the angles at the bases, in 
the triangles whose common vertex is S, is greater than 
the sum of the angles at the bases, in the set whose com- 
mon vertex is 0: therefore, .the sum of the vertical angles 
about S is less than the sum of the angles about : that 
is, less than four right angles. 

Scholium. This demonstration is founded on the suppo- 
sition that the polyedral angle is convex, or that the plane 
of no one face produced can ever meet the polyedral angle ; 
if it were otherwise, the sum of the plane angles would no 
longer be limited, and might be of any magnitude. 

PPOPO^mJN XXI THEDKEM 

If two tnedtal anglei, aie mdudcd ly plane an/leo tihi h are 
equal each to each, the plines of the argltt, aie equally 
inclined to each other 

Let S and T be the vertices of two triedral angles, and 
let the angle ASO^BTF, the angle ASB^DTM, and the 
angle BSC=BTF; then will the -inclination of the planes 
ASC, ASB:\>t equal to that of the planes DTF, DTE. 

For, having taken SB at 
pleasure, draw BO perpendicu- 
lar to the plane ASO; from the 
point 0, where the perpendicu- 
lar meets the plane, draw OA, 
00, perpendicular to SA, SO; 
draw AB, BO. Next take 
TE=SB; draw FP perpendicular to the plane DTF; from 
the point P draw PB, PF, perpendicular respectively to 
TJ), TF; lastly, draw BE and FF. 
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The triangle SAB, is right-w- 
angled at A, and the triangle 
TJ)^ at B (p. 6) : and since 
the angle ^;SS=i>2!£; we have 
SBA=TED. Moreover, since 
SB=TE, -the triangle SAB ia 
equal to tlie triangle TDB\ 
therefore, SA=^TD, and AB=I)E. 

In like manner, it may be shown, that SC=TF, and 
BO=EF. That proved, the quadrilateral ASCO is equal 
to the quadrilaterai BTFP: for, place the angle ASC upon 
its equal BTF ; because SA=-TI>, and SG^TF, the point 
A will fall on B, and the point on ■J''; and, at the same 
time, AO, which is perpendicular to SA, will fall on BF, 
which is perpendicular to TB, and, in like manner, 00 on 
PF; wherefore, the point will fall on. the point P, and 
hence, AO i& equal to BP. 

But the triangles A OS, BPF, are right-angled at and 
P\ the hjpothenuse AB=BE, and the side AO=BP: 
hence, those triangles are equal (b. I., F. 17) ; and, conse- 
quently, the angle OAB=PBF. But the angle GAB mea- 
sures the inclination of the jtwo faces ASB, ASO; and the 
angle PB:E! measures that of the two faces BTF, BTF; 
hence, those two inclinations are equal to each other. 

Scholium 1. It must, however, be observed, that the 
angle A of the right-angled triangle AOB is properly the 
inclination of the two planes ASB, ASG, only when the 
perpendicular BO falls on the same side of SA, with SG; 
for, if it fell on the other side, the angle of the two planes 
would be obtuse, and the obtuse angle together with the 
angle A of the triangle GAB would make two right angles. 
But in the same case, the angle of the two planes TBE, 
TDF, would also be obtuse, and the obtuse angle together 
with the angle D of the triangle BPE, would make two 
right- angles; and the angle A being thus always equal to 
the angle B, it would follow that the inclination of the 
two planes ASB, ASC, must be equal to that of the two 
planes TBE, TDF. 

Scholium 2, If two triedral angles are included by three 
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plane angles, respectively equal to each otlier, and if, at 
the same time, the' equal or homologous angles arc disposed 
in die same order, the two triedral angles will coincide when 
applied the one to the other, and consequently, are equal 
(A. 14). 

Eor, we have already seen that the quadrilateral SAOG 
may be placed upon its equal TDFF; thus, placing SA upon 
TD, SG falls upon TI] and the point upon the point P. 
But because the triangles AOB, DPE, toe equal, OB^ per- 
pendicular to the plane A8G, is equal to PE, perpendicu- 
lar to the plane TDF\ besides, these perpendiculara lie in 
the same direction ; therefore, the point B will fall upon 
the point E, the line SB upon TE, and the two angles wiU 
wholly coincide. 

Scholium 3. The equality of the triedral angles does 
not exist, unless the equal faces are arranged in the same 
manner. For, if they were arranged in an inverse order, or, 
what is the same, if the perpendiculars OB, PE, instead of 
lying in the same direction with regard to the planes ASO, 
DTE, lay in opposite directions, then it would be impossi- 
ble to make these triedral angles coincide the one with the 
other. The theorem would not, however, on this account, 
be less true, viz. : that the faces containing the equal 
angles must he equally inclined to each other ; so that 
the two triedral angles would be equal in all their con- 
stituent parts, without, however, admitting of .superposi- 
tion. This sort of equality, which is not absolute, or 
such as admits of superposition, deserves to be distinguish- 
ed by a particular name: we shall call it, equuUtg hij sym- 
metry. 

Thus, those two triedral angles, which are formed by 
faces respectively equal to each other, but disposed in an 
inverse order, will be called triedral angles equal hy symme- 
try, or simply symmetrical aiigles. 
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POLYEDRONS. 



DEFIU'ITION 



1, PoLYEDEON is a Dame given to aoy solid bounded 
by polygons. The bounding polygons are called faces of 
tbe polyedron ; and the straight line in which any two 
adjacent faces meet each other, is called an edge of the 
polyedron. 



2. A Pkism lis a polyedron in which two 
of the faces are equal polygons with their 
planes and homologous sides parallel, and all 
the other faces parallelograms. 



3. The equal and parallel polygons are called I 
the prism — the one the lower, the other, the upper baseb- 
and the parallelograms taken together, make up the lateral 
or convex surface of the prism. 

4. The Altitude of a prism is the distance between 
its two bases, and is measured by a line drawn from a 
point in one base, pcrpendictJar to the plane of the other. 

5. A right prism is one whose edges, 
formed by the intersection of the lateral faces, / 
are perpendicular to the planes of the bases. 
Each edge is then equal to the altitude of the 
prism. In every other case, the prism is A 
oblique, and each edge is then greater than the "• 
al tit lido. 
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6. A Thiaitgulae Phism is one wlioae bases are tri- 
angles : a quadrangular prism is one whose bases are quad- 
rilaterals : a pentangular prism is one whose bases are pen- 
lar prism is one whose bases are hexa- 



7. A Paeallelopipedon is a prism whose hases are 



8. A Reotakgulab Paeallelopipe- 
iDON is one whose faces are all rectangles. 
When the faces are squares, it is called 
a cube, or regular hexaedron. 




9. A Pysamid is a solid bounded Uy 
a polygon, and by triangles meeting at a 
common point, called the vertex. The 
polygon is called the lase of the pyra- 
mid, and the triangles, taken together, 
the convex, or lateral surface. The pyra- 
mid, like the prism, takes different names, 
according to the form of its base : thus, 
it may be trian^lar, quadrangular, pent- 
angular, &c. 

10. The Altitude of a pyramid is the perpendicular 
let fall from the vertex on the plane of the base. 

11. A Right Pyramid is one whose base is a regular 
polygon, and in which the perpendicular let fall from the 
vertex upon the base passes through the centre of the base. 
This perpendicular is then called the axis of the pyramid. 

12. The Slant Height of a right pyramid, ia the per- 
pendicular let fall from the vertex to either side of the 
polygon which forms the base. 

13. If a pyramid is cut by a plane 
parallel to its base, forming a second 
base, the part lying between the bases, 
is called a truncated pyramid, or frustum 
of a pyramid. 
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14. The altitude of a frustum is the perpendicular dis- 
tance betweea its bases : and the slant height, is that por- 
tion of the slant height of the pyramid intercepted between 
the bases of the frustum. 

15. The diagonal of a polyedron is a line joining the 
vertices of any two of its angles, not in the same face. 

16. Similar polyedrons are those whose polyedral, angles 
are equal, each to each, and which are bounded by the 
same number of similar faces. 

17. Parts which are like placed, ia similar polyedrons, 
whether faces, edges, or angles, are called homologous. 

18. A regular polyedron is one whose faces are equal 
and regular polygons, and whose polyedral angles are equal. 



PEOPOaiTION I. THEOEEM. 

The convex surface of a right prism is equal to the perimeter 
of either base multiplied by its altitude. 

Let ABGDE-K be a right prism : then will its convex 
surface be equal to 

{AB+BC-\-OD-\-Dli!+EA)xAF. 
For, the convex surface is equal to 
the sum of all the rectangles AG, BR, 
CI, DK, EF, which compose it. Now, K^ 
the altitudes AF, BG, CH, &c., of the 
rectangles, are equal to the altitude of 
the prism, and the area of each rect- 
angle is equal to its base multiplied by 
its altitude (b. IV., p. 5). Hence, the sum 
of these rectangles, or the convex sur- 
face of the prism, is equal to 

{AB +BC+ GD+DE+EA)XAF ; 
that is, to the perimeter of the base of the prism multi- 
phed by the altitude. 

Cor. If two right prisms have the same altitude, their 
convex surfaces are to each other as the perimeters of 
their bases. 
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PROPOSITION II. THEOEEM. 
In every p^ism, the sections formed hy parallel 



Let the prism AH be intersected lay the parallel planes 
NP, SV\ then are the polygons NOPQB, STVXY, e(iual. 

For, the sides ST, NO, are parallel, .„. 

being the intersections of two parallel 
planes with^: third plane ABGF; these 
same si-des, ST, NO, are included be- 
tween the parallels NS, 02^, which are 
edges of the prism : henee, NO is 
equal to ST. For lite reasons, the 
Hides OP, PQ, QR, Ac, of the section 
NOPQR, are equal to the sides TV, 
VX, XT, &c., of the section STVXY, 
each to each ; and since the equal 
sides are at the same time parallel, it 
follows that the angles ' iVOP, OPQ, ka., c 
are equal to the angles STY, TVX, &c,, of the second, each 
to each (b. vi., p. 13). Hence, the two sections NOPQB, 
STVXY, arc equal polygons. 




! first section, 



Oor, Every section of a prism, parallel to i 
ual to either base. 



! bases, is 



PKOPOSITION m. THEOEEM. 

Tf a pyramid he cut hy a plane parallel to iis hose. 

\sl. The edges and the altitude will be divi 

2d. The section will be ^ polygon similar to the base. 



Let the pyramid S-ABCDB, of which SO i 
be cut by the plane abode; then will 

^ : SA :: So : SO, 
and the same for the other edges ; and the 
■ffill be similar to the base ABODE. 



the altitude, 
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Mrst. Since the planes ABO, ahc, are 
parallel, their intersections AB, ah, by the 
third plane SAB, are also parallel (b. vi., 
P. 10) ; hence, the triangles SAB, Sab, are 
similar {b. iv., P. 21), and we have 

SA- : Sa :: SB : Sb; 
for a like reason, we have 

SB : Sh :: SO : &; 
and so on. Hence, the edges SA, SB, SO, 
&G., are cut proportionally in a,J), c, &c. 
The altitude SO is likewise cut in tlie same proportion, at 
the point o ; for BO and bo are parallel, therefore, we have 
SO : So I'l SB : Sb. 

Secondly. Since ai is parallel to AB, he to BO, cd to OD, 
Ac, the angle abc is equal to ABO, the angle bed to BOD, 
and so on (b. vi., p. 13).. Also, by reason of the similar 
triangles SAB, Szb, we have 

AB : ab : : SB : Sh; 
and by reason of the similar triangles SBC, She, we have 
be; 



cd, 



angles equal, each to each, and their sides, taken' in the 
same order, proportional ; hence, they are similar (b. IV., D. 1), 

Oor. 1. Let S-ABGDE, s 

S-XYZ, be two pyramids, 
having a common vertex 
and their bases in the same 
plane li these pyramids -iie 
ut b> a plane pirallel to 
the pline of their b^es,^ifte 
sectwns, aif.de, iy, uill be to 
each o&ifT as the bases ABODE, 
XYZ. 



SB : Si 


:: BO 


heoce, AB : ab 


:: BO 


we might likewise have 




BO : Ic 


: OD 


and so on. Hence, the polj 


gons AZ 
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For, the polygons ABODB, abcde, iDeiiig similar, their 
surfaces are as the squares of the homologous sides AB, 
ub ; that is, b. iv., p. 27), 



ABODE 


ahcde 


:: m : 3,'. 


but, AB : 


al, ;: 


SA : Sa; . 


lience, ABCDM 


alA 


:: Se : St. 


I'or the same reason, 






XYZ : 


teya :: 


SX' : &?. 


But since aha and xyz 


arc in c 


TIB plane, we liave lijiiewiae 


(B. YI, p. 15), 






SA : 


S. :; 


SX : &; 


henoo, ABCDE : 


«6«fe 


: XYZ : xijz; 



therefore, the sections abcde, oyi/z, are to each other as the 
bases ABGDB, XYZ. 

Cor. 2. If the bases ABODE, XYZ, are equivalcat, amy 
sections ahcde, xyz, made at equal distances from the bases, 
are also equivalent. 

PROPOSITION IV, THEOREM, 

The convex surface of a right pyramid is equal to the perimeter 
of its base multiplied by half the slant height. 

Let S be the vertex, ABODE the base, and SF the slant 
height of a right pyramid; then wiU the convex i 
be equal to \SFx{AB+BO+OD-\-DE). ^ 

For, since the pyramid is right, the 
point 0, in which the axis meets the 
base, is the centre of the polygon 
ABODE (D. 11) ; hence, the lines OA, 
OB, 00, ha., drawn to the vertices of 
the base, are equal. 

In the right-angled triangles SAO, 
SBO, the bases and perpendiculars are 
equal: hence, the hypothenuses are 
equal: and it may he proved in the 
same way, that all the edges of the right pyramid are 
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equal. The triangles, therefore, which 
form the convex surface of the prism 
are all equal to each other. But the 
area of either of these triangles, as SSA, 
ia equal to its base S!A, multiplied by 
half the perpendicular iSF, which is the 
slant height of the pyramid : hence, the 
area of all the triangles, or the convex 
surface of the pyramid, is equal to the 
perimeter of the base multiplied by half 
the slant height. 

Oor. The convex surface of the frustum of a right pyramid 
is equal to half the sum of t/ie perimeters of its upper and 
lower bases TnuUiplied hy its slant height. 

For, since the section abode ia similar to the base (p. 3), 
and since the base ABODE is a regular polygon (d. 11), it 
follows that the sides ea, ab, be, cd, and de, are all equal to 
each other. Hence, the convex surface of the frustum 
ABODM-d is composed of the equal trapezoids EAae, ABha, 
&c, and ,the perpendicular distance between the parallel 
sides of either of these trapezoids is equal to Ff the slant 
height of the frustum. But the area of either of the trap- 
ezoids, as ABea, is equal to i{EA +ea)XFf (b. iv., p. 7) : 
hence, the area of all of them, or the convex surface of 
the frustum, is equal to half the sum of the perimeters of 
the upper and lower bases multiplied by the slant height. 

PEOPOSITION V. THEOEEM. 

^ the three faces v^hick tifchde a iriedral angle of a prism are 
equal to iJte tJiree faces which include a iriedral angle of a 
second prism, each to each, and are like phcrd, the two 
prisms are equal. 

Let B and b be the vertices of two triedral angles in- 
cluded by faces respectively equal to each other, and 
similarly placed ; then will the prism ABCDE-K be equal 
to the prism ahcde-k. 

For, place the base oSccfc upon the equal base ABODE; 
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then, since the triedral angles at b and B are equal, the 
parallelogram bh will coincide with BH, and the parallelo- 
gram bf with BF. But the two upper bases being equal 
to their corresponding lower hases, are equal to each other, 
and consequently, will coiacide : hence, M will coincide 
with HI, ik with JK, hf with KF; and therefore, the 
lateral faces of the -prisms will coincide : hence, the two 
prisms coinciding throughout, are equal (A. 14). 

(hr. Two right prisms, which have equal bases and eqvai 
altitudes, are equal For, since the side AB ia equal to ab, 
and the altitude B& to bg, the rectangle AB&F is equal to 
aigf; so also, the rectangle B&RO is equal to bghc; and 
thus the three planes^ which include the triedral angle B, 
are equal to the three which include the triedral angle. 6. 
Hence, the two prisms are equal. 



PEOPOaiTION VI. THEOREM. 

In every paralklopipedon, the opposite faces are equal and 
parallel. 

Let ABCD be a parallelopipedon, then will 
faces be equal and parallel. 

For, the bases ABCD, FFQH, are 
equal parallelograms, and have their 
planes parallel (d. 7). It remains only 
to show, that the same is true of any 
two opposite lateral faces, such as 
BCGF, ADSM 
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Now, BG ia equal and parallel to 
AD, because tlie base ABGD is a par- 
allelogram ; and since the lateral faces 
[, BF is equal and 
', and the same may be 
Bhown for the sides FQ and EH, CQ- and 
DK\ hence, the angle CBF is equal to the angle DAE, and 
the planes DAB, CBF, are parallel (b. vi., p. 13) ; and the 
parallelogram BCQF, is equal to the parallelogram J.Z'Hff. 
In the same way, it may be shown that the opposite paral- 
lelograms ABFE, DCQH, are equal and parallel. 

Cor. 1, Since the parallelopipedon is a solid bounded 
by sis faces, of which any two lying opposite to each 
other, are equal and parallel, it follows that any face and 
the one opposite to it, may be assumed as the bases of the 




Cot. 2. The diagonals of a parallelopipedon bisect each other. 
For, suppose two diagonals BH, DF, to be drawn through 
opposite vertices. Draw also BD, FH. Then, since BF is 
equal and parallel to DS, the figure BDHF is a parallelo- 
gram ; hence, the diagonals BH, BF, 
mutually bisect each other at E (b. I., p. 
31). In the same manner, it may be 
shown that the diagonal BH and any 
other diagonal bisect each other ; hence, 
the four diagonals mutually bisect each 
other, in a common point. If the six ^ 

faces are equal to each other, this point may be regarded 
as the centre of the parallelopipedon. 

Scholium. If three straight lines AB, AE, AD, passing 
through the same point A, and making given angles with 
each other, are known, a parallelopipedon may be formed 
on these lines. For this purpose, conceive a plane to be 
passed through the extremity of each line, and parallel to 
the plane of the other two, that is, through the point B 
pass a plane parallel to DAE, through D a plane parallel 
to BAE, and through E a plane parallel to BAD. The 
mutual intersections of these planes will form the parallel- 
opipedon required. 
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If a plane he passed through the opposite c 

paralkhpipedon, it will divide the solid into two e 
triangular prisms. 

Let the paraUelopipedon ABOD-H be divided by the 
plane BDHF, passing through the opposite edges BF, DH: 
then will the triangular prism ABD-II, be equivalent to 
the triangular prism BOD-H. 

For, through the vertices B and F, j\ 

pass the planes Bcdct, Fghe, at right ^'■'''/[X 

angles to the edge BF, the former cut- '^-•K^ .■■/--\^ \ 
ting the three other edges of the par- *f\\ /y'\i><[^ 
allelopipedon prolonged in the points / %^^^!^""f 

c, d, a, the latter in the points g, h, e. I L-^\ 1 

Now, the sections Bcda, Fghe, are M(j ZJd\j 
equal parallelograms, For, the cutting **Vi"/ //O^^ 
planes being perpendicular to the same ^M^T^-- -^c 

straight line SF, are parallel (b. ti., p. B 

9) : hence, the sections are equal (p. 2) ; and they are par- 
allelograms because Ba, cd, two opposite sides of the same 
section, are formed by the meeting of a plane aBcd, with 
two parallel planes ABFE, DCQH (b. vl, p. 10). For a 
similar reason Be and ad are parallel ; hence, the figures 
are equal parallelograms. 

For a like reason the figure aBFe is a parallelogram; 
so also, are BcgF, cghd, adhe, the other lateral faces of the 
solid aBcd-h ; hence, that solid is a prism (d. 2), and that 
prism is right, since the edge BF is perpendicular to its 
bases. 

But the right prism aBcd-h is divided by the plane BH 
into two equal right prisms oBd-h, Bcd-h ; for, the bases 
aBd, Bed, are equal, being halves of the same parallelo- 
gram, and since the prisms have the common altitude BF, 
they are equal {p. 5, o.) 

It is now to be proved that the oblique triangular 
prism ABD-H is equivalent to the right triangular prism 
dBd-h. Since these prisms have a common part ABB-h, it 
will only be necessary to prove that the remaining parts, 
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namely, the solids aBd-D, , eFh-R, are 
equivalent. Since ABFE, aBFe, are 
parallelograms, the sides AE, ae, are 
each equal to BF; hence, they are 
equal to each other; and talking away 
the common part Ae, there remains 
Aa~Ee. -In the same manner it may 
he proved that Dd=Hk. 

To bring ahout the superposition of 
the two solids, eFh-H, aBd-D, let the " 

base eFh be placed on the equal baje aB(^-the point e 
falling on a, the point h on d: the edges eE, hH, will then 
.coincide with aA, dD, since all the edges are perpendicular 
to the same plane aBcd. Hence, the \two solids *ill coin- 
cide exactly with each other; consequently, the obliqiie 
prism ABD-H is equivalent to the right prism aBd-h. In 
the same manner, it may be shown that the oblique prism 
BCD-R is equivalent to the right prism Bcd-h. But the 
two right prisms have been proved equal: hence, the two 
triangular prisms ABD-H, BCD-H, being equivalent to 
equal right prisms, are equivalent to each other. 

Cor. Every triangular prism ABD-H is half the paral- 
lelopipedon A G, having the same triedral angle A, and the 
same edges AB, AD, AE. 



PEOPOSITION VIII. THEOREM. 

If two parallelopipedons have a comrrwn lower hose, and their 
upper hoses in the same plane and between the same paraU 
kls, i/iey are equivalent. 

Let the paraUelopipedons AG, AL, have the common 
base ABCD, and their upper bases EG, IL, in the same 
plane, and between the same parallels EK, HL; then will 
they be equivalent. 

There may be three cases, according as EI is greater 
than, equal to, or less than EF; but the demonstration, for 
each case, is the same. 

We will show, in the first place, that the tiiangular 
prisms AIE-H, BKF-Q are equal. Since EF and IK aVe 
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each eqaaJ to AB (li. I., 
p. 28), they are eqoal to 
each other. Add Ff to 
each, and we have 

and since the aogle AEF ^'vi 
is equal to BFK (b. I., 
P. 20, C. 3) ; the triangle ^ ^ 

AFT is eqnal to the triangle BFK (b. i., p. 5). Again, 
since FT is equal to FK, and Fff equal and parallel to 
FG, the parallelogram FM is equal to the parallelogram 
FL (b. I,, p. 28, 0. 2) : also, the parallelogram AS is equal 
to the parallelogram CF (p. 6) : hence, the three .planes 
which include the polyedral angle at F are respectively 
equal to the three which include the polyedral angle at F, 
and being like placed, the triangular prism AIF-H is equal 
to the triangular prism BKF-G (r. 5). 

But, if the triangular prism AIE-H be taken away 
from the solid AL, there will remain the parallelopipedon 
ABCD-M; and if the equal triangular prism BKF-G be 
taken away from the same solid, there will remain the 
parallelopipedon ABCD-H\ hence, the two parallelopipedons 
ABOD-Af, ABCD-E, are equivalent. 



PKOPOSITION IX. TirEOEEM. 

Two parallehpipedona, havirig their lower bases equal, and equal 
altitudes, are equivalent. 

Let the parallelopipedons AG, AL, have the common 
base ABGD, and equal altitudes ; then will their upper 
bases, EFGTI, TKLM, be in the same plane; and the two 
parallelopipedons will be equivalent. 

For, let the edges FE, GH, be prolonged, as also, KL 
and TM, till, by their intersections, they form the paral- 
lelogram N'OPQ, in the ■ plane of the upper bases : this 
parallelogram will be equal to either of the bases TL, FQ. 
For, the upper bases IL, FG, being each equal to the 
common base AO, are equal to each other. But OP 
which is equal to FG, is also equal to KL^ and ON is 
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equal to KI, being be 
tween the same paral- 
lels : hence, the paral- 
lelogram NP is equal 
to IL or JE!G (b. i., p. 
28,0.2). 

Now, if a third par- 
allelopipedon be con- 
ceived, having for its 
lower base the paral- 
lelogram ABOD, and for 
its upper base NOPQ, 

this third parallelopipedou will be equivalent to the i 
lelopipedon AG, since they have the same lower base, and 
their upper bases lie in the same pl^ne and between the 
same parallels, QG, NF (r. 8). For a hke reason, this third 
parallelopipcdon will also be equivalent to the parallelo- 
pipedon AL; hence, the two parallelopipedona AQ, AL, 
which have equal bases ^nd equal altitudes, are equivalent. 




PEOPOSITION S. THEOEEM. 

Any paralMopi;pedoii may he changed into an equivalent rect- 
angular paraUelopipedon having an equal altitude and an 



Let ABOD-H be any paraUelopipedon. 

From the vertices A, 
B, C, D, draw AT, BK, 
CLy Bif, perpendicular to 
the plane of the lower 
base, and equal to the 
altitude of J. (? : there will 
thus be formed the paral- 
lelopipedon AL equiva^ 
lent to AG (p. 9), and 
having its .lateral faces 
Air, SL, &c., rectangles. 
Now, if the base ABOJ) 
ia a rectangle, AL will h' 




rectangular paraUelopipedon 
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equivalent to AG, and consequently, the parallelopipedon 
required. 

But if ABCD is not a rectangle, draw 
AG and BN perpendicular io DQ, and 
OQ and NP perpendicular to the base; 
we shall then have, a rectangular paral- 
lelopipedon ^Bi^O-^: for, by construc- 
tion, the bases ABNO, and IKPQ, are 
rectangles ; so also, are the lateral faces, 
the edges AI, OQ, &o., being perpendicu- 
lar to the plane of the base ; hence, the 
solid AP is a rectangular parallellopipedon. But the two 
parallelopipedons AP, AL, may be conceived as having the 
same base ABKI, and the same altitude A0\ hence, the 
parallelopipedon AQ, which was at first changed into an 
equivalent parallelopipedon AL, is now changed into an 
equivalent rectangular parallelopipedon AP, having the 
same altitude AI, and a base ABNO equivalent to the base 
ABOD. 



PROPOSITION XL THEOKKM. 



Two rectangular parolMopiped&ns, which have equal bases, i 
to each other as their alittades. 



Let the parallelopipedons AO, AL, have the 
base BD, then will they he to each other as their aUitudes 
AE, AL 

First. Suppose the altitudes AE, AI, to 
be to each other as two whole numbers, 
as 15 is to 8, for example. Divide AE 
into 15 equal parts, whereof AI will con- 
tain 8 ; and through x, y, 2, &c., the points 
pf division, pass planes parallel to the 
common base. These planes will divide 
the sohd AO into 15 parallelopipedons, all 
equal to each other, because they have 
equal bases and equal altitudes — equal 
bases, since every section KLMI, parallel 
to the base ABCD, ia equal to that base (p. 2), equal alti- 
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tudes, because the altitudea are the equal 
divisions, Ax, xy, yz, &c. But of those 15 
equal parallelopipedons, 8 are contained 
in AL; hence, the solid ^6' is to the 
FoUd AL aa 15 is to 8, or generally, as 
the altitude AE is to the altitude AL 

Second. If the ratio of ALJ to AI 
cannot be expressed exactly in numbers, 
it may still be shown, that we shall 
have 

solid AG : solid AL : : ALJ : AL 
For, if this proportion ia not correct, suppose we have, 
sol A& : sol. AL : : AJS : AO greater than AL 

Pivide AE into equal parts, such that each shall be less 
than 01; there will be at leaat one point of division m, 
between and / Let P denote the parallelopipedon, 
whose base is ABCD, and altitude Am ; since the altitudes 
AE, Am, are to each other as two whole numbers, we 
have 

sol. AQ : P :: AE : Am. 
Biit by hypothesis, we have 

sol AG : sol AL : : AE : AO ; 
therefore (b. ii., p. 4), 

sol AL : P :: AO : Am. 

But jiO is greater than Am; hence, if the proportion is 
correct, the soUd AL must be greater than P. On the 
contrary, however, it ia less : therefore, AO cannot be 
greater than AL By the same mode of reasoning, it may 
be shown that the fourth term cannot be less than AL; 
therefore, it is equal to AI: hence, rectangular parallelo- 
pipedons having equal bases, are to each other as their 
altitudes. ' 
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FEOPOSITION Xn. 

7W rectangular paralhhpipedons, having equal aUitudes, are to 
each other 'as their hoses. 

Let the parallelopipedons A&, AK, hare the same alti- 
tude -4-^j tlisQ will they be to each other as their bases 
AC, AK 

For, having placed the 
two solids by the side of 
each other, as. the .figure 
represent, prolong the plane 
NKLO till it meets the plane 
DOGH in PQ ; we thus 
have a third parallelopipe- 
don AQ, which may he 
compared with each of the 
parallelopipedons AG, AK. 
The two sohda AQ, AQ, 
having the same base ADHE 
are to each other as their 
altitudes AB, AO: in like 
manne,r, the two solids AQ, AK, having the same base 
AOLB, are to each other as their altitudes AD, AM. 
Hence, we have 

sol. AG : sol AQ :: AB : AO; 
also, sol 4.Q : sol AK : : AD i AM. 

Multiplying together the corresponding terms of these pro- 
portions, and omitting, in the result, the common multi- 
plier sol AQ; we shall have 

sol AG ,: sol AX " ABxAD : AOxAM. 
But ABxAD represents the area of the base ABCD} and 
AOxAM represents the area of the base AMNO; hence, 
two rectangular parallelopipedons having equal altitudes, 
are to each other as their bases. 
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PEOPOSITION SIII. THEOEEM. 

Any two rectangular paralklopipedons are to each other c 
^products of tlieir bases hy their altitudes; that is, a 
products of their three dimensions. 

Having placed the two 
solids A&, AZ, so that 
their faces have the com- 
mon angle BAE, produce 
the planes necessary for 
completing the third par- 
allelopipedon AK, ■wHch 
will have an equal altitude 
with the parallelopipedon 
A 0. By the last proposi- 
tion, we have 
sol. AG : sol. AK : : 
ABOD 1 AMNO. 



But the two parallelopipc- 

dons AK, AZf having the same base NA, are to each other 

as their altitudes AE, AX; hence, we have, 

sol. AK : sol AZ :: AE : AX. 
Multiplying together the corresponding terms of these pro- 
portions, and omitting in the result the common multiplier 
sol. AK; we shall have, 

sol. AG : solAZ : : ABCDxAE : AMNOxAX 
Instead of the taaes ABOD and AMNO, put ABxAD and 
AOxAM, and we shall have, 

sol AG : solAZ :: ABxADxAE : AOxAMxAX: 
hence, any two rectangular parallelopipedons are to each 
other, aa the products of their three dimensions. 

Sdwlium 1. The magnitude of a solid, its volume oi 
extent, is called its solidity; and this word is exclusively 
employed to designate the measure of a sohd: thus, we 
say the solidity of a rectangular parallelopipedon is equal 
to the product of its base by its altitude, or to the product 
of its three dimensions. 
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In order to comprehend tlie nature of this n 
it is necessary to consider, that the numher of hnear units 
in one dimension of the base multiplied by the number of 
lin,ear units in the other dimension of the base, ■will give 
the number of superficial units in the base of the parallel- 
opipedon (b. IV-, P.4, s.) ]?or each unit in height, there are 
evidently, as many solid units as there are superficial units 
in the hase. Therefore, the number of superficial units in 
the base multiplied by the number of linear units in the 
altitude, gives the number of solid units in the parallelo- 
pipedon. 

If then, we assume as the unit of measure, the cube 
whose edge is equdl to the linear unit, the solidity will be 
expressed numerically, by the number of times which the 
solid contains its unit of measure. 

Scholium 2, As the three dimensions of the cube are 
equal, if the edge is 1, the solidity is 1x1x1—1: if 
the edge is 2, the sohdity is 2X2X2^8; if the edge 
is 3, the solidity is 3x3x3=27; and so on. Hence, 
if the edges of a seri^ of cubes are to each other as the 
numbers 1, 2, 3, &c., the cubes themselves, or their solidi- 
ties, are as the numbers 1, 8, 27, &c. Hence it is, that 
in arithmetic, the cube of a number is the name given to 
a product which results from three equal factors. 

If it were proposed to find a cube doable of a given 
cube, we should have, unity to the cube-root of 2, as the 
edge of the given cube to the edge of the required cube. 
Now, by a geometrical construction, it is easy to find the 
square root of 2 ; but the cube-root of it cannot be found, 
by the operations of elementary geometry, which are limit- 
ed to the employment of the straight line and circle. 

Owing to the difficulty of the solution, the problem 
of the duplication of tlie cube became celebrated among the 
ancient geometers, as well as that of the t-isection of an 
angle, which is a problem nearly of the same species. The 
solutions of these problem^ have, however, long since been 
discovered ; and though less simple than the constructions 
of elementary geometry, they are not, on that account, less 
rigorous or less satisfactory. 
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PROPOSITION XIV. THEOREM. 



The solidity of a parallehpipedon, and generally/ of any prism, 
is equal to the prodiict of its base by its altitude. 

'First. Any parallelopipedon is ecimvalent to a rectan- 
gular parallelopipedon, having an equal altitude and an 
equivalent base (p. 10). But, the solidity of a rectangular 
parallelopipedon is equal to its base multiplied 'hy its 
height ; hence, the solidity of any parallelopipedon is equal 
to the product of its base by its altitude. 

Second. Any triangular prism is half a parallelopipedon 
eo constructed as to have an equal altitude and a double 
base (p. 7). But the solidity of the parallelopipedon is 
equal to its base multiplied by its altitude ; hence, that of 
the triangular prism is also equal to the product of its base, 
which is half that of the parallelopipedon, multiphed into 
its altitude. 

Third. Any prism may be divided into as many trian- 
gular prisms of the same altitude, as there are triangles 
formed by drawing diagonals from a common vertex in 
the polygon which constitutes its base. But the solidity 
of each triangular prism ia equal to its base multiplied by 
its altitude; and since the altitudes are equal, it 'follows 
that the sum of all the triangular prisms must be equal to 
the sum of all the triangles which constitute their bases, 
multiplied by the common altitude. 

Hence, the sohdity of any polygonal prism, is equal to 
the product of its base by its altitude. 

Cor. Since any two prisms are to each other as the 
products of their bases and altitudes, if the altitudes be 
equal, they v/iU be to each other as their bases simply; 
hence, two prisms of the same altitude are to each ot/ier as 
didr bases. For a like reason, two prisms having equivalent 
hoses are to each other as their aUitades. 
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FliOPOSJTION XV. TnEOEEM. 

Tuv trianguJar 'pyramids^ having equivalent bases and equal 
altitudes, are equivalent, .or equal in solidity. 

Let S'ABC, S-ahc, be two such pyramids; let their 
equivalent bases ABC, ahc, be situated in the same piano, 
and let AT be their commou altitude: then will they bu 
equivalent. 





For, if these pyramids are not equivalent, let S-ahc be 
the smaller; and suppose Aa, to be the altitude of a prism 
which, having ABC for its base, is equal to their differ- 
ence. 

Divide the altitude AT into equal parts Ax, xy, yz, &c, 
each less than Aa, and let h denote one of those parts; 
through the points of division pass planes parallel to the 
planes of the bases ; the corresponding sections formed by 
these planes in the two pyramids are respectively equiva- 
lent, namely, DEF to def, GHI to yhi, &e. (p. 8, c. 2). 

This being done, upon the triangles ABC, DEF, GHI, 
he, talten as bases, construct exterior prisma having for 
edges the parts AD, BG, GK, kc, of the edge SA ; in like 
manner, on bases def, ghi, Iclm, itc., in the second pyramid, 
construct interior ptisms, having for edges the correspond- 
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ii!g parts of Sa. It is plain, that the sum of all the exte- 
rior prisms of the pyramid S-ABG is greater than thia 
pyramid ; and also, that the sum of all the interior prisms 
of the pyramid S-ohc is less than this pyramid. Hence, 
the difference, between the sum of all the exterior prisma 
of one pyramid, and the sum of all the interior prisms of 
the other, is greater than the difference between the two 
pyramids themselves. 

Now, beginning with the bases, the second exterior prism 
EFD- (?, is equivalent to the first interior prism efd-a, 
because they have the same altitude h, and their bases 
JSFD, efd, are equivalent ; for a like reason, the third exte- 
rior prism HIG'K, and the second interior prism hitj-d are 
equivalent ; the fourth exterior and the third interior ; and 
so on, to the last in each series. Hence, all the exterior 
prisms of the pyramid S-ABC, excepting the first prism 
BQA-D, have equivalent corresponding ones in the interior 
prisms of the pyramid S-abc: hence, the prism BOA-D, is 
the difference between the sum of all the exterior prisms 
of the pyramid S-ABC, and the sum of the interior prisms 
of the pyramid S-ahc. But the difference between these 
two sets of prisms has already been proved to be greater 
than that between the two pyramids ; ' which latter difference 
1 to be equal to the prism BCA-a : hence, the 
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prism BGA-D^ should be greater than the prism BOA-a. 
But in reality it is less ; for they have the same base 
ASG, and the altitude Ax of the first is less than the 
altitude A.a of the second. Hence, the supposed inequality 
between the two pyramids cannot exist; therefore, the two 
pyramids S-ABO, S-ahc, hajving equal altitudes and equiva 
lent bases, are themselves equivalent. 

PEOPOSITION XVI. THEOREM. 

Every triangular prism may he divided into tliree equivalent 
triangular pyramids. 

Let ABC-DEF be a triangular prism; then may it be 
divided into three equivalent triangular pyramid.s. 

Cut off the pyramid F-ABG g j^ 

from the prism, by the piano 
FAC\ there will remain the 
solid F-ACDE, which may be 
coasidered as a quadrangular 
pyramid, whose vertex is F, 
and whose base is the parallel- 
ogram ACDE. Draw the diag- 
onal GE\ and pass the plane 
FOE, which will cut the quad- 
rangular pyramid into two 
triangular pyramids F-A CE, " 

F-GDE, These two triangular pyramids have for their 
common altitude the perpendicular let fall from F, on the 
plane AGDE; they have equal bases; for the triangles 
AGE, GDE, are halves of the same parallelogram ; hence, the 
two pyramids F-AGE, F-CDE, are equivalent (p. 15). But 
the pyramid F-GBE, and the pyramid F-ABG, have equal 
bases ABG, DEF; they have also the same altitude, namely, 
the distance between the parallel planes ABO, BEF ; henee, 
the two pyramids are equivalent. Now, the pyramid F-GBE, 
has already been proved equivalent to F-AGE; hence, the 
three pyramids F-ABG, F-OBE, F-AGE, which compose the 
prism, are all equivalent. 

Cor. 1.' Every triangular pyramid is a third part of a 
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triangular prism, which has an equivalent base and an 
equal altitude. 

Cor, 2. The solidity of a triangular pyramid is equal 
to a third part of the product of its base by its altitude. 




I'EOrOSITION XVII. TIIEOKEM. 

2'Ae solidily of every ^yi-amid is equal to a third part of llie 
product of its base hy its altitude. 

Let S- ABODE be a pyramid : then will ita solidity be 
equal to one-third of the product of the base ABODE by 
the altitude SO. 

Pass , the planes SEB, SEC, through 
the vertex S, and the diagonals EB, EC; 
the polygonal pyramid S- ABODE will 
then be divided into several triangular 
pyramids, all having the same altitude 
SO. But each of these pyramids is mea- 
sured by the product of its base ABE, 
BCE, CDS, by a third part of ita alti- 
tude SO (p. 16, c. 2) ; hence, the sum of 
these triangular pyramids, or the polyg- 
onal pyramid S-ABCDE is measured by the sum of the 
triangles ABE, BCE, CDE, or the polygon ABODE, mul- 
tiplied hy one-third of SO; hence, every pyramid is mea- 
sured by a third part of the product of its base by its 
altitude. 

Cor. 1. Every pyramid is the third part of a prism 
which has tlio same base and the same altitude. 

Cor. 2. Two pyramids having the same altitude are to 
each other as their bases. 

Cot. 3. Two pyramids having equivalent bases are to 
each other as their altitudes. 

Cor. 4. Pyramids are to each other as the products of 
their bases by their altitudes. 

Scholium. The solidity of any polyedral body may be 
computed, by dividing the body into pyramids ; and this 
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division may be accomplialied in various ways. One of 
the simplest is to pass all the planes of division through 
the vertex of the same polyedral angle ; in that case, there 
will be formed as many pyramids as the polyedron has 
faces, less those faces which bound the polyedral angle 
whence the planes of division proceed. 



PROPOSITION XVIII. THEOREM. 

The solidity of the frustum of a pyramid is equal to that of 
Uiree pyramids having for their common altitude the alti- 
tude of the frustum, and for hoses the lower base of the 
frusi'im, the upper iase, and a mean proportional hetween 
the two bases. 

Let ABODE-e be the frustum of a pyramid : then will 
its solidity be equal to that of three pyramids having the 
common altitude of the frustum, and for bases the poly- 
gons ABODE, abode, and a mean proportional between 
them. Let T-FGH be a triangular pyramid having the 
same altitude, and an equivalent base with the pyramid 
S-ABGDE. These two pyramids are equivalent (p. 17, c. 3). 

Now, if we regard their 
bases as situated in the 
same plane ; the plane of 
the section ahcd, will form 
in the triangular pyramid a 
section fgh, at the game 
distance above the common 
plane of the bases ; and, 
therefore, the section fgh 

will be to the section alcde, as the base FOR is to the base 
ABODE (p. 3, c. 1) : and since the bases are equivalent, 
the sections will also be equivalent. Hence, the pyramids 
S-aicde, 7.'-fgh will be equivalent (p. 17, C. 3). If these be 
taken from the entire pyramids S-ABCDE, T-FQH, the 
irustums ABCDE-e, FGH-h which remain, will be equiva- 
lent: hence, if the proposition is true, in tlie single ca^e of 
the frustum of a triangular pyramid, it is true in every 
othei-. 
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Let FOH-h be the fnistum of a 
triangular pyramid. Through the C 

three points, F, g, H, pass the plane / 

FgH\ it cuts off from the fiustum / 

the triangular pyramid g-FGH Ihia / 
pyramid has for its base the lower / 
base FGH of the frustum ita alti F-v:;^— 
tude is equal to that of the trns "" 

turn, because the vertex g lies m the K •-> V 

plane of the upper base fgK ^ 

This pyramid being cut off, there remains the quaJr'in- 
gular pyramid g-fhHF, whose vertex is g, and b-ise fhHF. 
Pass the plane g/H through the three points/, g, S , it 
divides the quadrangular pyiamid into two tningular 
pyramids g-fFH, g-fhH. The latter has for its bise the 
upper base gfh of the frustum , ind fur its altitude, the 
altitude of the frustum, beoause its vertex H lies m the 
lower base. Thus we already know two of the three pyra- 
mids which compose the frustum. 

It remains to examine the third pyramid g-FfH. Now, 
if gK be drawn parallel to fF, and if we conceive a new 
pyramid K-fFH, having K for its vertex and fFR for its 
base, these two pyramids have the same base UfF; they 
also have the same altitude, because their vertices g and 
K lie in the line gK, parallel to Ff, and consequently, 
parallel' to the plane of the base: hence, these pyramids 
arc equivalent {p. 17, c. 3). But the pyramid K-fFH may 
be regarded as liaving FKH for its base, and its vertex 
at/: its altitude is then the same as that of the frustum. 
We are now to show that the base FKH is a mean pro- 
portional between the bases FGH and fgh. The triangles 
FHK, fgh, have the angle ^=/; hence (b. IV., P. 24), 

FSK -.fgh :: FKxFH : fgxfh- 
but because of the parallels, FK=fg, 

FHK : fgh :: FH : fh. 
"We have also, 

FHG : FHK : : FG : FK, or fg. 
But the similar triangles FGH, fgh, give 
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FG : fg : : FH : fh; 
hence, FQH : FBK i : FHK : fgk ; 

that is, the base FIIK is a mean proportional between the 
two bases FGM, fgh. Hence, the sohdity of the frustum 
of a triangular pyramid is equal to that of three pyramids 
whose common altitude is that of the frustum, and whose 
bases are the lower base of the frustum, the upper base, 
and a mean proportional between the two bases. 

PEOPOSITION XIX. THEOEIiM. 

Similar triangular priAins are to each other as t/ie cubes of 

tJieir Jiomologuus edg&i. 

Let OBD-P, cM-p, be two similar triangular prisms, and 
BC, be, two homologous edges: then will the prism CBD-P 
be to the prism, chd-p, as BO to be . 

For, since the prisms are p 
similar, the homologous 
angles B and b arc equal, 
and the faces which i)ound 
them are similar (d. 16). 
Hence, if these triedral angles 
be applied, the one to the 
other, the angles cbd will 
coincide with CBD, the edge ba with BA, and the prism 
chd-p will take the position Bcd-p. From A draw AH per- 
pendicular to the common base of the prisms: then will 
the plane BAH be perpendicular to the plane of the com- 
mon base (li. vr., p. 16). Through a, in the plane BAH, 
draw ah perpendicular to BR: then will ah also be per- 
pendicular to the base BSC (b. vr., p. 17) ; and All, ah will 
be the altitudes of the two prisms. 

Since the bases OBB, cbd, are similar, we have (b. iv., p. 25), 
base GBD : base cbd : : W : ^. 
Now, because of the similar triangles ABB, aBh, and of 
the similar parallelograms AG, ae, we have 

AH : ah : : AB : ab : : GB : ci ; 
hence, multiplying together the corresponding terms, we have 

base OBDxAH : lose cbd Xa/i :: GB^ : c^l 
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Bnt the solidity of a prism is equal to the base multiplied 
by tbe altitude (p. 14) ; hence, 

prism BOD-P : prism hcd-p : : BG : he , 
or HS tlie cubes of any other of their homologous edges. 

Cor. Whatever be tbe bases of similar prisms, the 
prisms are to each other as the cubes of their homologous 
edges. 

For, since the prisms are similar, their bases are simi- 
lar^polygons (d. 16); and these similar polygons mny each 
be divided into the same numl er of s lar t n^l s, sim- 
ilarly placed {b. iv., f. 26) ; therefo e e ch f ns may be 
divided into the same number of tr an^nil u p sn s having 
their faces similar and like placed hence the r polyedral 
angles are equal (b. vi., p. 21, s 2) an 1 c nsequently, the 
triangular prisms are similar (d. 16). But these triangular 
prisms are to each other as the cub^ of their homolo- 
gous edges, and being like parts of the polygonal prisms, 
their 'sums, that is, the polygonal prisma, are to each other 
as the cubes of their homologous edges. 



PEOrOSITIOK XX. THEOEEM. 



i]i.e cuhes of their 



Two similar pyramids are to each other c 
homologous edges. 

For, since the pyramids are similar, the homologous 
polyedral angles at the vertices are equal (d. 16). Hence, 
the polyedral angles at the vertices may be made to coin- 
cide, or the two pyramids may be so placed as to have 
the polyedral angle 3 common. 

lu that position the bases ABC'DE, g 

abode, are parallel ; for, the homologous 
feces being similar, the angle Sab is equal 
to SAB, and She to SBC; hence, the plane 
ABC, is parallel to the plane ahc (b. vi., 
p. 13). This being proved, let SO be 
drawn from the vertex S, perpendicu- 
lar to the plane ABO, and let o, be the 
point where this perpendicular pierces the 
plane ahc : from what has already been. 
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sho^vn, wc have (p. 3), 

SO : So :: SA : Sa :: AB : al; 
and consequently, 

ISO -. ^So :: AB : ab. 
But the bases ABCDE, abcde, being similar figures, we 
liave (b. IV., P. 27), 

ABCBM : abcde : : AB^ : ai ; 
multiply the corresponding terms of these two proportions, 
there results,, 

. ABCDEx\SO : abcdeXiSo : : AB'^ : ^\ 
Now, ABCDE X^SO measures the solidity of the pyramid 
S- ABCDE, and abcdexiSo measures that of the pyramid 
S-abcde (p. 17); hence, two similar pyramids are to each 
other as the cubes of their homologous edges. 

GENEEAL SCHOLIUMS. 

1, The chief propositions of this Book relating to the 
solidity of polyedrons, may be expressed in algebraicai 
terms, and bo recapitulated in the briefest manner possible. 

2. Let B represent the base of a prism; H its altitude : 
then, 

solidity of prism=SxiZ' 
S. Let S represent the base of a pyramid; II its altitude: 
then, 

solidity of pyramid— Sx^/Z 

4. Let H. represent the altitude of the frustwm of a pyra- 
mid, having the parallel bases A and "B ; VAkB is the 
mean proportional between those bases ; then 

solidity of frustum=^fl"(^+-B+ VAxB.) 

5. In fine, let P and^ represent the solidities of two similar 
prisms or pyramids ; A and a, two homologous edges : 
tKen, 

P : p :: Ji ■ a. 
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THE THREE ROUND BODIES. 



DEFINITIONS. 



1. A Oylinbeb is a solid whicli may be generated by 
tbe revolution of a rectangle ABOJ), turning about tbe 
immovable side AB. 

In tbis movement, tbe sides AD, BC, p 

continuing always perpendicular to AB, 
describe the equal circles DHP, CGQ, 
wbicb are called the bases of the eylinder; 
tbe side CD, describing, at tbe same 
time, tbe convex s%rface. 

The immovable line AB is called 
the, axis of the cylinder. 

livery section MNKL, made in the 
cjlinder, by a plane, at right angles to tbe axis, is a circle 
equal to either of the bases. For, whilst the rectangle 
ABOD turns about AB, the line KI, perpendicular to AB, 
describes a circle, equal to the base, and this circle is 
nothing else than the section made by a plane, perpendic- 
ular to tbe axis at the point L 

Every section QPRG, made by a plane passing through 
the axis, is a rectangle double the generating rectangle 
ABCD. 

2. Similar Cylinders are those whose axes are pro- 
portional to the radii of their bases : hence, they are gen- 
erated by similar rectangles (b. IV., D. 1), 
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3; If, in the circle ABODE, which 
forms the base of a cyhnder, a polygon 
ABODE be inscribed, and a right prism, 
constructed on this base, and equal 
in altitude to the cylinder ; then, the 
prism is said to be inscribed in the cylin- 
der, and the cylinder to be circwmscribed 
about Hie prism. 

The edges AF, BG, OH, kc, of the 
prism, being perpendicular to the plane 
of the base, are contained in the convex 
surface of the cylinder ; hence, the 
prism and the cylinder touch one another along these 
edges. 

4. In lite manner, if ABOD is a 
polygon, circumscribed about the base 
of a cylinder, a right prism constructed 
on this base, and equal in altitude to 
the cylinder, is said to be circumscribed 
about the cylinder, and the cylinder to be 
inscribed in the prism. 

Let M, N, &c., be the points of con- 
tact in the sides AB, BO, &c, ; and 
through the points M, N, &c., let MX^ 
NY, &c., be drawn perpendicular to the 
plane of the base : these perpendiculars will -then lie both 
in the surface of the cylinder, and in that of the circum- 
scribed prism ; hence, they will be their lines of contact, 

5. A Cone is a solid which may be generated by the 
revolution of a right-angled triangle SAB, turning about 
the immovable side SA, ^ 

In this movement, the side AB des- 
cribes a circle BDOE, called the base of 
the cone ; the hypothenuse SB describes 
the convex surface of the cone. 

The point S is called the vertex of 
the cone, SA the axis, or the altitude, and 
iSB the slant height. 

Every section HKFI, made by a 
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plane, at right angles to the axis, ia 
a circle. Every sectioa EDS, made 
by a plane passing through the axis, 
is an isosceles triangle, doable the 
generating triangle SAB. 

6. If, from the cone S-CDB, the 
cone S-FKFI be cut off by a plane 
parallel to the base, the remaining 
solid CFHB is called a truncated cone, 
or the frostum of a cone. 

The frustum may be generated by the revolution of the 
trapezoid ABHQ, turning about the side AG. The im- 
movable line AQ is called the axis, or altitude of (lie frustum, 
the circles BDC, HFK, are its bases, and BH its slant height. 

7. Similar. Cones are those whose axes are propor- 
tional to tlae radii of their bases : hence, tliey are 
generated by similar right-angled triangles (b. iv., d, 1). 

8. l(, in the circle ABODE, which g 
forms the base of a cone, any poly- 
gon ABCDE is inscribed, and from 
the vertices A, B, 0, J), E, lines are 
drawn to S, the vertex of the cone, 
these lines may be regarded as the 
edges of a pyramid whose base is 
the polygon ABCDE and vertex S. 
The edges of this pyramid are in the 
convex, surface of the cone, and the 

pyramid is said to be inscribed in the cone. The cone i 
also said to be circumscribed about the pyramid. 

9. The Sphere is a solid 
terminated by a curved snr- 
face, all the points of which 
are equally distant from a 
point within, called the centre. 

The sphere may be gen- " 
erated by the revolution of 
a semicircle DAE, about its 
diameter DE : for, the surface 
described in this movement, 
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by the semicircumference DAE^ -vvill have all its poiuts 
equally distant from its centre 0. 

10. Whilst the semicircle DAE, revolving round ita 
diameter DE, describes the sphere, any circular sector, as 
DCF, or ECA, describes a solid, called a spheiical sector. 

11. The radius of a sjihere is a straight line drawn from 
the centre to any point of the surface ; the diameter or axis 
is a line passing through the centre, and terminated, on 
both sides, by the surface. 

All the radii of a sphere are equal ; all the diameters 
are eqT.ut], and each is double the radius. 

12. It will be shown (p. 7,) that every section of a 
sphere, made by a plane, is a circle: this granted, a great 
circle is a section which passes through the centre ; a small 
circle, is one which does not pass through the centre. 

13. A plane is tangent to a sphere, when it has but one 
point in common with the surface. 

14. A zone is the portion of the surface of the sphere 
included between two parallel circles, which form its bases. 
If the plane of one of these circles becomes tangent to the 
sphere, the zone will have only a single base. 

15. A spherical segment is the portion of the solid sphere, 
included between two parallel circles which form its bases. 
If the plane of one of these circles becomes tangent to the 
sphere, the segment will have only a single base. 

16. The iihitude of a zone, or of a segmeiit, is the distance 
between the planes of the two parallel circles, which form 
the bases of the zone or segment, 

17. The Cylinder, the Cone, and the Sphere, are the 
three round Loilies treated of in the Elements of Geometry. 
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PROPOSITION I. THEOREM. 

The convex surface of a cylinder is equal to the circumference 
of its base mulHplied by its altitude. 

Let OA be tlie radius of the base of a cylinder, and 
II ita altitude ; denote tbe circumference whose radius ia 
CA by circ. GA : then -will the convex surface of the cylin- 
der he equal to arc. OAxS. 

Inscribe in the base of the 
cylinder any regular polygon, 
BDEFQA, and construct on 
this polygon a right prism 
having its altitude equal to 
H, the altitude of the cylin- 
der : this prism will be in- 
scribed in the cylinder. The 
convex surface of the prism 
is equal to the perimeter of 

the polygon, multiplied by the altitude II [a. vii., p. 1). 
Let now the arcs which subtend the sides of the polygon 
be continually bisected, and the number' of sides of the 
polygon continually increased : the limit of the perimeter 
of the polygon is circ. OA (b. 5, p. 12, s. 2), and the limit 
of the convex surface of the prism is the convex surface 
of the cylinder. But the couves surface of the prism is 
always equal to the perimeter of ita base multiplied by 
H; hence, the convex surface of the cylinder is equal to the 
circumference of its base multiplied by its altitude. 




PE0PO8ITION II THEOEEM 



The solidity of a cylinder ts tqual to the product of its h 
itn altitude 



Let CA be the radius of tlie hise of the cylinder, and 
jH" the altitudL. Lu the cucle who&e radius is CA be 
denoted by area CA : then will the solidity of the cylinder 
be equal to area CAxH. 
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For, inscribe in the base 
of tbe cylinder any regular 
polygon BDEFQA, and con- 
struct on tbis polygon a rigbt 
prism having ita altitude equal 
to H, the altitude of the 
cylinder : tbis prism will be 
inscribed in tbe cylinder, Tbe 
solidity of tbis prism will be 
equal to tbe area of tbe poly- 
gon multiplied by tbe altitude H (b. VII., P. 14). 

Let now tbe number of sides of tbe polygon be cod. 
tinually increased, by bisecting tbe arcs ; the solidity of 
each new prism will still be equal to its base multiplied 
by its altitude: tbe limit of tbe polygon is tbe area GA, 
and the limit of the prisms, tbe circumscribed cylinder. 
But the solidity of each new prism is equal to tbe base 
multiplied by the altitude: therefore, the solidity of the cylin- 
der is equal to the product of its base hy its altitude. 

Cor. 1. Cylinders of equal altitudes are to each other as 
their bases ; and cylinders of ei^ual bases are to each other 
as their altitudes. 

Cor. 2. Similar cylinders are to each other as tbe cubes 
of their altitudes, or as the cubes of the radii of their 
bases. For, tbe bases are as the squares of their radii 
(b. v., I'. 13) ; and the cylinders being similar, the radii of 
their bases are to each other as their altitudes (d, 2) ; 
hence, the bases are as the squares of the altitudes; there- 
fore, tbe bases multiplied by the altitudes, or the cylinders 
themselves, are as the cubes of the altitudes. 

Sdiolium. Let R denote the radius of a cylinder's base, 
and ff the altitude ; then we shall have, 

surface of base=*X-S, 
convex surface=2*xS X-^ 
solidity=!rXi^X-Hi 



..Google 



GEOMETKY. 



PEOrOSlTION III. THEOEEM. 




The convex surface of a cone is equal to the circumference of 
its basCf multiplied hj half the slant height. 

Let the circle ABCD be tlie "base of a cone, S tho 
vertex, SO the altitude, and SA the slant heiglit: tlieii 
will tlio convex surface be equal to drc. OAx\SA. 

For, inscribe in the base 
of the cone any regular poly- 
gon ABCD, and on this poly- 
gon as a base conceive a right 
pyramid to be constructed, 
having S for its vertex : this 
'pyramid will be inscribed in 
the cone. 

From S, draw SQ perpen- 
dicular to one of the sides 

of the polygon. The convex surface of tbe inscribed pyra- 
mid is eqnal to the perimeter of the polygon .whicli forms 
its base, multiplied by half the slant licight SQ (b. vii., p. 4). 
Let noiv the number of sides of the inscribed polygon be 
continually increased, by bisecting the arcs : the limit of 
the perimetei-s of the polj'gons is circ. OA ; tlie limit of tLe 
slant height of the pyramids is tlie slant beiglit of the cone, 
and the limit of their sm-faeeE, is the convex surface of 
the circumscribed cone. But the convex surfiice of each 
new pyramid is equal to the perimeter of the base multi- 
plied by half the slant height (b. vii., p. 4) ; hence, (/;e 
conveb:. surface of the cone is equal to the circumference of its 
hose multiplied hij half its slant height 

Scholium. Let L denote the slant height, and Ji the 
radius of the btiso: then, 

convex siirface^2'irX-fiX^i=ffX UxL. 
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PROPOSITION IV. TIIEOEEM. 

The aynvex swrfo/x of the frustum of a cone is equal to its 
slant height, multiplied by half the sum of (he circumferences 
of its bases. 

Let BIA-DE be a frustam of a cone : then will, 
convex surface— A-DX-^lc^Vc. OA+circ. OB.) 

For, inacrilDe in the bases of 
the frustum two regular poly- 
gons of the same number of 
sides, and having their sides 
parallel, each to each. The lines 
joining the vertices of the corres- 
ponding angles may be regarded 
aa the edges of the frustum of a 
right pyramid inscribed in the 
frustum of the cone. The convex surface of the frustum 
of the pyramid is equal to half the sum of the perimeters 
of its bases multiplied by the slant height fh (b. Vli., 
p. 4, c.) Let the number of sides of the inscribed polygons 
be continually increased by bisecting the arcst the limits 
of the perimeters of the polygons are circ. OA and rare. 
CD ; the limit of the slant height is the slant height of 
the frustum, and the limit of the convex surface, the con- 
vex surface of the frustum; hence, the convex surface of the 
frustum of a cone is equal to its slant height multiplied by half 
the sum of the circumferences of its bases. 

Oor. Through I, the middle point of AD, draw IKL 
parallel to AB, also li, Dd, parallel to 00. Then, since Al, 
ID, are equal, Ai, id, .are also equal (b. iv., p. 15, c. 2) ; 
hence, Kl is equal to ^{OA-\-CD), But since the circum- 
ferences of circles are to each other as their radii (b. v., 
P. 13), 

drc. Kl=\{c{rc. OA+drc. OD) ; 
therefore, !/te crnivcx surface of the frustum of a cone is equal 
to its slant height multiplied by the circumference of a section 
a( equal distances from t/ie two b 
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. OA+d 



■ CD); 



Sdioliuin 1, If from the mid- 
dle point I and tlie two extrem- 
ities A and D, of a line AD, 
lying wholly on one side of the 
]ine OG, the perpendiculars DG, 
IK, and AO, be drawn, and then 
the line AD be revolved around 
OG, we shall have 

surf, described by AD~ADx\{cv 
that is, =ADxciTc. Kl. 

For, it is evident that the surface described by AD is that 
of the frustum of a cone, having OA and CD for the 
radii of its bases. 

Scholium 2. The measure found above applies equally 
to the case when the point D falls at G, and the surface 
becomes that of a cone ; and to the case in which AD 
becomes parallel to OG, and the surface becomes that of a 
cylinder. In the first case, CD is nothing : in the second, 
it is equal to OA. 



PKOPOSITION V. THEOEEM. 



The solidity of a 



3 IS equal to its hase multiplied by o 
of its altitude. 



Let SO be the altitude of a cone, OA the radius of its 
base, and let the area of the base be designated by area 
■0A\ then will, 

solidity =ai-e« 0Ax\S0. 

Inscribe in the base of the 
-cone any regular polygon ^BZ)^^, 
and join the vertices A, B, C, &c., 
with the vertex S of the cone: 
then will there be inscribed in 
the cone a right pyramid having 
the same vertex as the cone, and 
having for its base the polygon 
ABDEF. The solidity of this 
pyramid will be equal to its base 
of its altitude (b. vii., p. 17). 




; multiplied by one-third 
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Let the area be bisected and the iramber of sides 
of the polygon be continually increased : the limit of the 
polygons will be the area OA, and the limit of the pyra- 
mids will be the cone whose vertex is S: hence, the, solid- 
ity of the cone is equal to its hase multiplied hy a third of it" 
allitude. 

Cor. 1. A cone is the third of a cylinder having the 
same base and the same altitude ; whence it follows, 

1. That cones of equal altitudes are to each other as 
their bases; 

2.. That cones of equal bases are to ea«h other as their 
altitudes ; 

3, That similar cones are as the cubes of the diameters 
of their bases, or as the cubes of their altitudes, 

Chr. 2, The solidity of a cone is equivalent to the 
solidity of a pyramid having an equivalent base and the 
same altitude. 

Scholium. Let R be the radius of a cone's "base, H its 
altitude; then, 

soUdity=|irX -5 XH. 

PROPOSITION VI. THEOEEM. 

The solidity of the frustum of a cone is equivalent to the sum 
of the solidiiies of three cones whose common altitude is the 
altitude of the frustum, and whose bases are, the lower hase 
of tlie frustum,, the upper base of Hie frustum,, and a mean 
I them. 



Let AEB-CD be the frustum of a cone, and OP its 
altitude ; then wiU its solidity be 
equivalent to 
^xOPK{OB^^P<f+OBxPC). 

For, inscribe in the lower and 
upper bases two regular polygons 
having the same number of sides, 
and having their sides parallel, 
each to each. Join the vertices of 
the corresponding angles, and there 




_.;, Google 



212 



GEOMETRY. 




will then be inscribed in the 
frustum of the cone, the frus- 
tum of a regular pyramid. The 
solidity of the frustum of this 
pyramid will be equivalent to 
iree pyramids having the com- 
aon altitude of the frustum, and 
for bases, the lower base of the 
frustum, the upper base of the 
frustum, and a mean proportional 
between them (b. vii., p. 18). 

Let the number of sides of the inscribed polygons be 
continually increased, by bisecting the ares : the limits of 
the polygons will be, area OB and area PO ; and the limit 
of the frustums of the pyramids will be the frustum of the 
cone : the expression for the solidity will then become : 
of the first pyramid, iOPxftS'X*, 
of the second ^OPxPC'^Xw, 

of the thiTd ^OPxOBxPCx-^. 

hence, the solidity of the frustum of the cone is equivalent to 
i^X OPx{(m'+PC''+OBxPG) 



PROPOSITION VII. THEOREM. 

Every section of a sphere, made Vy a plan 



ircle. 



Let AMB be any section made by a plane, in the 
sphere whose centre is G : then will it be a circle. 

For, from the point C, draw 
00 perpendicular to the plane 
AMB; and different lines CM, 
CM, to different points of the 
curve AMB^ which terminates 
the section. 

The obH(iue lines CM, CM, 
CA, are equal, being radii of the 
sphere ; hence, they pierce the 
plane AMB at equal distances from the perpendicular GO 
(b. VI., P..5, c.) ; therefore, all the lines OM, OM, OB, are 
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equal ; Gonsequcntly, the section AMB is a circle, whose 
centre is 0. 

(hr. 1. If tlie section pass through the centre of the 
sphere, ite radius will be the radius of the sphere ; hence, 
all great circles ai'e equal. 

Oor. 2. Two great circles always bisect each other ; for 
their common intersection, passing through the centre, is a 
diameter. 

(7(w. 3. Every great circle divides the sphere and its 
surface into two equal parts : for, if the two parts were 
separated and afterwards placed on the common base, 
with their .convexities turned the same way, the two sur- 
faces would exactly coincide, no point of the one being 
nearer the centre than any point of the other. 

(hr. 4. The centre of a small circle, and that o£ the 
sphere, are in the same straight line, perpendicular to the 
plane of the small circle. 

Oor. 5. The radius of any small circle is less than the 
radius of the sphere ; and the further its centre is remov- 
ed from the centre of the sphere, the leas is its radius : 
for, the greater GO is, the less is the chord AB, the diam- 
eter of the small circle AMB. 

Cor. 6, An arc of a great circle may always be made 
to pass through any two given points of the surface of the 
sphere : for, the two given points, and the centre of the 
sphere make three points, which determine the position of 
a plane. But if the two given points were at the extremi- 
ties of a diameter, these two points and the centre would 
then He in one straight line, and an infinite number of 
great circles might be made to pass through the two given 
points. 

Cor. 7. The distance hetween any two points on the surface of 
a sphere is less when measured on the arc of a great drcle 
than when measured on the arc of a small circle. 

For, let A and B be any two points on the surface of 
a sphere, let ADB be the arc of a great circle, and AMB 
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the arc of a small circle passing through them, and AB 
the common chord. Then, since the radius OA is greater 
than the radius OA, the arc ABB is less than the arc 
AMB (b. v., p. 17). 



PROPOSITION VIII. THEOREM. 

Every plane perpendicular to a radius at its exiremtti/ js to?i~ 
gent to tJie sphere. 

Let FAG be a plane perpendicular to the radius 
OA, at its extremity A : then will it be tangent to the 
sphere. 

For, assuming any other point j. 

M in this plane, draw OA, OM: ^ y\^ 

then the angle OAM is a right 
angle, and hence, the distance OM 
is greater than OA : therefore, the 
point M lies without the sphere ; 
hence, the plane FAG, can have 
no point but A common to it 
and the surface of the sphere; 
eoasequently, it is a tangent plane (d. 13). 

Scholium. In the same way it may be shown, that t\¥o 
spheres are tangent the one to the other, when the dis- 
tance between theii centres is equal to the sum or the 
difference of their radii ; in which case, the centres and 
the point of contact lie in tlie same straight hue. 




PROPOSITION IX. LEMMA. 

If a regular semi-poli/qon he reiulo&l about n line pn^'sing 
through the centre and the vertices of two opposite angles, 
die surface described by its perimeter will he equal to the 
axis multiplied by the circumference of the inscribed circle. 

Let the regular semi-polygon ABODFF, be revolved 
about the line AF as an axis : then will the surface des- 
cribed by its perimeter be equal to AF multiplied by the 
circumference of the inscribed circle. 
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For, from JU and I), the extremities 
of one of the equal sides, let fall the 
perpendiculars BI{, DI, on the axis AF; . 
and from the centre 0, draw ON per- 
pendicular to the side DE : ON will be 
the radius of the .inscribed circle (b, v., 
p. 2). Now, the surface described in the 
revolution, by any one side of the reg- 
ular polygon, as DS, has been shown 
to be equal to DExdrc. NM (p. 4, S. 1). 
But since the triangles EDK, ONM, are 
similar (b. iv., p. 21), 

ED : EK or HI : : ON : NM :: dn 
hence, EDxdrc. NM=mXci 

and since the same may be shown for each of the other 
sides, it is plain that the surface described by the entire 
perimeter is equal to 

{FJ-I+HI+IP+PQ+QA)Xdrc. ON=AFxdrc. ON. 

Cor. The surface described by any portion of the peri- 
meter, as EDO, is equal to the distance between the two 
perpendiculars let fall from its extremities on the axis, 
multiplied by the circumference of the inscribed circle. 

For, the surface described by DE is equal to SIxdrc. 
ON, and the surface described by DO is equal to IPxdrc. 
ON: hence, the surface described by ED+DC, is equal to 
(m'+IP)Xdrc. ON, or equal to HPXdrc. ON 



: ON; 



PKOPOSITIOJS X. THEOKEM. 

The surface of a sphere is equal to the product of its diameter 
h/ the drcumference of a great drele. 

Let ABODE be a semicircle. Inscribe in it a regu- 
lar semi-polygon, and from the centre draw OF perpen- 
dicular to one of the sides. 

Let the semicircle and the semi-polygon be revolved 
about the common axis' AE: the aemicircumference ABODE 
will describe the surface of a sphere (d. &) ; and the peri- 
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meter of the semi-polygon will describe 
a surface which has for its measure 
AE X dvc. OF (p. 9), and this will be 
true whatever be the number of sides of 
the semi -polygon. 

If now, the arcs be continually bisected, 
the limit of the perimeters of the semi- 
polygons will be the semicircumference 
ABODE; the limit of the area described 
by the perimeter will be surface of the 
sphere, and the limit of the perpendicular OF will be the 
radius OE : hence, the surface of the sphere is equal to 
AExcirc. OE. 

Gor 1. Since the area of a great circle is equal to the 
product of its circumference by half the radius, or one- 
fourth of the diameter (b. v., p. 15), it follows that the sur- 
face of a sphere zs equal to four of its great circles : that is, 
equal to i^x OJl (b. v., f. 16). 

Cor. 2. The surface of a zone is equal to its altitude mul- 
tiplied by the drcumference of a great circle. 

For, the surface described by any por- 
tion of the perimeter of the inscribed 
polygon, as BO+CD, is equal to EHX 
circ. OF (p. 9, c.) : and when we pass to 
the limit, we have the surfece of the zone 
equal to ERXcirc. OA. 

Oor. 3. When the zone has but one 
base, as the zone described by the arc 
ABCD^ its surface will still be ec^ual to 
the altitude AE multiplied by the circum- 
ference of a great circle. 

Cor. 4. Two zones, taken in the same sphere or in 
equal spheres, are to each other as their altitudes ; and 
any zone is to the surface of the sphere as the altitude of 
the zone is to the diameter of the sphere. 
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If a tnangJe and a lerlanyle, having ilce t,ame base and the 
same altitude, tmn togetkst about the common hase, (Jip solid 
generated by the tnangJe is a tfind of the cylii-dei gmeiafed 
lyy thf rettangk 

Let £A0 be a triangle, BFEC a rectangle, having the 
common base BC, about which they arc to be revolved. 

On the axis, let fall the per- _ ^ ^ 

pendicular AD : then, the cone 
generated by the triangle BAD is 
a third part of the cjhnder gen- 
erated by the rectangle BFAD (p. 
v., 0. 1) : also, the cone generated 
by the triangle DAG is a third 

part of the cylinder generated by the rectangle DA EC : 
hence, the sum of the two cones, or the solid generated 
by BA f^ is a third part of the cylinders generated by the 
two rectangles, or a third part of the cylinder ; 
by the rectangle BFEG. 

If the perpendicular AD falls 
without the triangle ; the solid 
generated by CBA is, in that 
case, the difference of the two 
cones generated by BAD and 
CAD ; but at the same time, the cylinder generated by 
BEEC, is the difference of the two cylinders generated 
hj BFAD and CEAD. Hence, the solid, generated by the 
revolution of the triangle, is still a third part of the cylin- 
der generated by the revolution of the rectangle having 
the same base and the same altitude, 

Sdiolium. The circle of which AD is the radius, has 
for its measure -nxAlf; hence, -^ XAD'XBC measures the 
cylinder generated by BFEG, and ^fXAD xBC measures 
the solid generated by the triangle BAC. 
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If a ti'iangJe he revolved about any line drwi'Jii through its ver- 
tex in ^ same plane, the solid generated will have fm- its 
measure, the area of the ti-iangh multiplied hy two-Uiirds of 
the drcumference traced hy the middle point of the base. 

Let OAB be a triangle, I the middle point of the base, 
and CO the lioe about which it ia to be revolved: then 
will the solid generated be measured by 
area CABx^circ. IK. 

Prolong the base AB till it p 

meets the axis OD in I) ; from 
the points A and B, draw AM, 
BN, perpendicular to the axis, 
and draw GP perpendicular to c'^^— ^ — ~ yi ' K "N" 
DA produced. 

The scholium to the last proposition gives the following 
measures ; 

solid generated by GAD~\'xxAM^X CD, 
solid generated by OBB^^tXBN^xOB: 
hence, the difference of these solids, which is the solid 
generated by the triangle GAB, has for its measure 

ifX{lM''-M'')X CD. 
To this expression another form may be given. From I, 
the middle point of AB, draw IK perpendicular to QD ; 
and through B, draw BO parallel to GI). We shall then 
have (b. iv., p. 7, s.), 

AM+BN'=2IIC, !inAAM-BN=AO; 
hence, {AM+BN)x(AM'-BN)=AM^-BN^=2IKxA0 ; 
hence, the measure of the solid is also equal to 

i-^XIKxAOxGB. 
But CP being perpendicular to AB produced, the triangles 
AOB and GPD are similar; hence, 

AO : GP :: AB : GD. 
and, AOxGD=CPxAB. 
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But CPxAB is double the area of tlie triangle GAB; 
therefore, 

A0xCD=2CAB: 
hence, the solid generated by the triangle CAB is mcasarcd by 

.^*X(7A-Bxifir=aA5x4*X//C; 
and since 2-XlK—ciTc. IK, we have, 

soliA^CABx^circIK. 
Cor, If the triangle is 
isosceles, the perpendicular 
OP will pass tliTougli 1, 
the middle point of the 
base; and we shall have 

OAB=ABx\CL 
Substituting this value of 
CAB in the measure of the solid before found, viz. : 
solid=Cy.Sx^*x/^ gives, 
som=l-xxABxIKxCL 
But the triangles AOB, OKI, are similar (b. iv,, f. 21); 
hence, AB : BO or MN : : CI : IK, 

which gives, ABxIK=MNxCf. 

Substituting for ABxIK, we have, 

solid=i*Cfx-M2V: 
that is, the solid generated by the revolution of an isos- 
celes triangle about any line drawji through its vertex, is 
irieasured hy tioo-Hiirds of * into the square of Oie perpendicular 
let fall on ilie base, into Ae distance between the two perpendic- 
vJars let faU from the extremities of Hie base on tJie axis. 

Scholium. The demonstration appears to involve the sup- 
position that AB prolonged will meet the axis: but the 
results are equally true if AB is parallel to the axis. 

Thus, the cylinder generated by 
MNSAis measured by "^xAirxMN: 
the cone generated by 0AM is mea- 
sured by ^*xAM^xCM; and the 
cone generated by CBN is measured 
by i*xiiZ'xGV: 
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Add the first two solids, and from the sum 

subtract the third : we shall then have 

solid by CAB^-^XAM^X{MN+ 

and since ^MN'+^0M'=^C2:^, we have 
solid by CAB='^xAM^: 
But AM=CP and M]^=AB; hence, 

solid by OAB=ABxCPx^^xCP=CABxi-drc. CP. 
But the circumference traced by P is equal to the circum- 
ference traced by the middle point of the base : hence, the 
result agrees with the general enunciation. 



^MK 



PROPOSITION XIII. LEMMA, 

If a regular semi-jxilygon be revolved about 

through its centre and the vertices of two (ypposite angles, the 
solid generated ivill be measured by tico-thirds the area of 
the inscribed circle multiplied hy the axis. 

Let QDBF be a regular semi-polygon and 01 the radius 
of the inscribed circle: then, if this semi-polygon be re- 
volved about QFf the solid generated will have for its 
measure, 

I area OIxGF. 
I'or, since the polygon is regular, 
the triangles, OFA, OAB, OBG, kc, are 
isosceles and equal ; then, all the per- 
pendiculars let fall from on their 
bases, will be equal to 01, the radius 
of the inscribed circle. 

Now, we have the following mea- 
sures for the solids generated by these 
triangles (P. 12, C.) ; viz., 
OFA is measured by ^vxOI^XFAf, 
OAB " " " ^'^XOI'XMA^, 

OBO " " " ^■^xOfxON', &o. 
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hence, the entire solid generated by the semi-polygon is 
measured by 

f *X Ol''{FM+MR+NO+ OQ+QR+BG) : 
that is, by i^xOl'^XOF. 

But, * X Of=aTea 01 (b. v., p. 16) : 

hence, solidity -l^rXarea OIXGF. 



PEOPOSITiON XIV. THEOKEM. 



The solidity of a sph 



'.re is equal to its surface mulivplied by a 
third of its radius. 

Let be the centre of a sphere and OA its radius : 
then its solidity is cqnal to its surface into one-third of 
OA. 

For, inscribe in the semi-circle 
ABODE a regular semi-polygon, hav- 
ing any number of sides, and let 01 
be the radius of the circle inscribed in 
the polygon. 

If the semicircle and semi-polygon 
be revolved about _EA, the semicircle 
will generate a sphere, and the semi- 
polygon a solid which has for its mear 
sure \sOf'xEA (p. 13); and this is 
true whatever be the number of sides 
of the semi-polygon. But if the number of sides of the 
polygon be continually increased, the limit of the solids 
generated by the polygons will be the sphere; and when 
we pass to the limit the expression for the solidity will 
become ^-aXOA^XEA, or by substituting ^OA for^.d, it 
becomes ^■«X0A!'X0A^ which is also equal to ^sxOA^X 
^ OA. But 4irX OA is equal to the surface of the sphere 
(p. X., C. 1) : hence, the solidity of a sphere is equal to its 
i multiplied by a third of its radius. 




Scfiolium 1. The solidity of ev 
to the z<me which forms its base, 
radius. 



ry spherical sector is eijual 
lultiplied by a, third of the 
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Eor, fhe solid described "by any 
portion of the regular polygon, as the 
isosceles triangle OAB, is measured by 
I <!( 01^ X AF {p. 1%C.)] and when ive 
pass to the limit which is the spherical 
sector, the expression for this measure 
becomes ^vxAifxAF, which is equal 
to •^'^XAOXAFX^AO. But 2*x^0 
is the circumference of a great circle 
of the sphere (b. v., p. 16), which being 
multiplied by AF gives the surface ^ 

of the zone which forms the base of the sector (p. x, 
c. 2} ; and the proof is equally applicable to the spherical 
sector described by the circular sector BOO: hence, the 
solidity of the spherical sector is equal to the zone whwh firms 
its base, multiplied by a third of the radius. 

Scholium 2. Since the surface of a sphere whose radius 
is E, is expressed by 4*XiS (P. X., c. 1), it follows that 
the surfaces of spheres are to each other as the squares of 
their radii ; and since their solidities are as their surfaces 
multiplied by their radii, it follows that the solidities of spheres 
are to each other as the cvhes of their radii, or as ike cvhes of 
their diameters. 

Scholium 3. Let B be the radius of a sphere ; its sur- 
fitce will be expressed by ivxE , and its solidity by 
4irXirXg-^ or ^irXiS . If the diameter be denoted by I), 
we shall have Ii=^D, and Jl =11/ : hence, the solidity of 
the sphere may he expressed by 

i*Xi-D'-i*X-D'. 



PROPOSITION \\ THtOtEM 

The suiface of a spheie ?s to the whole suiface of the aicum 
sciibed cylinder, including j^ ba ps, as i is to S and the 
solidttiet> of i!i£se tu.o hodies aie to each othti m the lame 
ratio 

Let MPNQ be a great circle of the sphere; ABCD the 

flo.ledb;,GoOglc 
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cireumsoribed square ; if the semi- 
circle PMQ and the half square 
PADQ are at the same time made 
to rerolve about the diameter PQ, 
the semicircle will generate the 
sphere, while the half square will 
generate the cylinder circumscribed 
about that sphere. 

The altitude AD of the cylinder 
is equal to the diameter PQ ; the 

base of the cylinder is equal to the great circle, since its 
diameter AB is equal to MN; hence, the convex surface 
of the cylinder is equal to the circumference of the great 
circle multiplied by its diameter (p. 1). This measure is 
the same as that of the surface of the sphere (p. 10) ; 
hence, the surface of the sphere is equal to the convex surface 
of the circumscribed cylinder. 

But the surface of the sphere is equal to four great 
circles ; hence, the convex surface of the cylinder is also 
equal to four great circles : and adding the two bases, each 
equal to a great circle, the total surface of the circumscrib- 
ed cylinder is equal to six great circles; hence, the surface 
of the sphere is to the total surface of the circumscribed 
cylinder, as 4 is to 6, or as 2 is to S ; which is the first 
branch of the proposition. 

In the next place, since the base of the circumscribed 
cylinder is equal to a great circle of the sphere, and its 
altitude to the diameter, the sohdity of the cylinder is 
equal to a great circle multiplied by its diameter (p. 2). 
But the solidity of the sphere is equal to four great circles 
multiplied by a third of the radius {p. 14) ; in other terms, 
to one great circle multiplied by ^ of the radius, or by § 
of the diameter ; hence, the sphere is to the circumscribed 
cylinder as 2 to 3, and consequently, the solidities of these 
two bodies are as their surfaces. 

Scholium 1. Conceive a polyedron, all of whose faces 
touch the sphere; this polyedron may be considered as 
composed of pyramids, each pyramid having for its vertex 
the centre of the sphere, and for its base one of the poly- 
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edron's faces. Now, it is evident that all these pyramids 
have the radius of the sphere for their common alti- 
tude : so that the solidity of each pyramid will be equal 
to one face of the polyedron multiplied by a third of 
the radius : hence, the whole polyedron is equal to its 
surfiice multiplied by a third of the radius of the inscrib- 
ed sphere. 

It is therefore manifest, that the solidities of polye- 
drons circnmscribed about the sphere, are to each other 
as their surfaces. Thus, the property, which we have 
shown to be true with regard to the ciixjumscribed cylin- 
der, is also true with regard to an infiuite number of 
other solids. 

We might hkewiae have observed, that the surfaces of 
polygons, circumscribed about a circle, are to each other 
as their perimeters. 



PEOPOSmOK XVI. THEOREM. 

If a cuculu) seymmt is reiolved ahout a duttnetei euJenor tr 
tt, Sie solid geneiated ts irieuittred by one sixth oj if intu 
ike square of the ckmd, into the distance between two pet 
pendtGuJai t let fall fiom the exttemities of the arc on the 

CWiS. 

Let DMB be a circular segment, and AC the axis 
about which it is revolved. 

On the axis, let fall the perpendic- ^ 

ulars BE, DF; from the centre C, 
draw GI perpendicular to the chord 
BD ; also draw the radii CB, CD. 

The solid generated by the sector 
GDMB is measured by l^xCB^xEF 
(p. 14, s. 1). The solid generated by V 

the isosceles triangle CDB has for 
its measure ^■rxCl^XEF (p. 12, C.) ; hence, the solid gen- 
erated by the segment DMB, is measured by 
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But in tlic right-angled triangle OBI, we have (b. IV. p. 8, c), 

or'- UI^=Bf=\ Rff : 
hence, the solid generated by the segment DMB, has for 
its measure 

I ff X -Ef X J -Bif = i * X -EZJ" X -Ef ' 
Scholium. The solid generated by the segment BMD is 
to the 'sphere which has BD for a diameter, 

ae ^txBlfxEF is to \-xxBD\ or as IJF to BB. 



PROPOSITION XVII. THEOEEM. 

Every segment of a sphere is measured hy half the sum of ifa 
lases muMplied iy its altitude, plus ike solidity of a sphere 
tvkose diameter is this same altitude. 

Let BMB be the arc- of a circle, and BF, BE, per- 
pendiculars let fall on the radius OA : then, if the area 
FBM'BE be revolved about the radius OA it will generate 
a spherical segment. It is required to find the measure of 
this segment. 

The solid generated by the circular ^ 

segment BMB is measured by (p. 16) 

\«xBffxEF: 
the frustum of the cone described by • 
the trapezoid FDBE is measured by 
(F- 6) _ _ 

l^tXEFxiBE^^BF'^-^BExBF) : 
hence, the segment of the sphere, which 
these two solids, is measured by 

^*XEF x{2BE^+2l)I^+WExDF+BB'). 
But by drawing BO parallel to EF, we have, 

BO=BF-BE and I)d'=IXF"'-2BFxBE+BE^ ; 
and, BB'=BG'+Bd'^El'^+BF''~2BFxBE-i-BE\ 
Substituting this value for BB in the expression for the 
solidity of the segment, we have. 




the surn of 
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equal to ^■•^XEF XiZM^+sUF^+MP") ; 

an expression wliicli may be 'written in two parts, viz., 






and these parts correspond with the enunciation. 

Cor K the radius of either base is nothing' the seg 
ment becomes a sphencal segment with a single base , 
hence, any spherical segment vMh a smgh base, ts equiiahnt 
to half the cyluiHpr haimj the same base and the same altitude, 
plus tfie iplipre of uhirh this altitude !s the dmmitn 

GENERAL SCHOLIUMS. 

1. Let E be the radius of a cylinder's base, H its alti- 
tude ; the solidity of the cylinder is 

2. Let li be the radius of a cone's base, H its alti- 
tude : the solidity of the cone is 

3. Let A and B be the radii of the bases of a frustum 
of a cone, H its altitude : the solidity of the frustum is 

I'KX.nxi^'+B'+AxB). 
■4. Let R be the radius of a sphere ; its solidity is 

5. Let B be the radius of a spherical sector, H the 
altitude of a zone, which forms its base: the solidity of 
the sector is 

l-KXR'xn. 

6. Let P and Q be the two bases of a spherical seg- 
ment, H its altitude: the solidity of the segment is 

7. If the spherical segment has but one base, its 
solidity is J*xPxi?+i''X//^ 
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SPHERICAL GEOMETRY. 



1, A Spherical Triangle is a portign of tlie surface 
of a sphere, bounded by three arcs of great circles. 

These arcs are named the sides of the triangle, and 
each is less than a semicircumference. The angles which 
the planes of the circles make with each other, are the 
angles of the triangle. 

2. A spherical triangle takes the name of right-angled, 
equilateral, in the same cases as a rectilineal tti- 



3. A Sfheeical Polygon is a portion of the surface 
of a sphere bounded by arcs of . great circles, 

4. A LuNE is a portion of the surface of a sphere in- 
cluded between two semi-circles intersecting in a common 
diameter of the sphere. 

5. A SrHEBlCAL' "Wedge, or ITngula, is that portion 
of a solid sphere, included between two planes passing 
through the centre, and the lune which forms its base. 

6. A Spherical Pyramid is a portion of the solid 
sphere, included between three or more planes. The base 
of the pyramid is the spherical polygon intercepted by the 
eame planes. These planes bound a polyedral angle, whose 
vertex is at the centre of the sphere. 

7. The Pole of a Cibcle is a point on the surfiice of 
the sphere, equally distant from every point in the circum- 
ference, 
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PEOPOSITION I. THEOREM. 

In every spherical triangle, any side is kss thai 
two other sides. 

Let be the centre of the sphere, and 
cal triangle : Hien will any side be It 
the two other sides. 

For, draw- tlie radii OA, OB, 00. 
Conceive the pkncs AOB, AOC, COB, 
to be drawn ; these planes bound a 
polyedral angle whose vertex is at 
the centre ; and the plane angles 
AOB, AGO, COB, are measured by 
AB, AC; BC, the sides of the spheri- 
cal triangle. , But each of the three 
plane angles forming a polyedral angle 
is less than the sum of the two other an; 
hence, any side of a spherical triangl 
of the two other sides. 



, of tl,e 



d ACB a spheri- 
than the sum of 




PliOrOSITION II. TIIEOKEM, 

The swn of all the sides of any spherical polygon ii less than 
the dreutnference of a great circle. 

Let ABODE be any spherical polygon, and the cen- 
tre of the sphere. 

Conceive to be the vertex 
of a polyedral angle bounded 
by the plane angles AOB, BOO, 
ODD, &c. Now, the sum of the 
plane angles which bound a poly- 
edral angle is less than four 
right angles (b. VI., P. 20) ; hence, 
the sum of the sides of any 
spherical polygon is less than tho circumference. 

Cor. The sum of the three sides of any spherical tri- 
angle is loss than the circumference ; for, the triangle is a 
polygon of three sides. 
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The poles of a great circh of a sphere are tlie exb-emiHes of 
that diameter of the sphere which is perpendicular to the 
circle ; and these extremities are also the poles of all small 
circles parallel to it. 

Let ED be' perpendicular to the great circle AMB ; then 
will E and D be its poles ; and they will also be the polea 
of every parallel small circle FNG'. 

For, DO being perpea- jy 

dicular to the. plane AMB, 
is perpendicular to all the 
straight lines GA, CM, CB, 
&c, drawn through its foot 
in this plane (b. vi., d. 1) ; 
hence, all the arcs DA, 
DM, DB, &C., are quarters 
of the circumference. So 
likewise are all the arcs 
EA, EM, EB, &c. ; there- 
fore, the points D and E 
are each equally distant from all the points of the circum- 
ference AMB ; hence, they are the poles of that circum- 
ference (d. 7). 

Again, the radius DO, perpendicular to the plane AMB, 
is perpendicular to its parallel FNG ; hence, it passes 
through 0, the centre of the circle FN& (b. viil., P. 7, c. 4) ; 
hence, if the chords DF, DN, DO, be drawn, these oblique 
lines will cut off equal distances measured from ; hence, 
they will he equal (b, vi., p. 5). But, the chords being 
equal, the arcs are equal ; hence, the point D is the pole 
of the small circle FNG ; and for lite reasons, the point 
E is the other pole. 

Cor. 1. Every arc MD, drawn from a point in the arc of 
a great circle AMB to its pole, is a quarter of the circumfer- 
ence, which, for the sake of brevity, is usually named a 
quadrant. This quadrant makes a right angle with the arc 
AM. For, the line DO being perpendicular to the plane 
AMO, every plane DME, passing through the line DG is 
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perpendicular to the plane 
AMO (b VI,, F. 16) ; hence, 
the angle of these planes, 
or the angle AMD is a 
right angle. 

Cor. 2. Conversely : If 
the distance of the point 
D from each of the pointa 
A and M, in the circum- 
ference of a great circle, 
is ecLTial to a quadrant, the 
point D is the pole of the 
arc AM. 

For, let C be the centre of the sphere, and draw the 
radii CD, CA, OM. Since the angles ACD, MCD, are right 
angles, the line CD is perpendicular to the two straight 
lines OAj^GM; hence, it is perpendicular to their plane 
(b. vl, p. 4) ; hence, the point D is the pole of the arc AM. 

Scholium. The properties of these poles enahle ms to 
describe arcs of a circle on the surface of a sphere, with 
the same facility as on a plane surface. It is evident, for 
instance, that by turning the arc DI^, or any other line 
extending to the same distance, round the point D, the 
extremity F will describe the small circle FN6 ; and by 
turning the quadrant DFA round the point D, its extrem- 
ity A will describe the are of a great circle AMB. 



PEOPOSITION IV. THEOEEM. 

The angk farmed by two arcs of great circles, is equal to the 
angle formed by the tangents of these arcs at their jioint 
of intersection. The angle is measured by the arc of a 
great circle described from the vertex as a jxile, and limited 
by the sidesj jyroduced if necessary. 

Let the angle 5-4(7 be formed by the two arcs AB, 
,A0; then will it he equal to the angle FAG formed by 
the tangents AF, AG, and be measured by the arc DF of 
a great circle, described about J. as a pole. 
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For, the tangent AF, draWn in the 
plane of the arc AB, ia perpendicular to 
the radius AO; and the tangent AG, 
drawn in the plane of the arc AC, is 
perpendicular to the same radius AO. 
Hence, the angle FAG is equal to the 
angle contained by the planes ABBII, 
J.(7ffH" (b. VI., B. 4); which is that of 
the arcs AB, ^(7, -and is called the angle 
BAO. 

Again, if the area AB and AE are 
both quadrants, the lines 01), OF, are perpendicular to OA, 
and the angle DOE ia equal to the angle of the planes 
ABDH, ACEH; hence, the arc DE is the measure of the 
angle contained by these planes, or of the angle CAB. 

Cor. 1. The angles of spherical triangles may be com- 
pared together, by means of the area of great circles des- 
cribed from their 'vertices as poles and included between 




their sides: hence, it is easy to make 
kind equal to a' given angle. 

Cor. 2. Vertical angles, such 
iMi AGO and BGN are eqna! ; for 
either of them is still the acgle 
formed by the two planes ACB, 
OGK 

It is farther evident, that, when 
tivo arcs A GB, OCN, intersect, 
the two adjacent angles AGO, 
GB, taken together, are equal 
to two right angles. 



angle of this 




PROPOSITION V. THEOREM. 

If from the vert-ices of Hie three angles of a sjiherical triangle, 
as pohs, three arcs he described forming a second triangle ; 
then, the vertices of the angles of tltis second triangle, vnU 
he respectively poles of tlie sides of the first. 

From the vertices A, B, C, as polesi let the arcs EF, 
FD, ED, be described, forming on the surface of the sphere 

Hooted by Google 



282 GEOMETRY. 

tbe Jriangle DFE ; then will the vertices D, E, and ^,, be 
respectively poles of the sides 5(7, AC, AB. 

For, the point A being -,, 

the pole of the are EF, the 
distance AE is a quadrant ; 
the point being the pole 
of the arc DE, the distance 
CE is likewise a quadrant: 
hence, the point E is re- 
moved the length of a quad- 
rant from each of the points 
A and C; hence, it is the 
pole of the aio AC (p. 3, c. 2). It may be shown by simi- 
lar reasoning, that B is the pole of the arc £C, and I'' 
that of the arc AB. 

Scholium. Hence, the triangle ABC may be described 
by means of DEi', ss DEF is described by means of ABC. 
Triangles so described, are called folar triangles, or supple- 
mental- triangles. 




PROPOSITION Vl. THEOEEM. 



The same supposition continuing as in the last Proposition, 
each angle in one of the triangles, loill he Tneasured hy a 
semidrcumference, minus the side lying opposite to it in the 
other triangle. 

For, produce the aides -^ 

AB, AG, if necessary, till 
they meet EF, in Q and H. 
The point A being the pole 
of the are OH, the angle 
A is measured by that arc 
(p. 4). But, since E is the 
pole of AH, the arc EH is 
a quadrant ; and since F is 
the pole oi A6, FG \s. s. 
quadrant: hence, EH+GFis equal to a semicircumference. 
But, EH+GF=EF+QHi hence the arc GIT, which mea- 
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Bures tlie angle A, is equal to a semicircumfereiice minus 
tlie aide UF. In like manner, the angle B is measured 
by ^circ.—BF: tlie angle C, by \circ.~DR 

This property -is reciprocal in the two triangles, since 
each of them is described in a similar manner by means 
of the other. Thus the angle D, for example, of the tri- 
angle EDF, is measured by the arc MI\ but MI+BC= 
MG-\-BI=^circ. ; hence, the arc MI, the measure of D, is 
equal .to \circ.~BG : the angle E is measured by ^circ.—AO, 
and the angle F by \ctTc.~AB. 

Scholium. It mtist further be ob- 
served, that besides the triangle DFF, 
three others might be formed by the 
intersection of the three arcs BF, 
FF, BF. But the proposition is ap- 
plicable only to the central triangle, 
which is distinguished from the other 
three by the circumstance, that the two angles A and D 
lie on the same side of BC, the two B and F on the same 
side of AC, and the two and F on the same side of AB. 



PKOPOSITION VII. THEOREM. 

1/ itiouni Ihc frlitei of any two angles of a giien s/hoical 
timngle, as poles, the cummfeieiices oj two atdf: be d's 
cribed which shall pass through the tlurd angh of the iJi 
angle, if then, though the other point in whtc/i tJiese cir 
cumferences tnlastci and the (uo jiist angles of the tiiangh, 
tioo airs of great curies be drai n, the tnaitgle thus formed 
will have all i& paits rqual to those of the gnen tiiangh; 
each to each. 

Let ABO be the given triangle, CED, BFC, the ares 
described about A and B as poles ; then will the triangles 
ABC, ADB have all their parts equal each to each. 

For, by construction, the side AD=AC, DB=BC, and 
AB is common ; hence, these two triangles have their sides 
equal, each to each. "We are now to show, that the angles 
opposite these equal sides are also gqual. 
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forming the 



If tlie centre of the sphere is 
at 0, a triedral angle may be con- 
ceived as formed at by the three 
plane angles AOB, AOC, BOG; 
likewise another triedral angle may 
be conceived as formed by the 
three plane angles AOB, AOD, 
BOD. And, because the sides of 
the triangle ABC are equal to 
those of the triangle ADB, the- plane ang] 
, one of these triedral angles, are equal to the plane angles 
forming the other, each to each : hence, the planes are 
equally inclined to each other (b. VI,, F, 21) ; and all the 
angles of the spherical triangle DAB, are respectively 
equal to those of the triangle OAB, namely, DAB=BAC, 
DBA=ABG, and ADB=AGB; consequently, the sides and 
the angles of the triangle ADB, are equal to the sides and 
the angles of the triangle ACB, each to each. 

Scholium. The equality of these triangles is not, how- 
ever, an absolute eqimlity, or one of superposition: for, it 
would be impossible to apply them to each other, unless 
they were isosceles. The equality meant here is what ive 
have already named an equality by symmetry (b. vi., 21, s. 3} ; 
therefore, we shall call the triangles ACB, ADB, symmetri- 



cal 



PEOPosmoN vin. theoeem. 



Two ttiangl"! en the same sphae, or on equal spheres, are 
eiual in all then parti, ulien two sul^s and tlie included 
angle of the one are equal to tiio sides and the included 
angle of ike otlcei, each to each 

Let ABC, EFO, be two trian- 
gles having the side AB=EF, 
the side AG=BG, and the angle 
BAG=FEG; then will the two 
triangles be equal in all their 
parts. 

For, the triangle EFG may " 
placed on the triangle ABC, or 
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ABD symmetrical with. ABO, just as two rectilineal trian- 
gles ai-o placed upon each other, when they have an equal 
angle included between equal sides. Hence, all the parts 
of the triangle EFG are equal to all the parts of the tri- 
angle ABG; that is, besides the three parts equal by 
hypothesis, we have the aide BG=FQ-, the angle ABC= 
EFG, and the angle ACB=EGF. 



I'ltOPOSITION IX. TIIEOEEM. 

Two triangles on the same sphe)-e or on equal spheres, are egual 
in all their parts, when two angles and the included side 
of the. one are equal to two angles and the included' side of 
the other, each to each. 

For, one of these triangles, or the triangle symmetrical 
with it, may be placed on the other, as is done in the 
corresponding case of rectilineal triangles {b, I., P. 6). 



PEOPOSITION X. THEOEEM. 

If two triangles on tlie same sphere, or on equal spheres, have 
all their sides equal, each to each, their angles ivill likewise 
be equal, each to each, Uie egual angles lying ^opposite the 



The truth of this proposition is evi- 
dent ffom Prop. Vn., where ' it was 
etowo, that with three given sides AB, 
AG, BO, only two triangles ACB, ABD, 
can- be constructed, and that these tri- 
angles will have all their parts equal 
each to each. Hence, the two trian- 
gles, having all their sides respectively 
equal, must either be absolutely equal, 
or symmetrically equal; in either of which cases, their cor- 
responding angles are equal, and He opposite to equal 
sides. 
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PROPOSITION XI. THEUEKM. 




In every isosceles spherical triangle, the anglea opposite the equal 
sides are equal; and conversely, if tivo angles of a spherical 
{rimtgle are equal, the triangle is isosceles. 

First Suppose the side A.B=AO; we aKall have -tLe 
angle 0=B. 

For, if tlie arc AD be drawn from 
the vertex A to the middle point B of 
the base, the two triangles ABD, ACD, 
wiU have all the sides of the one res- 
pectively equal to the corresponding sides 
of the other, viz., ^Z> common, BD=DO, 
&aAAB=AG: henee, by the last propo- 
sition, their angles will be equal; therefore, B = G. 

Secondly. Suppose the angle B = C; we shall have the 
side AC^AB. 

For, if not, let AB be the greater of the two; take 
BO=AC, and draw OG. Then, in the two triangles BOC, 
BAG, the two sides BO, BG, are equal to the two AO, BC; 
the angle OBG, contained by the first two is equal to AGB 
contained by the second two. Hence, the two triangles 
BOO, AGB, have all their other parts equal (p. 8); henee, 
the angle OCB=ABC: but, by hypothesis, the angle 
ABC=AGB; hence, we have OOB=AGB, which ia absurd 
(a. 8); therefore, an absurdity follows if we suppose AB 
different from AG; heuce, the sides AB, AO, opposite to 
the equal angles B and 0, are equal. 

Scholium. Since, the triangles B'iD DA.C ire equal in 
all their parts (p. 10), the angle BAn=DAC, and BD'L= 
ADO: consequently, ADB and ADO, ire right angles; 
hence, the arc drawn fro^n the veiiex of an v,o<!C(les sj.heiical 
triangk to the middle of the base, is at light angles to the base 
and bisects the vertical angle. 
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In any spherimj. triangle, the greater side is opposite the grmter 
angle; and conversely, the greater angle is opposite the 
greater side. 

Let tie angle A be greater tkan the angle B, then will 



BO be greater than AG; and < 
than AO, then will the angle A 

First. Suppose the angle 
A'>B; mate the angle BAD 
=B ; then we shall have 
AD=DB (p. 11) ; but AD+ 
i)C is greater than J. (7; hence, 
putting DB in place of AD, 
we shall have DB+DOAO, ■ 



'ersely, if BC is greater 
: than B. 




BO>AC. 



Secondly. If we suppose BC^AG, the angle BAG viiW 
be greater than ABC. For, if BAG were equal to ABO, 
we should have BG=AG\ if BAO were less than ABG, 
we should then, as has just been shown, find BO <_AG. 
Either of these conditions is contrary to the supposition : 
hence, the angle BA C is greater than ABC. 



PEOPOSITION XIII. THEOREM. 



^ two triangles on the . 



! sphere, or on equal spheres, are 
are also mutually equilateral. 



Let A and B be the two given triangles ; P and Q 
their polar triangles. 

Since the angles are equal in the tri- 
angles A and B, the sides are equal in 
their polar triangles P and Q (p. 6) : but, 
since the triangles P and Q are mutually 
equilateral, they must also be mutually equi- 
angular {v. 10) ; and lastly, the angles being 
equal in the tiiangles P and Q, it follows 
that the sides arc equal in their polar tri- 
angles A and B, Hence, the mutually equi- 
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angular triangles A and B are at tlie same time, mutually 



iSchoKum. This proposition is not applicable to recti 
lineal triangles; in which, equality among the angles indi- 
cates only proportionality among the sides. Kor is it diffi- 
cult to account for the difference, in ttis respect, between 
spherical and rectilineal triangles. In the proposition now 
before us, as well as in the preceding ones, which treat 
of the comparison of triangles, it is expressly required that 
the arcs be traced on the same sphere, or on equal spheres. 
Now, similar arcs are to each other as their radii; hence, 
on equal spheres, two triangles cannot be similar without 
being equal. Therefore, it is not strange that equality 
among the angles should produce equality among the 
sides. 

The case would be different, if the triangles were drawn 
upon unequal spheres ; there, the angles being equal, the 
triangles would be similar, and the homologous sides would 
be to each other as the radii of their spheres. 



PROPOSITION XIV. THEOEEM. 

The sum of all the angles,in any spherical triangle, is less than 
six right angles and greater than two. 

For, in the first place, every angle of a spherical trian- 
gle is less than two right angles: hence, the sum of the 
three is less than six right angles. 

Secondly, the measure of eaeh angle of a spherical trian- 
gle is equal to the semicircumference minus the correspond- 
ing side of the polar triangle (p. 6) ; hence, the sum of 
the three, is measured by the three semicircumferences, 
■minus the sum of the sides of the polar triangle. Now, 
this latter sura is less than a circumference (p. 2, C.) ; there- 
fore, taking it away from three semicircumferences, the 
remainder is greater than one semicircumference, which 
ia the measure of two right angles ; hence, the sum of the 
three angles of a spherical triangle ia greater than two 
right angles. 



_,, Google 



BOOK IX. 



239 



Cot. 1. Tlie sum of the three angles of a spherical tri- 
angle is not constant, like that of the angles of a reeti- 
Hneal triangle, but varies between two right angles and 
six, without ever reaching either of these limits. Two 
given angles therefore do not serve to deteiraine the third, 

(Jor. 2. A spherical triangle may have two, or even 
three of its angles right angles ; also two, or even three 
of ite angles obtuse. 

(hr. 3, If the triangle ABG is ii-recian- 
yular, in other words, has two right angles 
iJ and C, the vertex A ia the pole of the 
ha&e SG; and the sides AB, AG, are quad- 
rants (p. 3, c- 2). 

If the angle A is also a right angle, the 
triangle ABG ia tn-rectangular ; each of its angles ia a right 
angle, and its sides are quadrants. Two tri-rectangular tri- 
angles make half a hemisphere, four make a hemisphere, 
and eight the entire surface of a sphere. 



rPOPOSITION XV THEnlvEM 

The surface of a lune m to the surface of llf '•jhere, as the 
angle of the lune, to Jom tnjht angles, oi, oa the arc 
which nifasures that angle, to the circumjeience 

Let AMBN be a lune, and NGM the angle included 
between its two great circles: then will its surface' be to the 
surface of the sphere as the angle NGM to four right angles, 
or as the arc NM to the circumference of a great circle. 

For, suppose the arc MN to be 
to the circumference MNPQ, as some 
one integer number to another, aa 
5 to 48, for example. Divide the 
circumference MNPQ, into 48 equal 
parts, MN will contain 5 of them ; 
and if the pole A were joined with 
the several points of division, by as 
many quadrants, we should in the 
hemisphere AMNPQ, have 48 triangli 
all the corresponding parts are equal. The whole sphere 
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would contain 96 of these triangles, and tlie lune AMBNA, 
10 of tliem ; hence, tlie lune is to the sphere as 10 la to 
96, or as 5 to 48; in other words, as the arc MN ja tO' 
the circumference. 

If the are MN is not commensurable with the circum- 
ference, it may still be shown, that the lune is to the 
sphere as MN to the circumference (b. in., V. 17). 

Cor. 1. Two lunes on the same or on equal spheres, 
are to each other as their respective angles. 

Cor. 2. It was shown above, that the whole surface of 
the sphere is equal to eight tri-rectangular triangles (p. 14, 
c. 3) ; hence, if the area of one such triangle be represent- 
ed by 1\ the surface of the whole sphere will' be express- 
ed by 82'. This granted, if the right angle be assumed 
equal to 1, the surface of the lune whose angle is A^ will 
be expressed by 2AxT. For, 

4 : ^ :: 8r ; 2^X2; 
in which expression, A represents such a part of unity, as 
the angle of the lune is of one right angle. 

Scholium. The spherical ungula, bounded by the planes 
AMB, ANB, is to the whole sohd sphere, as the angle A 
is to four right angles. For, the lunes being equal, the 
spherical ungulas are also eq^ual; hence, two spherifcal 
ungulas are to each other, as the angles formed by the 
planes which bound them. 

PKOPOSITION XVI. TIIEOEEM. 

Tloo symmetrical spherical triangles are equivalent. 

Let ABC, DEF, be two symmetrical triangles, that ia 
to say, two triangles having their sides AB=DE, AC=DF, 
CB=MF, 'and yet incapable of superposition; we are to 
show that the surface ABO is equal to the surface DEF. 

Let P be the pole of the small circle passing through 
the three points A^ B, C;* from this point draw the equal 

* The cirols wlileh pnasea tirougb the tliree points A, B, O, or which droHm- 
Boribep tlio trionglo ABC, onu only be a Binnll oirolo of tho sphero ; for if it woifl 
B great cirde, the three aides, AB, BCy AC, wonld lie in one plnne, and the tri- 
angle ABC H-onld be reduced to one of Its Bides. 
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arcs PA, PB, PC (p. 3); at the ^ A 

point F make tlic angle DFQ= A^ K 

A OP, the arc Fg= CP ; and draw // '^ /' \\ 

i>Q, m / \a p/ \ 

The sides PF, FQ, are equal l^...-/ \"i-~jC 

to the aides ^(7, CP; the angle J --■■''' Vj \ // 

DFQ=A CP ; hence, the two tri- ^\^ ''''-^ 

angles BFQ, ACP, are equal in E B 

all their pafts (p. 8); consequently, the aide DQ=AP, 
and the angle DQF=APC. 

In the triangles PFF, ABC, the angles PFE, ACB, 
oppoaite to the equal sidea PF!, AB, are equal {[>. 10). If 
the angles PFQ, AGP, which are equal by construction, 
be taken away from tliem, there will remain the angle 
QFB, equal to POB. The sides QF, FF, are equal to the 
sides PC, CB i hence, the two triangles FQE, CPB, are 
equal in all their parts (p. 8) ; hence, the side QE=PB, 
and the angle FQF^CPB. 

Now, the triangles PFQ, AGP, which have their sidea 
respectively equal, are at the same time isosceles, and capa- 
ble of coinciding, when applied the one to the other. 
For, having placed AG on its equal DF, the equal sidea 
will fall the one on the other, and thus the two triangles 
will exactly coincide : hence, they are equal ; and the sur- 
face DQF=APG. For a like reason, the surface FQE= 
CPB, and the surface PQE=APB\ hence we have, 

DQF+FQF-PQE<:^APC+CPB-APB, 
or, DFE'-^ABO; 

hence, the two symmetrical triangles ABC, DEF, are equal 
in surface. 

Scholium. The poles P and Q might lie within triangles 
ABC, DEF: in which case it would be requisite to. add 
the three triangles DQF, FQE, DQF, together, in order to 
make- up the triangle DEF; and in like manner^ to add 
.the three triangles APO, CPB, APB, together, in order to 
make up the triangle ABO: in all other respects, the 
dsmonstration. and the result would be the same. 
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PROPOSITION XVII. THEOKEM. 



If the circumferences of txoo great circles intersect each ot/ier on 
• the surface of a hemisphere, the sum of the opposite trian- 
gles thus formed, is equivalent to the surface of a Iwie 
whose angle is equal to the angle formed by the circles. 

Let tte eireiimferenees A OS, COD, intersect on tlie sur- 
face of a iiemispliere ; then will the opposite triangles 
AOO, BOD, he ecLuivalent to the Inne whose angle is BOD. 

For, produce the arcs OB, OD, on ^.-■p>^^'-~^ 

the other hemisphere, till they meet /f "'-^^N 

in N. Now, sinee AOB and OBN fj- --'T^X 

are aemicircuraferences, if "we tate jJ j '\n 

away the common part OB, we shall K^ j^/y 

have BN—AO. For a hke reason, V'V '^' / 
we have DN'=GO, and BD=AO. \^:i_^ 

Hence, the two triangles AOO, BDN, ^ 

have their three sides respeetively equal : they are there- 
fore symmetrical; hence, they are equal in surface (p. 16). 
But the sum of the triangles BDN, BOD, is equivalent to 
the lune OBNDO, whose angle is BOD : hence, AOO+BOD 
is equivalent to the Inne whose angle is BOD. 

Scholium. It is likewise evident, that the two spherical 
pyramids, which have the triangles AOG, BOD, for bases, 
are together equivalent to the spherical ungnla whose angle 
is BOD. 

PBOFOSIHON XVIII. THEOEEM. 

The surface of a spherical triangle is equal to the excess of the 
sum of its' three angles above two right angles, multiplied 
by the trirrerMngular triangle. 

Let ABC be any spherical triangle : then will its sur- 
face he equal to 

{A+B-\-G-1)xT. 

For, produce its sides till they meet the great circle 
DEFQ, drawn at pleasure, without the triangle. By the 
last theorem, the two triangles ADE, AQ-II, are together 
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equivalent to the luiie whose angle is 

A, and which is measured by 2 A X T 

(p. 15, c. 2). Hence, we have ADE + 

AGM^2AkT; and, for a like reason, 

BaF+BII>=2BxT, and GIH-\-GFE 

^2(7x2". But the sum of these six 

triangles exceeds the hemisphere by 

twice the triangle ABC, and the hemisphere i 

by 4:T: therefore, twice the triangle ABO, is equivalent to 

2AxT^-2BxT-\-2CxT-iT; 
and, consequently, 

once AB0^>{A-\-B+0-1)xT ; 
hence, every spherical triangle is measured by the biui^ of 
its three angles minus two right angles, multiplied by the 
tri-rectangular triangle. 

Scholium 1. When we speak of the spherical miffles, we 
regard the right angle as unity, and compare the sum of 
the three angles with this standard. Hence, however 
many right angles there may he in the sum of the three 
angles minus two right angles, just so many tri-rectangular 
triangles, will the proposed triangle contain. If the angles, 
for example, are each equal to 4 of a- right angle, the 
sum of the three angles is equal to 4 right angles; 
and this sum, minus two right angles, is represented 
by 4—2, or 2 ; therefore, the surface of the triangle is 
equal to two tri-rectangular triangles, or to the fourth 
part of the surface of the entire sphere. 

Scholium 2. The same proportion which exists betweeiv 
the spherical triangle ABO, and the tri-rectangular triangle, 
exists also between the spherical pyramid which has ABO 
for its ha.se, and the tri-rectangular pyramid. The triedral 
angle of the pyramid is to the triedral angle of the tri- 
, rectangular pyramid, as the triangle ABC to the tri-rcetan- 
gular triangle. From these relations, the following conse- 
quences are deduced, - 

MrsL Two triangular spherical pyramids are to each 
other as their bases : and smce a polygonal pyramid may 
aJwa}^ be divided Into a certain number of triangular 
pyramids, it follows that any two spherical pyramids are to 
each other, as the ^oljppiiB which form their bases. 
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Second. The polyedral angles at the vertices of these 
pyramids, are also as their bases ; hence, for comparing 
aay two polyedral angles, we have merely to place their 
vertices at the centres of two equal spheres ; the angles are 
to each other as the apherical polygons intercepted between 
their faces. 

The vertical angle of the tri-rectangular pyramid is 
formed by three planes at right angles to each other : this 
angle, which may be called a right polyedral angle, will 
serve as a very natural unit of measure for all other poly- 
edral angles. If, for example, the area of the triangle ia 
f of the tri-rectangular triangle, the corresponding trie- 
dral angle is also -f of the right polyedral angle. 

PSOPOSITION XIX. THEOEEM. 

The surface of a spherical polygon is equal to the excess of the 
sum of all its angles, over two right angles taken as many 
times as tha-e are sides in the polygon less two, multiplied 
hy the tri-rectangular triangle. 

Let ABODE be a spherical polygon. 

From one of the vertices A, let 
diagonals AO, AD, be drawn to the 
other vertices ; the polygon ABODE 
will be divided into as many tri- 
angles less two, as it has sides. 

Now, the surface of each triangle ^ 

%i3 ec^ual to the sum of all its angles less two right angles, 
into the tri-rectangular triangle. The sum of the angles 
of all the triangles ia the same as that of all the anglea of 
the polygon ; hence, the surface of the polygon is equal to 
the sum of all its angles, diminished by twice as many 
right angles as it has sides less two, into the tri-rectangu- 
lar triangle. 

Scholium. Let s be the sum of all the angles of a spheri- 
cal polygon, n the number of its sides, and T the tri-rect- 
angular triangle ; the right angle being taken as unity, the 
surface of the polygon will be equal to 




! in-2,)\xT={s-2n+i)xT. 
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NOTE A.— Page 22. 



Demonstration is a train of logical arguments 
brouglit to a conclusion. The bases or premises of a 



Loms, propositions pre- 
3. The arguments are 
1, logically, with the 
proved, 
nda of demonstration — 



demonstration, are definitions, 
viously established, and hypothes 
the links which connect the premis< 
conclusion or ultimate truth to be ] 

In Geometry we employ two kin 
the Direct, and the Indirect or the method involving the 
Reductio ad absurdum. 

These are also called Positive and Negative Demonstra- 
tions. In the direct method, the premises are definitions, 
axioms, and previous propositions ; and by a process of 
logical argumentation, the magnitudes of which something 
is to be proved, are shown to bear the mark by which 
that may always be inferred, or, in other words, are shown 
to fall under some definition, axiom, or proposition, pre- 
viously laid down. The direct demonstration may he 
divided into two classes: 

Isfc. Where the argument depends on superposition — 
that is, on the coincidence of magnitudes when applied the 
one to the other: and 

2dly. Where it depends on addition and subtraction, 
or immediately on principles previously laid down. 

The indirect method rests on a hypothesis. This hypo- 
thesis is continued in a process of logical argumentation, 
with definitions, axioms, and previous propositions, until a 
conclusion is obtained, which agrees or disagrees with some 
known truth. Now, if the conclusion so deduced agrees 
with any known truth, we infer that the hypothesis (which 
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was the only link in the chain, not previously known,) is 
true : but if the concliision ia excluded from the truths 
previously established, that is, if it is opposed to any of 
them, then it follows that the hypothesis, leading to a 
result contradictory to such truth, must be false. In the 
indirect demonatration, therefore, the conclusion is compared 
with the truths known antecedently to the proposition ia 
question ; if it agrees with any one of them, the hypothe- 
sis is correct, if it disagrees with any one of them, the 
hypothesis is fals^. 

We have examples of the first class of the direct demon- 
stration in the reasoning which establishes Propositions V. 
and VI. — and of the second class in that which establishes 
Propositions I, and IV. We have also examples of the 
indirect method iu the demonstrations of Propositions IT. 
and III. 

It is often supposed, though erroneously, that the indi- 
rect demonstration is less conclusive and satis&ctory than 
the direct. This impression is simply tlie result of a want 
of proper analysis. For example : in the demonstration 
of Proposition 11. we propose to prove " that two straight 
lines having two points in common coincide throughout 
their whole extent." Kow, it is evident that they either 
coincide or separate. If they separate, tliey must separate 
at some point, as C But the supposition or Iiypothesis of 
their separating at this point, involves the conclusion, that 
a part is equal to the whole, which is contrary to Axiom 8, 
and therefore untrue: Hence, they do not separate, and 
tkej-efore, they coincide. Similar remarks apply to all indi- 
rect demonstrations. 

In both kinds of demonstrations the premises aijd con- 
clusion agree: that is, they are both true or both false, 
the reasoning or argument in both being supposed strictly 
logical. 

For a more fuU discussion of this subject, see Datiea' 
Logic of Mathematics. 
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THE REGULAR POLYEDRONS. 

A Eegulak Poltedron is one whose fa<;es are all 
equal regular polygons, and whose polyedral angles arc all 
ec[Tial to each other. 

1. The Teteaebhon, or equilateral pyramid, is a solid 
hounded by four equal equilateral triangles. 

2. The Hexaeueon, or Cube, is a solid bounded by 
six equal squares. 

S. The OOTAEDEOK, is a solid bounded by eight equal 
equilateral triangles. 

4. The DoDECAEDEON, is a solid bounded by twelve 
equal and regular pentagons. 

5. The IsoSAEDSON is a solid bounded by twenty 
equal equilateral triangles. 

First. If the faces are equilateral triangles, polyedrons 
may be formed of them, having polyedral angles contained 
by three of those triangles, by four, or by five : hence, 
arise three regular bodies, the tetraedron, the octaedron, the 
isosaedron. No other can be formed with equilateral trian- 
gles ; for six angles of such a triangle are equal to four 
right, angles, and cannot form a polyedral angle (b. VI., 



If the faces are squares, their angles may be 
arranged by threes : hence, results the, hexaedron, or cuie. 
Pour angles of a square are equal to four right angles, 
and cannot form a polyedral angle. 

Thirdly. In fine, if the faces are regular pentagons, 
their angles likewise may be arranged by threes : the 
regular dodecaedron will result. 

We can proceed no farther : three angles of a regular 
hexagon are equal to four right angles ; three of a hepta- 
gon are greater. 

flo.ledL,,GoOglc 
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Hence, there can only be five regular polyedrons ; three 
formed with equilateral triangles, one with squares, and 
one with pentagons. 



CONSTBUCTION OP THE TETRAEDRON. 

Let ABO bo the equilateral triangle which is to form 
one face of the tetraedron. At the point 0, the centre of 
this triangle, erect OS perpendicular to the plane ABO; 
terminate thia perpendicular in S, so that AS=AB\ draw 
SB, SO; the pyramid S-ABO is the tetraedron required. 

For, by reason of the equal distan- 
ces OA, OB, 00, the oblique lines SA, 
SB, SO, cut off equal distances esti- 
mated from the foot of the perpendic- 
ular SO, and consequently are equal 
(b. VI., p. 5). One of them SA=AB ; 
hence, the four faces of the pyramid 
S-ABO, are triangles, equal to the 
given triangle ABO. The triedral angles of this pyramid 
are all equal, because each of them is bounded by three 
equal plane angles (b. VI., ?. 21, s. 2) ; hence, this pyramid 
is a regular tetraedron. 




CONSTRUCTION OF THE HEXAEDRON. 



\ 




\ 


\ 


E 


C 



Let ABCD be a given square. On the 
base ABOD, construct a right prism whose 
altitude AE shall be equal to the side 
AB. The feces of this prism will evident- 
ly be equal squares ; and its triedral an- 
gles all equal, each being formed with 
three equal faces: heocc, this prism is a 
regular hexaedron or cube. 

The following propositions can be easily proved. 

1. Any regular polyedron may be divided into as many 
right pyramids as the polyedron has faces ; tlie common 
vertex of these pyramids will be the 'centre of the polye- 
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dron; and at the same time, tliat of an inscribed and of 
a circumscribed sphere. 

2. The solidity of a regular polyedron is equal to its 
Burface multiplied by a third part of the radius of the 
inscribed sphere. 

8. Two regular polyedrons of the same name, are two 
Biinilar solids, and their homologous dimensions are pro- 
portional ; hence, the radii of the inscribed or the circum- 
scribed spheres are to each other as the edges of the poly- 
edrons. 

4: If a regular polyedron be inscribed in a sphere, the 
planes drawn from the centre, through the different edges, 
will divide the surface of the sphere into as many spheri- 
cal polygons, all equal and similar, as the polyedron has 



APPLICATION OF ALGEBRA 

TO THE 

SOLUTION OF GEOMETRICAL PROBLEMS. 

A Problem is a question which requires a solution. 
A geometrical problem is one, in which certain parts of a 
geometrical figure are given or known, from which it is 
required to determine certain other parts. 

When it is proposed to solve a geometrical problem by 
means of Algebra, the given parts are represented by the 
first letters of the alphabet, and the required parts by the 
final letters, and the relations which subsist between the 
known and unknown parts furnish the equations of the 
problem. The solution of these equations, when so formed, 
gives the solution of the problem. 

Wo general rule can be given for forming the equations. 
The equations must be independent of each other, and 
their number equal to that of the unknown quantities in- 
troduced (Alg., Art. 103). Experience, and a careful exami- 
nation of all the conditions, whether explicit or implicit 
(Alg., Art. 94), will serve as guides in stating the questions; 
to which may be added the following general directions. 
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1st, Draw a flgure wMcli shall represent all the given 
parts, and all the required parts. Then draw such other 
hnes as mli establish the most simple relations between 
them. If an angle is given, it is generally best to let fell 
s. perpendicular that shall lie opposite to it ; and this per- 
pendicular, if possible, should be drawn from the extremity 
of a given side, 

2d. "When two lines or quantities are connected in the 
same way with other parts of the figure or problem, it ia 
in general, not best to use either of them separately ; but 
to use their sum, their difference, liieir product, their quo- 
tient, or perhaps another line of the figure with which 
they are alike connected. 

3d. When the area, or perimeter of a figure, is given, 
it is sometimes best to assume another figure similar to that 
proposed, having one of its sides equal to unity, or some 
other known quantity. A comparison of the two figures 
will often give a required part. "We will add the follow- 
ing problems.* 

■ PEOBLEM I. 

In a rigid-angled triangle SAO, having given, the hose BA, 
and the sum of the hypothenyse and perpendicular, it is 
required to Jind Hie hypothenuse and perpendicular. 

Put BA = c=Z, B0= X, A0= y, and the sum of the 
hypothenuse and perpendicular equal to s 



Then, 


a; + y = s~ 


and (B. IV., P. 11), 


«? = !/• + .?. 


From 1st equ: 


it = » - K 


and 


a? = s» - 2«y + 


By subtracting. 


= /!> - 2.y - 




X + 4 =^ 9, or K = 5 ^ BC. 
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PROBLEM II. 



Tn a right-angled triangle, having given the kypothenuse, and 
the sum of the hose and perpendicular, to find these two 



Put BC^a = 5, BA=-x, AO =■ y, and the sum of 
the base and perpendicular = s = 7. 

Then, x + y = s = 1, „ 

and x' + y^ = a\ 

From first e(jiiation| x = s — y, 
or, a? = s^ — ^sy -\- ■if ; 

Hence, if = d? ~ s^ + 2sy — y^, 

or, %/ — 2s)/ — ij^ — s^ ; 

By completing the square if ~ sy + |s^ = ^a^ 
or, y = y ^ V^a^ — is"^ = 4 or 3. 

Hence, a: = Js ^ Vin* — +s^ = 3 or 4. 



ia ■ 



PEOBLEM III. 



In a rectangle, having given the diagonal and perimeter, to find 
the sides. 



Let ABOT) he the proposed rectangle. 
Put ^(7= (? — 10, the perimeter =2a = 28, 
or AB +BG = a ^ 14 : also put AB = x, 
and BO = y. 

Then, x^ + y'' = d\ 

and X + y = a. 

From which equations ive obtain, 

■■ l^P 
and 



— 4-a ± V ^^ — -^^ = 8 or 6, 
= ^a=P V^ff - J^ = 6 or 8. 
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PEOBLEM IV. 

given, the base and perpendicular of a triangle, to j 
the side of an inscribed square. 

Let ABO be the triangle, and 
HEFG the inscribed square. Put 
AB - &, CD = a, and HE or GH 
= X : then 01 = a — x. 

We have by similai- triangles 

AB : CD :: GF : 
or, b. : a : : X : a - 

Hence, a6 — te — kx, 

ah 

which, therefore, depends only on the base and/ altitude of 
the triangle. 



II D E 



CI, 



= the side of the inscribed square ; 




In an' equilateral triangle, having given the lengths of the three 
perpendiculars drawn from a point within, on the i/iree 
sides: to determine the sides of the triangle. 

Let ABG be an equilateral trian- 
gle : BG, BE and DF the given per- 
pendiculars let fall from B on the 
sides. Draw DA, DB, DC, to the 
vertices of the angles, and let fall the 
perpendicular CH on the base. Let 
DG = a, DE = i, and DF = c : put 
one of the equal sides AB = 2x ; hence, AH = x, and 
CR= VAO- -"Up = Vix^ -a? = V^ = x VS. 

Now, since the area of a triangle is equal to half, its 
base into the altitude, (b. IV., p. 6), 

lAB X CII= XXX Vs~= a? VW = triangle AGB, 

iA'B X DG = xX a = ax = triangle ADB, 

.\B0 X DE= xXh =bx = triangle BCD, 
\AG X DF =xX c = ex = triangle ACB. 



H G 
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But the last three triangles make up, ajid are conse- 
quently eqiial to, the first ; 

hence, a:* VW= ax -h hx + ex- = x {a + b + c); 
or, X VF= a + b + g: 

,, „ a + b + c 

thereiore, x = ,-;; . 

■y/6 

Eemars. Since the perpendicular Cff is equal to x VS, 
it 18 consequently equal a + b + c : that ia, the perpendic- 
ular let fall from either angle of an equilateral triangle on 
the opposite side, is equal to the sum of the three perpen- 
diculars let fall from any point within the triangle on the 



•Pkoblem VI.— In a right-angled triangle, having given 
the base and the difference between the hypothenuse and 
perpendicular, to find the sides. 

Problem VII.— -In a right-angled triangle, having given 
the hypothenuse, and the difference between the base and 
perpendicular, to determine the ti'iangle. 

Peoblem VIIL — Having given the area of a rectangle 
inscribed in a given triangle ; to determine the sides of 
the rectangle. 

Problem IX, — In a triangle, having given the ratio of 
the two sides, together with both the segments of the base 
made by a perpendicular from the vertical angle ; to de- 
termine the triangle. 

Problem X. — In a triangle, having given the base, the 
sum of the two other sides, and the length of a line 
drawn from the vertical angle to the middle of the base ; 
to find the sides of the triangle. 

Problem XI,— In a triangle, having given the two 
sides about the vertical angle, together with the line bisect- 
ing that angle and terminating in the base ; to find the 
base. 

Problem XII. — To determine a right-angled triangle, 
having given -the lengths of two lines drawn from the 
acnte angles to the middle of the opposite aides. 



:;, Google 



25i APPENDIX. 

Peoblbm XIII. — ^To determine a right-angled triangle, 
having given the perimeter and the radius of the inacribed 
circle. 

Problem XIV. — To determine a triangle, having given 
the base, the perpendicular, and the ratio of the two sides. 

Problem XV. — To dctormiiie a right-angled 
having given the hypotheniase, and the side of the i 
aquare. 

Pkoblbm XVI. — To determine the radii of three equal 
circles, described -within and tangent to, a given circle, and 
also tangent to each other. 

Problem XVII.— In a right-angle triangle, having given 
the perimeter and the perpendicular let fall from the right 
angle on the hypothenuse, to determine the triangle. 

Problem XVIII. — To determine a right-angled triangle, 
having given the hypotheniiae and the difference of two 
lines drawn from the two acute angles to the centre of the 
inscribed circle. 

Problem XIX. — To determine a triangle, having given 
the base, the perpendicular, and the difference of the two 
other sides. 

Problem XX,— To determine a triangle, having given 
the base, the perpendicular, and the rectangle of the two 
sides. 

Problem XXI. — To determine a triangle, having given 
the lengths of three lines drawn from the three angles to 
the middle of the opposite sides. 

Problem XXII. — In a triangle, having given the three 
sides, to find the radius of the inscribed circle. 

Problem XXIII. — To determine a right-angled triangle, 
having given the side of the inscribed square, and the 
radius of the inscribed circle. 

Problem 'XXIV. — To determine a right-angled triangle, 
having given the hypothenuse and radius of the inscribed 
circle. 

Problem XXV.— To determine a triangle, haying given 
the base, the line bisecting the vertical angle, and the diam- 
eter of the circumscribing circle. 
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INTRODUCTION. 



1. The logarithm of o, number is the exponerd of the power 
to which it is necessary to raise a fixed number, in m-der to 
produce the first number. 

This fixed number is called the base of the systeni, and 
may be any mamber except 1 : in the common system, 10 
is assumed as the base. 

2. If we form tHose powers of 10, which are denoted 
by entire exponents, we shall have 

10":^ 1 10' = 10, 10' = 1000 

10^ = 100, 10* = 10000, &c., &c., 
Prom the above table, it is plain, that 0, 1, 2, 3, 4, &c,, 
are respectively the logarithms of 1, 10, 100, 1000, 10000, 
&c. ; we also see, that the logarithm of any number be- 
tween 1 and 10, is greater than and less than 1 ; thus, 
log 2 = 0.301030. 
The logarithm of any mimber greater than 10, and less 
than 100, is greater than 1 and less than 2 : thus, 
log 50 = 1.698970. 
The logarithm of any number greater than 100, and 
less than 1000, is greater than 2 and leas than 3 : thus, 
log 126 = 2.100371, &c. 
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If the above principles be extended to otlier numbera, 
it will appear, that tlie logarithm of any number, not an 
exact power of ten, is made up of two parts, an entire and 
a dedmai part. The entii'e part is called the characteristic 
of the logariUim, and is 'always one less ■than the number of 
places of figures in the given number. 

3. The principal use of logarithms, is to abridge nu- 
merical computations. 

Let M denote any number, and let its logarithm be 
denoted by m; also let N denote a second number whose 
logarithm is n ; then, from the definition, we shall have, 

l(r = M{l) W = N{2). 

Multiplying equations (1) and (2), member by member, 
we have, 

10"'+'' = MX N or, m + n-log {Mx N) ; hence, 

The sum of the logarithms of any two numbers is equal to 
the logarithm of their product 

4. Dividing equation (1) by equation (2), member by 
member, we have, 

10 " = -^ or OT — n = log ^ hence, 

The hfiauthm of thf qiwhent of two numhei'! is eqial la 
&e hg ir thm of the dividend diminished by tfie I gartthm of 
the divisor 

5 Since the logarithm of 10 is 1 the hganthm of the 
product of any ommber hy 10 vMl he greatei Ij 1 tlvm the 
hganthm of tfat number also Hie logarithm of the qnotierU 
of any numler dimd d hy 10 uill be less hj 1 tl an. the 
hgantJui of that number 

Similirlv it miy be shown thit if inv nuT 1 ei be mul 
tiplied bv one hundred the k iithm of the \\ da t will 
be greiti^r by 2 thin the logarithm of thit nunler and 
if any number be divided bv one hmdied tie loginthm 
of the qument will be le'^ by 2 than the Inj^mthm of 
that number, and so on 
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log 327 is 


2,514548 


log S2.7 


1.514648 


log 8.27 


0.614648 


log .327 


1.614548 


log .0327 


2.614648 


From tlie above examples, we see, that 



a number 
I of an entire and decimal part, we may change 
tlie place of the decimal point witliont changing the deci- 
mal part of the logarithm; but (Ae characteristic is dimin- 
ished by 1 for every place that the decimal point is removed to 
the left. 

In the logarithm of a decimal, the characteristic becomes 
negative, and is numerically 1 greater than the number of 
ciphers immediately after the decimal point. The negative 
sign extends only to the characteristic, and is written over 
it, as in the examples given above. 

TABLE OF LOGARITHMS. 

6. A table of logarithms, is a table in which are writ- 
ten the logarithms of all numbers between 1 and some 
given number. The logarithms of all numbers between 1 
and 10,000 are given in the annexed table. Since rules 
have been given for determining the characteristics of 
logarithms by simple inspection, it has not been deemed 
necessary to write them in the table, the decimal part 
only being given. The characteristic, however, is given 
for all numbers less than 100. 

The left hand column of each page of the table, is the 
column of numbers, and ia designated by the letter N; 
the logarithms of these numbers are placed opposite them 
on the same horizonta,l line. The last column on each 
page, headed D, ahowa the difference between the loga- 
rithms of two consecutive numbers. This difference is 
found by subtracting the logarithm under the column 
headed 4, from the one in the column headed 5 in the 
same horizontal line, and is nearly a mean of the difiea"- 
ences of any two consecutive logarithms on this line. 
17 
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To find, from the tahle, the hgariilim of any- number. 

7. If tlie mirabei is less than 100, look on tlie first page 
of the table, in the column of numbers under N, until the 
number is found : the number opposite is the logarithm 
ought : Thus, 

log 9 = 0.954243. 



When the number is greater than 100 and less /kan 10000. 

8. Find in the column of numbers, the first three figures 
of the given number. Then pass across the page along a 
horizontal line until you come into the column under the 
foitrth figure of the given number : at this place, there are 
four figures of the required logarithm, to which two figures 
taken from the column marked 0, are to be prefixed. 

If the four figures already found staiTd opposite a row 
of six figures in the column marked 0, the two left hand 
figures of the six, are the two to be prefixed ; but if they 
stand opposite a row of only four figures, you ascend the 
column till you find a row of six figures ; the two left 
hand figures of this row are the two to be prefixed. If 
you prefix to the decimal part thus found, the character- 
istic, you will have the logarithm sought: Thus, 

log 8979 = 3.958228 
log .0897-9 = 2.953228 

If^ however, in passing back &om the four figures found, 
to the column, any dots be met with, the two. figures 
to be prefixed must be taken from the horiaontal line di- 
rectly below: Thus, 

log 3098 = 3.491081 

log 30.98 = 1.491081 

If the logarithm falls at a place where the dots occur, 
mvBt be written for each dot, and the two figures to be 
prefixed are, as before, taken from the line below: Thus, 

log 2188 = 3.340047 
log .2188 = 1.340047 
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When the number exceeds 10,000, 
9. The characteristic is determined by the I'llia ah-eady 
given. To fiad the decimal part of the logarithm : place 
a decimal point after the fourth figure from the left 
hand, converting the given number into a whole number 
and decimal. Find the logarithm of the entire part by the 
rule just given, then take from the right hand column of 
the page, under D, the number on the same horizontal 
line with the logarithm, and multiply it by the decimal 
part; add the product thus obtained to the logarithm al- 
ready found, and the sum ■will be the logarithm sought. 

If, in multiplying the number taken from the column 
D, the decimal part of the product exceeds .5, let 1 be 
added to the entire part; if it is less than .5, the decimal 
part of the product is neglected. 



1. To find the logarithm of the number f 

The characteristic is S. ; placing a decimal point after 
the fourth figure from the left, we have 6728.87. The 
decimal part of the log 6728 is .827886, and the corres- 
ponding number in the column D is 65; then 65X-87=: 
56.55, and since the decimal part exceeds .5, we have 57 
to be added to .827886, which gives .827943. 

Hence, log 672887 = 5.827943 

Shndarly, log .0672887 = 2.827943 

The last rule has been deduced under the supposition 
that the difference of the numbers ia proportional to the 
difference of their logarithms, which ia sufficiently exact 
within the iiarrow limits considered. 

In the above exaaiple, 65 is the difference between the 
logarithm of 672900 and the logarithm of 672800, that is, 
it is the difference between the logarithms of two numbers 
which differ by 100. 

We have then the proportion 

100 : 87- : : 65 : 56.55, 
hence, 56.55 is the number to be added-to the logarithm 
before found. 
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To find from the tahk the number anresponding to a given 



10. Search in the columns of logaritliras for the decimal 
part of the given logarithm : if it cannot te found in the 
table, take out the number corresponding to the next less 
logarithm and set it aside. Subtract this less logarithm 
from the given logarithm, and annex to the remainder aa 
many zeros aa may be necessary, and divide this result by 
the corresponding number taken from the column mariied 
D, continuing the division aa long as desirable: annex the 
quotient to the number set aside. Point off, from the left 
hand, as many integer figures as there are units in the 
characteristic of the given logarithm increased by 1 ; the 
result is the required number. 

If the characteristic is negative, the number will be 
entirely decimal, and the number of zerog to be placed at 
the left of the number found from the table, will be equal to 
the number of units in the characteristic diminished by 1- 

This rule, like its converse, is founded on the supposi- 
tion that the difference of the logarithms is proportional 
to the difference of their numbers within nairow limits, 

EXAMPLE. 

1. Find the number corresponding to the logarithm 
3.233568. 

The decimal part of the given logarithm is .233568 
The next less logarithm of the table is .233504, 

and its corresponding number 1712. — 

Their difference is • - - - 64 

Tabular difference 253)6400000(25 

Hence, the number sought 1712.25. _ . 

The number corresponding to the logarithm 3.233568 

is .00171225. 

2. What is the number corresponding to the logarilfhm 
2.785407? Ans. .06101084. 

3. What is the number corresponding to the logarithm 
1.846741? Ans. .702653. 
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MULTIPLICATION BY LOGARITHMS. 

11. Wlien it ia required to multiply mimbers by means 
of their logarithms, we first find from the table the loga- 
rithms of the numbers to be multiplied ; we next add 
these logarithms together, and their sum is the logarithm 
of the product of the numbers (Art. 8). 

The term sum is to be understood in its algebraic 
sense; therefore, if any of the logarithms have negative 
characteristics, the difference between their sum and that 
of the positive characteristics, ia to be taken ; the sign of 
the remainder is that of the greater sum. 



Multiply 23.14 by 5.062. 

* log 23.14 = 1.364363 

log 5.062 = 0.704332 

Product, 117.1347 . . . 2.068685 

Multiply 3.902, 597.16, and 0.0314728 together 

log 3.902 = 0.591287 

log 597.16 = 2.776091 

log 0.0314728 = 2.497936 

Product, 73.3354 .... 1.865314 



Here, the 2 cancels the + 2, and the 1 carrlcKl from 
the decimal part is set down. 

S. Multiply 3.586, 2.1046, 0.8372, and 0.0294 together. 

log 3.586 = 0.554610 
log 2.1046 = 0.323170 
log 0.8372 = 1.922829 
log 0.0294 = 2.468347 
Product, 0.1857615 . . T'. 



In this example the 2, carried from the decimal part^ 
cancels 2, and there remains 1 to be set down. 
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DIVISION OF NUMBEES BT LOGAEiTHMS. 

12. When it is required to divide munbers by means 
of their logaritlims, we bave only to recollect, tbat the 
subtraction of logarithms corresponds to the division *of 
their numbers (Art. 4). Hence, if we find the logarithm 
of the dividend, and from it subtract the logarithm of the 
divisor, the remainder will be the logarithm of the quotient. 

This additional caution may be added. The difference 
of the logarithms, as here uaed, means the a^ebraic differ- 
ence ; so that, if the logarithm of the divisor have a nega- 
tive characteristic, its sign must be changed to positive, 
after diminishing it by the unit, if any, carried in the sub- 
traction from the decimal part, of the logarithm. Or, if 
the characteristie of the logarithm of the dividend is nega- 
tive, it must be treated as a negative number. 

EXAMPLES. 

1. To divide 24163 by 4567. 

log 24163 = 4.383151 

log 4567 = 3.65&631 

Quotient, 5.29078 . . 0.723520 

2. To divide 0.06314 by .007241. 

log 0.06314 = 2.800305 

log 0.007241 = 3.859799 

Quotient, 8.7198 . . 0.940506 



Here, 1 carried from the decimal part to the 3, 
it to 2, which being taken from 2, leaves for 
rac'teristic. 

3. To divide 37.149 by 523.76. 

log S7.149 = 1.569947 
log 523.76 = 2.719133 

Quotient^ 0.0709274 . 2.850814 
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i. To divide 0.7438 by 12.9476. 

log 0.7438 = 1.871456 
log 12.9476 = 1.112189 

Quotient, 0.057447 . . 2.759267 

Here, the 1 taken from I, gives 2 for a result, as set 
down. 

ARITHMETICAL COMPLEMENT. 

13. The Ariikmetical complement of a logarithm is the 
number which remaiiis after subtracting the logarithm 
from 10. 

Thus, 10 - 9.274687 = 0.725313. 

Hence, 0.725313 is the arithmetical complement 

of 9.274687. 

14. "We will now show that, the difference between two 
logarithms is truly found, ly adding to the first hganihm the 
arithmetical complement of die logarithm, to he stA&-aeted, a/nd 
then diminishing the sum ly 10.- 

Let a = the first logarithm, 

& — the logarithm to be subtracted, 
and c=10— t = the arithmetical complement of 5. 

Now the differenoe between the two logarithms will be 
expressed by a — b. 

But, from the equation c~10 — b, we have 
c-lO^-b, 
hence, if we place for — 5 its value, we shall have 

a~h=a + c— 10, 
which agrees with the enunciation. 

When we wish the arithmetical complement of a loga- 
rithm, we may write it directly from the table, by subtract- 
ing the left hand fyjwre from, 9, then proceeding to the right, 
subtract each figure from 9 till we reach the last significant 
figure, which must be taken from 10: this will he the same 
as taking &ie logarithm from 10. 
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EXAMPLES. 
1. From S.274107 take 2.104729. 

'By comTnon method. By aritli. comp. 

S.274107 3.274107 

2.104729 its ar. comp. 7.895271 
Diff. 1.169378 Sam 1169378 after sub- 

tracting 10. 

Hence, to perform division by means of the arithmetical 
complement, we have the following 



To the logarithm of the dividend add the arithmetical com- 
plement of the logarithm of the divisor: the sum, after sub- 
^fKting 10, wiU he Hie logarithm of tlie quotient. 

EXAMPLES. 

1. Divide 327.5 by 22.07. 

log 327.5 2.515211 

log 22.07 ar. comp. 8.656198 
Quotient, 14.839 . . . 1.171409 

2. Divide 0.7438 by 12.9476. 

log 0.7438 .... 1.871456 
log 12.9476 ar. comp. 8.887811 

Quotient, 0.057447 . . . 2.759267 



In this example, the sum of the characteristics ia 8, 
from which, taking 10, the remainder is 2. 

8. Divide 37.149 by 523.76. 

log 37.149 .... 1.569947 
log 523.76 ar. comp. 7.280867 

Quotient^ 0.0709273 . . 2.850814 
Divide 0;875 by 25. Ans. 0.035. 
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FINDINS THE POWERS AND KOOTe OF HUMBEES BY LOGARITHMS. 

15. "We have (Art. 8), 

10'" = J/: 

Raising both members of this equation to the nth power, 
we have, 

10"'^ "=!/■'', 
ill which mXn is the logarithm of M (Art. 1) : hence, 

7'he logarithm of any power of a given number is equal to 
the logarithm of the number multiplied by the easement of the 

16. Taking the same equation, 

and extracting the «th root of both members, we have 
m _i 

10"= J/"' 

in which - is the logarithm oi M" : that is, 

The logarithm, of the root .of a given number is equal to the 
logarithm of Hie number divided by the index of ike root. 

EXAMPLES. 

1. What is the 5th power of 9? 

Log 9 = 0.954243; 0.954243x5 = 4.771215; 
whole number answering to 4.771216 is 59049. 

2. What is the 7th power of 8 ? Ans. 2097152. 

3. What is the cube root of 4096 ? 

Log 4096 = 3.612360; 3.612360-^3 = 1.204120; 
number answering to 1.204120 is 16. 

4. What is the 4th loot of .00000081? 

Log .00000081 = 7.908485; 
But, 7.908485 = 8 + 1.908485 ; 

and, 8 + 1.908485 ~ 4 = 2.477121, 

the number answering to which is .03, which is the root. 

When the characteristic of Hie logarithm is negative, and not 
divisible by the index of the root, add to it such a negative number 
as will make the sum exactly divisible by the index, and iJien 
prefix Ute same number to the first decimal figure of the logarithm. 

5. What is the 6th root of .0432? Am. .592353+. 

6. What is the 7th root of .0004967 ? Ans. .3372969, 
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GEOMETRICAL COKSTBIfCTIONS. 

35. Before explaining the method of constructing geo- 
metrical problems, we shall describe some of the simpler 
■nstruments, and their iises. 



36. The dividers is the most simple and useful of the 
instruments used for drawing. It consists of two legs ha, 
be, which may be easily turned around a joint at b. 

One of lie principal uses of this instrument is to lay 
off on a line, a distance equal to a given line. 

For example, to lay off on CD a distance equal to AB. 

For this purpose, place the forefin- 
ger on the joint of the dividers, and ^i ig 

set one foot at A: then extend, with 

the thur#) and other fingers, the ^ ^ — j, 

other leg of the dividers, until its foot reaches the point 
B. Then raise the dividers, place one foot at 0, and 
mark with the other the distance GE: thia will evidently 
be equal to AB. 



87. A Ealer of coiivenicni t^ize, is about twenty inches 
L length, two inches wide, and a fifth of an inch in thick- 
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ness. It should te made of a iiard material, perfectly- 
straight and smooth. 

The hypothemise of the right-angled triangle, which is 
used in connection with it, should he about ten inches in 
length, and it is most convenient to have one of the sides 
considerably longer than the other. "We can solve, with 
the ruler and triangle, the two following problema. 



I. To draw through a given point a line which shall he paral- 
* hi to a given line. 

38. Let be the given point, and AB the given line. 

Place the hjpothennse of the tri- o 

angle against the edge of the ruler, — — -^ 

and then place the ruler and triangle . , 

the paper,' so 'that one of 



sides of the triangle shall coincide exactly with AB: the 
triangle being below the line. 

Then placing the thumb and fingers of the left hand 
firmly on the ruler, slide the triangle with the other hand 
along the ruler until the side which coincided with AB 
reaches the point 0, Leaving the thumb of the left hand 
on the ruler, extend the fingers upon the triangle and hold 
it firmly, and i,vith the right hand, mark with a pen or 
pencil, a line through G: this line will be parallel to AB. 



II. To draw through a given point a line which shall be per- 
pmdicuhr to a given line. 

39. Let AB be the given line, and D the given point. 

Place the hypothenuae of the tri- 
angle against the edge of the ruler, as 

before. Then place the ruler and , I 

triangle so that one of the sides of ■'^ ^ " 

the triangle shall coincide exactly with the line AB 
Then slide the triangle along the ruler until the other 
side reaches the point I): draw through D a right line, 
and it will be perpendicular to A£. 
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SCAI,E OF EQUAL PAET3. 



^. 



40. A scale of equal parts is formed by dividing a line 
of a given lengtTi into equal portions. 

If, for example, the line ah of a given length, say one 
inch, be divided into any number of equal parts, as 10, 
the' scale thus forjmed, is called a scale of ten parts to the 
inch. The line cA, which is divided, is called the unit of 
ifie scale. This unit is laid off several times on the left 
of the divided line, and the points marked 1, 2, '6, &c. 

The unit of scales of equal parts, is, in general, either 
an inch, or an exact part of an inch. If, for example, ah, 
the unit of the scale, were half an inch, the scale would 
be one of 10 parts to half an inch, or of 20 parts to the 
inch. 

If it were required to take from the scale a line equ^ 
to two inches and six -tenths, place one foot of the dividers 
at 2 on the left, and extend the other to .6, which marks 
the sixth of the small divisions : the ' dividers will then 
embrace the required distance. 

DIAGONAL SCALE OF EQUAL PAET3. 
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41. This scale is thus constructed. Take ah for the 
unit of the scale, ■which may be one inch, 5, ^ or j- of an 
inch, in length. . On ah describe the square ahcd. Divide 
the sides ah and dc each into ten equal parts. Draw af 
and the other nine parallels as in the figure. 

Produoj ba to the left, and lay off the unit of the 
Scale any convenient numbpr of times, and mark the points 
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1, 2, 3, &c. Tlien, divide the line ad into ten equal parts, 
and through the points of division draw parallels to ai>, ds 
in the figure. 

Now, the small divisions of the line ah are each one- 
tenth (,1) of ab; they are therefore .1 of ad, or .1 of ag 
or gh. 

If we consider the triangle ad/, we see that the base df 
is one-tenth of ad, the unit of the scale. Since the distance 
from a to the first horizontal line above ab, is one-tenth of 
the distance ad, it follows that the distance 'measured on that 
line between ad and of is one-tenth of df: but since one-tenth 
of a tenth is a hundredth, it follows that this distance is 
one hundredth (.01) of the unit of the scale. A like dis- 
tance measured on the second line will be two hundredths 
(.02) of the unit of the scale ; on the third, .03 ; on the 
fourth, .04, &c. 

If it were required to take, in the dividers, the unit of 
the scale, and any number of tenths, place one foot of the 
dividers at 1, and extend the other to that figure between 
a and b which designates the tenths. If two or more 
units are required, the dividers must be placed on a point 
of division further to the left. 

When units, tenths, and hundredths, arc required, place 
one foot of '^he dividers where the vertical line through 
the point which designates the units, intersects the line 
which designates the hundredths: then, extend the dividers 
to that line between ad and bo which designates the tenths : 
the distance so determined will be the one required. 

For example, to take off the distance 2.34, we place 
one foot of the dividers at I, and extend the other to e: 
and to take off the distance 2.58, we place one foot of the 
dividers at p and extend the other to q. 

Eeuare I. If a line is so long that the whole of it 
cannot be taken from the scale, it must be divided, and 
the parts of it talien from the scale in succession. 

Eemabe II. . If a lino be given upon the paper, ita 
length can be found by taking it in the dividers and ap- 
plying it to the scale. 
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SEMICIRCULAR FROTRACXOR. 




42. This inatninierit is used to lay down, or protract 
angles. It may also be used to measure angles included 
between lines already drawn upon paper. 

It consists of a brass semicircle, ABO, divided to balf 
degrees. The degrees are numbered from to 180, both 
ways ; that 'is, from J. to i? and from fi to j4. The di- 
visions, in the figure, are made only to degrees. There 
is a small notch at the middle of the diameter AB, which 
indicates the centre of the protractor. 

Fo lay off an angh with a Protractor. 

43. Place the diameter AB on the line, so that the 
centre shall fall on the angular point. Then count the 
degrees contained in the given angle from A towards B, or 
from B- towards A, and mark the extremity of the arc with 
a pin. Kemove the protractor, and draw a line through 
the point so marked and the angular point : , this line will 
make with the given line the required angle. 
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DEFINITIONS. 

1. In every plane triangle there are six parts : tiiree 
sides and tliree angles. These parts are so related to each 
other, that when one side and any two other parts are 
given, the remaining ones can be obtained, either by geo- 
metrical construction or by trigonometrical computation. 

2. Plane Trigonometry explains the methods of com- 
puting the unknown parts of a plane triangle, when a suf- 
ficient number of the six parts is given. 

3. For the purpose of trigonometrical calculation, the 
circumference of the circle is supposed to be divided into 
860 equal parts, called degrees ; each degree is supposed 
to be divided into 60 equal parts, called minutes; and 
each minute into 60 equal parts, called seconds. 

Degrees, minutes, and seconds, are designated respec- 
tively, by the characters ° ' ". For example, ten degree, 
dghle&i minutes, and fourteen seconds, would be written 
10° 18' 14". 

4. If two lines be drawn through the centre of the 
circle, at right angles to each other, they will divide the 
circumference into four equal parts, of 90° each. Every 
right angle then, as MOA, is measured by an arc of 90° ; 
every acute angle, &b- BOA, by an arc less than 90°; and 
every obtuse angle, as FOA, by an arc greater than 90°. 

5. The compUment of an are ia 
what remains after subtracting the 
arc from 90°. Thus, the arc UB 
is the complenaenf of AB. The 
sum of an arc and its complement 
is equal to 90°. 

6. The supplement of an arc is 
what remains after subtracting the 
arc from 180°. Thus, OF is the 
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Bupplement of the arc AEF, The sum of an arc and ii^ 
supplement is equal to 180". 

7. The sine of an arc is tlie perpendicular let fall from 
one extremity of the arc on the diameter which passes 
through the other extremity. Thus, BD is the sine of the 
arc AB. 

, 8. The cosine of an arc is the part of the diameter in- 
tercepted between the foot of the sine and centre. Thus, 
OD is the cosine of the ajQ AB. 

9. The tangent of an arc is the line which touches it at 
one extremity, and is limited by a line drawn through the 
other extremity and the centre of the circle. Thus, ^C is 
the tangent of the arc AB. 

10. The secant of an are is the line drawn from the 
centre of the circle through one extremity of the arc, and 
limited by the tangent passing through the other extremi- 
ty. Thus, OC is the secant of the arc AB. 

11. The four lines, BD, OD', AC, 00, depend for their 
values on the arc AB and the radius OA ; they are thus 
designated : 

sin AB for BB 

cos AB for OD 

tan AB for AO 

sec AB for 00 

12. If ABE be equal to a quadrant, or 90°, then EB 
will be the complement of AB. Let thelines ET and IB 
be drawn perpendicular to OE. Then, 

ET, the tangent of EB, is called the cotangent of AB; 
IB, the sine of EB, is equal to the cosine of AB; 
OT, the secant of EB, is called the cosecant of AB, 

In general, if J. is any arc or angle, we have, 
cos A = sin (90° — A) 
cot ^ = tan (90" — A) 
cosec A = sec (90° - A) 
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13. If we take an arc, ABBF, 
gi'eater than 90°, its sine will be 
FH ; OH will be its cosine; AQ 
its tinqt,nt, and OQ its secmt 
But FH IS tlie sine of the an, Gt, 
which la the supplement of AF, 
and OH is its c "-ine henee the 
s ne of (in aic is equal to the sine of 
!fo supple nent and the co'^tne of m 
mc lb equd to the cosine of its supplements 

rnithtrmore 4Q s the tingcnt of the arc AF, and, 
OQ IS its secant : OL is the tingent, and OL the secant 
of the supplemental arc GF Bdt since AQ is equdl to 
QL, and OQ to OL, it follows that, the tangent oj an an 
is equal to the tangent of its supplenient , anil th^ •'tLant of an 
arc is equal to tlie secant of its stipplement "^ 




TABLE OP NATURAL SINES. 

14. Let us suppose, that in a circle of a given radius, 
the lengths of the sine, cosine, tangent, and cotangent, have 
been calculated for every minute or second of the quad- 
rant, and arranged in a table; such a table is called a 
t^able of sines and tangents. If the radius of the circle ia 
1, the table is called a table of natural sines. A table of 
natural sines, therefore, shows the values of the sines, co- 
sines, tangents, and cotangents of all the arcs of a quad- 
rant, which is divided to minutes or seconds. 

If the sines, cosines, tangents, and secants are known 
for arcs leas than 90°, those for arcs which are greater can 
be found from them. For if an arc is less than 90°, ita 
supplement will be greater than 90°, and the numerical 
v^ues of these lines are the same for an arc and its sup- 
plement Thus, if we know the sine of 20°, we also know 
the sine of its supplement 160°; for the two are equal to 
each other. The Table of Natural Sines is not given, aa 
it;is much easier to make the computations by the Table 
which we are about to explain. 
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TABLE uF roc iRITHMI '^T^ES 

16, In thia table ire iiraEoed the logiutlima of the 
numerical values oi tlie sines, cosiaes, t-uigenfto ad co 
tangents of all the ires of i qnaiirant, calculated to a ra 
dins of 10,000,(100,000 Tke logiiithm of thia radius is 10 
In the first and la&t honaontal lines of tai^h pige ae Vi nt 
ten the degrees whose ^mes cosines, &c, aie expie'^ed on 
the p^e. The vertical columns on the left and ri hf iie 
columns of minutes. 

CASE I, 

To find, in the table, the hganthmic sine, cosine, tangent, or 
cota-ngent of any given arc or angle. 

16. If the angle is less than 45°, look for the degrees 
in the first horizontal line of the different pages : when the 
degrees are found, descend along the column of minutes, on 
the left of the page, tiU you reach the number showing the 
minutes : then pass along a horizontal line till you come into 
the column designated, sine, cosine, tangent, or cotangent, as 
the case may he : the number so indicated is the logarithm 
sought. Thus, on page 37, for 19° 56', we find, 

sine 19° 65' ... . 9.632312 
cos 19° 55' .... 9.973215 
tan 19° 55' ... . 9.569097 
cot 19° 55' ... . 10.440903 

17. If the angle is greater than 45°, search for the de- 
grees along the bottom line of the different pages : when the 
number is found, ascend along the column of minutes on the 
right hand side of the page, till you reach the number espress- 
ing the minutes : then pass along a horizontal line into the 
column designated tang, cot, sine, or cosine, as the case may 
he: the number so pointed out is the logarithm required. 

18. The column designated sine, at the top of the page, 
is designated by cosine at the bottom ; the one designated 
tang, by cotang, and the one designated cotang, by tang. 

The angle found by taking the degrees at the top of 
the page, and the minutes from the left hand vertical column, 
is the complement of the angle found by taking the d 
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at the bottom of the page, and the miimtes from the right 
hand column on the same horizontal line with the first 
Therefore, sine, at the top of the page, should correspond 
with cosine, at the bottom; cosine with sine, tang with 
cotang, and cotaug with tang, as in the -tables (Art. 12). 

If the angle is greater than 90°, we have only to sub. 
tract it from 180°, and take the sine, cosine, tangent, or 
cotangent of the remainder. 

The column of the table next to the column of sines, 
and on the right of it, is designated by the letter D. 
This column is calculated in the following manner. 

Opening the table at any page, as 42, the sine of 24° 
is found to be 9.609313; that of 24° 01', 9,609597: their 
difference is 284 ; this being divided by 60, the number 
of seconds in a minute, gives 4,73, which is entered in the 
column D. 

Now, supposing the increase of the logaTithmie sine to 
be proportional to the increase of the arc, and it is nearly 
so for 60", it follows, that 4,78 ia the increase of the sine 
for 1", Similarly, if the arc were 24° 20', the increase of 
the sine for 1", would be. 4.65. 

The same remarks are applicable in respect of the 
column i?, after the column cosine, and of the column J), 
between the tangents and cotangents. The column D, be- 
tween the columns tangents and cotangents, answers to 
both of these columns. 

Now, if it were req^uired to find the logarithmic sine 
of an arc expressed in degrees, minutes, and seconds, we 
have only to find the degrees and minutes as before ; then, 
multiply the corresponding tabular difference by the sec- 
onds, and add the product to the number first found, for 
the sine of the given arc. 

Thus, if we wish the sine of 40° 26' 28", 

The sine 40° 26' ... . 9.811952 
Tabular difference 2.47 • 
Number of seconds 28 . 

Product, 69.16 to be added 69.16 

Gives for the sine of 40° 26' 28". 9.812021. 
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The decimal figures at tlie right are generally omitted 
in the last result ; but when they exceed five-tenths, the 
figure on the left of the decimal point is increased by 1 ; 
the .logarithm obtained is then exact, to within less than 
one unit of its right hand place. 

The tangent of -an arc, in which there are seconds, is 
found in a manner entirely similar. In regard to the co- 
sine and cot5,ngent, it must be remembered, that they in- 
crease while the arcs decrease, and decrease as the arcs are 
increased ; consequently, the proportional nnmbera found 
for the seconds, must be subtracted, not added. 



EXAMPLES, 

1. To find the cosine of 3" 40' 40". 

The cosine of S° 40' . . . 9.! 

Tabular difference .13 . 

Number of seconds 40 

Product, 5.20 to be subtracted 



Gives for the cosine of 3° 40' 40" 9.999105. 

2. Find the tangent of 37° 28' 31". 

Am. 9.884592. 
8. Find the cotangent of 87° 57' 59". 



To 'find the degrees, minutes, and seconds 'answering to arty 
given logarithmic sine, cosine, tangent, 1w cotangent. 

19. Search in the' table, in the proper column, and 
if the number is found, the degrees will be shown either 
at the top or bottom of the page, and the minutes in the 
side column either at the left or right. 

But, if the number cannot be found in the table, take 
from the table the degrees and minutes answering to the 
nearest less logarithm, the logarithm itself, and also the 
corresponding tabular difference. Subtract the logarithm 
taken from the table fi'om the given logarithm, annex two 
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cipliera to the remainder, and tlien divide the remainder 
by the tabular difference : the quotient will be seconds, 
and is to be connected with the degrees and minutes be- 
fore found : to be added for the sine and tangent, and 
subtracted for the cosine and cotangent. 



1. Find the arc answering to the sine 9.880054 
Sine 49° 20', next less in the table 



Hence, the are 
9.880054. 



difference, 
i9° 20' 50" correspond! 



2. Find the arc whi 

cot 44° 26', next less ii 
Tabular difference. 



cotangent is 
j in the table 



1.81)91.00(50". 
to the given sine 



10.008688 
10.008591 

4.21)97.00(23". 



Hence, 44° 26' — 23" = 44° 25' S7" is the arc answering 
to the given cotangent 10.008688. 

3- Find the are answering to tangent 9.979110. 

Atis. 43° 37' 21". 

4- Find the arc answering to cosine 9.944599. 

A.ns. 28° 19' 45". 

20. "We shall now demonstrate the pnncipal theorems 
of Plane Trigonometry. 



0/ c 



TETEOREM I. 

ie triangle are proportional to Ae s 
Sieir opposite angles. 
21. Let ABC be a triangle ; then will 

CB : Gi : : sin J- : sin B. 

For, with A as a centre, and AD 
equal to the less side BG, as a ra- 
dius, describe the are DI: and with 
5 as a centre and the equal radius 
BC, describe the are CL, and draw DE and CF perpeu- 
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dicular to AB: now DS is the sine of the angle A, and 
OF is the sine of B, to the same radius AB or £0. But 
by similar triangles, 

AB ^i DE :: AO : OF. 
But AB being equal to BO^ we have 

BO : sin J. : : AO : sin i?, or 
BO : AC :: sin A : sin B. 
By comparing the sides AB, AO, m a similar manner, 
we should find, 



THEOEEM II, 

In any triangle, the sum of (he tu-o sides containing either 
angle, is to their difference, as the tangent of half tlis sum of 
the two other angles, to the tangent of half their difference. 

22. Let AOB be a triangle: then will 
AB+AO : AB-AG : : tan 1{C+B) : tan ^0-B). 

With J. as a centre, and a E 
radius AO, the less of the two /\""'"S, i 
given sides, let the semicircumfe- I \ / A\,^ 
rence IFOE be described, meeting \ \ f / '\;>I 

AB in I, and BA produced, in E. ' mZ " C 'T^j. 

Then, B^will be the sum of the '^"' ---'FGIl 

sides, and BI their difference. Draw CI and AF. 

Since OAE is an outward angle of the triangle AOB, 
it is eci«al to the sum of the inward angles C and B (Bk. 
L, Prop. SXV., Cor 6). But the angle OIE being at the 
circumference, is half the angle OAE at the centre (Bk. in., 
Prop. XVIII,) ; that is, half the sum of the angles and 
B, or e(iual to \{G+B). 

The angle AFG=AOB, is also equal to ABO+BAF; 
therefore, BAF^AOB-ABO 

But, IGF=l{BAF)^l{AOB-ABC), or ^{0-B). 

With / and G as centres, and the common radius' 10, 
let the arcs CD and IG be described, and draw the lin^ 
OE and IS perpendicular to 10. The perpendicular GE 
will pass through ^, the extremity of the diameter lE^ 
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eince the right angle ICE must be 
inscribed in a semicircle. 

But OE is the tangent of CIE 
= \{0+ B) ; and IH is the tan- 
gent of ICB=\{G-B), to the 

common radius 01. ^ ' '' -^"H " 

But since the lines CM and IH are parallel, the tri- 
angles BHI and BOE are similar, and give the proportion, 

BE : BI :: OE : IH, or 
by placing for BE and BI, OE and IH, their values, we 
have 
AB+AO : AB~AO : : tan ^-(C+_B) : tsn ^{G- B). 



THEOEBM ni. 

In any jjlane tnangle, if a line %s dtaum from tlie lerticaL 
aiigh peipendii.ular to tfie bob'', dividing it into two seymenla 
then, the uhole ba'>e, or ■mm oj the uegmmt':, is to the mm of 
the two other tides, as the difference of iho'^e sides to tfie diffei 
mce of the segments. 

23. Let BA C be a triangle, and AD perpendiciilar to the 
base; then will 

BO : GA + AB : : GA-AB : CD-BR 

For, AM'' = BD~ + AD^ 

(Bk. IV., Prop. XI.) ; 
and A0^ = DG'-\-AS^ 
by subtraction, AG — AB = 

But since tbe difference of 
the squares of two lines is equivalent to the rectangle con- 
tained by their sura and difference (Bk, IV., Prop. X.), we 
have, 

AG^ - AB' = {A G-\- AB) . (A 0- AB) 
and Qiy'-DB^ = {GD + BB).{CD-DB) 

t\em{6Tii, (CD+ DB).{GD- I>Ii) = {AG+ AB).{AC~ AB) 
hence, CB + BB : AG+AB :: AO-AB : GB-DB. 
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theorem: IV, 

In any right-angled . plane triangle, radius is to the tangent 
of either of the acute angles, as the side adjacent to the side 



24. Let GAB te the proposed triangle, and denote the 
radius by R: tlien will , 

R : t^^Ti : : AC : AB. 

For, with , any radius as OD de- 
scribe the arc DH, and draw the tan- 
gent DG. 

From the similar triangles GDG and GAB, we have, 

CD ■ DG :: CA : AB; hence, 
i^ : tan C : : C4 : AB. 

By describing aE arc with 5 as a centre, we could 
show in the same manner that, 

R : tan B : : AB : AC. 

THEOREM V. 

In every right aiiqld jilune tiiangle, radiiii ts to the cosine 
of either of the acute angles, as the hypothemise fo the side 



25. Let ABC be a triangle, right-angled at B: then will, 
B : cos A :: AC : AB. 

For, from the point jl as a centre, 
with any radius as AD, describe the 
arc DF, which will measure the angle ^ KF~ 

A, and dra'w DE perpendicular to AB: then will AE be 
the cosine of A. 

The triangles ADE and AGB^ being similar, we have, 

AD ^. AE :: AG : AB: that is, 
H * coa A :: AG : AB. 

Rbmakk, The relations between the sides and angles" 
of plane triangles, demonstrated in these nve theorems, are 
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to solve all the cases of Plane Trigonometry. 
Of the six parts which make up a plane triangle, three 
must be given, and at least one of these a side, bnforo the 
others can be determined. 

If the three angles only are given, it is plain, that an 
indefinite number of similar triangles may be constructed, 
the angles of which shall be respectively equal to the 
angles that aje given, and therefore, the sides could not he 
determined. 

Assuming, with this restricljon, any three parts of a 
triangle as given, one of the four following cases will al- 
ways he presented. 

I. When two angles and a side are given. 
II. When two, sides and an opposite angle are given. 

III. When two sides and the included angle are given. 

IV. When the three sides are given. 



When two angles and a side are given. 
26. Add the given angles together, and subtract their 
sum from 180 degrees. The remaining parta of the tri- 
angle can then be found by Theorem I. 



1. In a plane triangle, ABC, 
there are given the angle A — 68° 07', 
the angle 5=22° 37', and the side 
J.B= 408 yards. Required the oth- 
er parts. 

GEOMETRICALLY. 

27. Draw ati indefinite straight line, AB, and from the 
scale of equal parts lay off AB equal to 408. Then, 
at A, lay off an angle equal to 58° 07', and at B an angle 
equal to 22° 37', and draw the lines AG and BO: then 
will ABO he the triangle required. 

The angle may be measurdd either with the protractor 
or the scale of chords (Sec. IL, Arts. 42 and 44), and will be 
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found ^equal to 99° 16'. The sides AG and BO may be 
measured by referring them to the scale of eq^ual parts 
{Sec. 11., Art. 40). "We shall find A0=158.9 and 5(7=351 
yards. 

TBIGONOMETEIOALLY BY" LOGARITHMS. 

To the angle . . . J. = 58° 07' 
Add the angle . . 5=22° 37' 
Their sum, = 80° 44' 

taken from . . . 180" 00' 

leaves G . . . . 99° 16', of which, as it ex- 

ceeds 90°, we use the supplement 80° 44'. 

To find the side BO. 

As sin G 99° 16' ar. eomp. 0.005705 

: sin ^ 58° 07' 9.928972 

: : AB 408 2.610660 

; BG §51.024 (after lejeeting 10} 2.545337. 

Eemark. The logarithm of the fourth term of a pro- 
portion is obtained by adding tie logarithm of the second 
term to that of the third, and subtracting from their sum 
the logarithm of the first term. But to subtract the first 
term is the same as to add its arithmetical complement 
and reject 10 from the sum (Sec. I,, Art. IS) : hence, the arith- 
metical complement of the first term added to the loga- 
rithms of the second and third terms, minus ten, will give 
the logarithm of the fourth term. 

7'o find the side A 0. 

As sin C 99° 16' ar. ^omp. 0.005705 

: sin 5 22° 37' 9.684968 

: : AB 408 ....... . 2.610660 

: AG 158.976 2^1333 



2. In a triangle ABG^ there are given A = 38° 25', 
B=51° 42', and AB~iOQ: required the remaining parts. 
■ Ans. C-83°53', £(7=249.974, AG^UO.Oi. 
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CASE II, 

When, two sides and an opposite angle are given. 

28. In a plane triangle, ABC, C 
tHcre are given AC=2W, CB= 117, ^..-v'^^TX 
tlie angle A = 22° 37', lo find tke _,^ ,--<\/ | ^ 4, 
other parts. B"--^ __.-?. ,..--- ^ 

GEOMETEICALLY. 

29, Draw an indefinite right line ABB' : from any 
point, as A, draw AG, making BAC=22'' 37', and make 
AG=21S. With C as a centre, and a radius equal to 117, 
the other given side, descfribe the arc B'B; draw B'C and 
BO: then will either of the triangles ABO or AB'O, an- 
swer all the conditions of the question. 

TEIGONOMETBICALLY. 

To find the angle B. 

As BO 117 . ar. comp. , 7.9318U 

■ AO 216 2.334454 

sin J. 22° 37' 9.5 



sin B 45° 13' 56", or ABO 134° 46' 05" 9,861236. 



The ajnbiguity in this, and similar examples, arises in 
consequence of the first proportion heing true for either 
of the angles ABO, or ABG, which are supplements of 
each other, and therefore, have the same sine (Art. 13), 
As long as the two triangles exist, the ambiguity will con- 
tinue. But if the side OB, opposite the given angle, is 
greater than AG, the arc BB will cut the line ABB', on 
the same side of the point A, in but one point, and then 
there will be only one triangle answering the conditions. 

If the side GB is equal to the perpendieular Gd, the 
arc BB' will he tangent to ABB, and in this case also 
there will he hut one triangle. When OB is less than the 
perpendicular Cd, the arc BB will not intersect the base 
ABB, and in that case, no triangle can be formed, or it 
will be impossible to fulfil the conditions of the problem. 
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2. GHven two aides of a triangle 50 and 4d respectively, 
and the angle opposite the latter equal to S2° : required 
the remaining parta of the triangle. 

Ans. If the angle opposite the side 50 is acute, it ia 
equal to 41° 28' 59" ; the third angle is then equal to 
106° 31' 01", and the third side to 72.368. If the angle 
opposite the side 50 ia ohtuse, it ia equal to 138° 31' 01", 
the third angle to 9° 28' 59", and the remaining side to 
12.436. 



When, the two sides and their incluAd angle are given- 

30. Let ABO be a triangle ; AB, 
BO, the given sides, and B the 
given angle. 

Since B is known, we can find 
the sum of the two other anglea 
for 

A+G=m)°-B, and, 
i(^ + (7) = ^(180°--B). 

We next find half the difference of the angles A and 
C by Theorem II., viz., ' 

BC-^BA : BG~BA : : tan|(A+a) : tani(A-C), 
in which we consider BO greater than BA, and therefore 
A ia greater than 0; since the greater angle must be op- 
posite the greater side. 

Having found half the difference of A and 0, by add- 
ing it to the half sum, g(4 + 0), we obtain the greatei 
angle, and by subtracting it from half the sum, we obtain 
the less. That ia, 

^A'+0)+^{A-0) = A, and 
.^(A+0)-i{A-C)^a 

Having found the angles A and 0, the third side AC 
may be found by the proportion, 
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EXAMPLES. 

1. In the triangle ABC, let BC=5iO, AB = i50, and 
the included angle B = 80° ; required the remaining parts. 

GEOMETRICALLY. 
31. Draw an indefinite right line BG, and from any 
point, aa ^, lay off a distance ^(7=540. At B mate the 
angle CSj1 = 80°: draw. BA, and malie the distance 
BA~4^60; draw AC; then will ABC "be the recLuired tri- 
angle. 

TRIGONOMETRIGALLY, 

£(7+5^ = 540 + 450 = 990; and £C~5A = 540- 450 = 90. 
A+G= im"- - £ = 180° - 80° = 100°, and therefore, 
\{A+C) = \{lW'') = m\ 

To find ^(1 - 0). 

As BG+BA 990 ar. comp. 7.004365 

BO-BA 90 1.954243 

ts.Q ^A + C) 60°" 10.076187 

tan ^{A~0) ' 6° 11' "9.034795. 

Hence, 50'' + 6° ir = 56° 1V = A; and 50°-6°ll' = 
!=49'=(7. 



E Bin G 
sin B 


To find the Urlrd side AG. 
43° 49' ar comp. 
80° 


0.159672 
9 993351 


AB 


450 


. 2 653213 




640.082 




AG 


. 2.806236. 



2. Given two sides of a plane triangle, 1686 and 960, 
and their included angle 128° 04' : required the other parts, 
Ans. Angles, 33° 34' 39"; 18° 21' 21"; side 2400. 



32, Having given the three sides of a plane triangle, 
to find the angles. 
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Let fall a perpendicular from the angle opposite the 
greater side, dividing the given triangle into two right- 
angled triangles : then find the difference of the segments 
of the base by Theorem III, Half this difference being 
added to half the base, gives the greater segment ; and, 
being subtracted from half the bas6, gives the less segment. 
Then, since the greater S6gm.ent belongs to the right-angled 
triangle having the greater hypotbenuse, we have two 
sides and the right angle of each of two right-angled tri- 
angles, to find the acute angles. 



1, The sides of a plane triangle 
being given; viz., 5C=40, ^(7=34, 
and AB= 25 : required the. angles. 




GEOMBTEICALLT. 



33. With the three given lines as sides construct a tri- 
angle as in Prob. JX. Then measure the angles of the 
triangle either with the protractor or scale of chords. 



As BG 
That is. 

Then, 

And, 



TRIGONOMETEICALLY. 

AC+AB :: AG-AB : CD- 



40 : 59 
40-1-13.275^ 



40 
^GD, 



In the triangle DAC, to find the angle BAG. 
!i3 AG &i ar. comp. 

DG 26.6375 1.42549S 

: sin iJ 90° 10.000000 

sin BAG 51° 34' 40" 9.894014. 
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In the triangle BAD, to find the angle BAD, 
As AB 25 ar. comp. 

; BD 13.3625 1.125887 

; : sin iJ 90° 10.000000 

: sm BAD 82° 18' 35" 9.727947. 

Hence, 90° -DAO--=90°- 51° 34' 40" = 38° 25' 20" = C, 
and, 90° - BAD = 90° - 32° 18' 35" = 57° 41' 25" = B, 
and, BAD-VDAG=51° 34' 40" + 32° 18' 35" = 83° 53' 
16" -A 

2. In a triangle, of whicli the sides are 4, 5, and 6, 
what are tlie angles? 

Ans. 41° 24' 35"; 55° 46' 16"; and 82° 49' 09". 



SOLUTION OF EIGHT-ANGLED TEIANGLES. 
34. The unknown parts of a right-angled triangle may 
be found by either of the four last cases ; or, if two of the 
sides are given, by means of the property that the scLuare 
of the hjpothenuse is equivalent to the sum of the aqnarea 
of the two other sides. Or the parts may be found by 
Theorems IV. and V. 

EXAMPLES. 

1. In a right-angled triangle 
BAC, there are given the hypothe- 
nuse .S0'=250, and the base AG= 
240 : required the other parts. 

Ans. B = 73° 44' 23" ; C= 16° 15' 37" ; AB = 70.0003. 

2. In a right-angled triangle BAO, there are given 
AC—SSi, and _B,= 53° 08': required the remaining parts. 

Am. ^5=287.96; 5(7=479.979; (7 = 36° 52'. 



..Google 



288 PLANE TKIGONOMETRY. 

APPLICATION TO HEIGHTS JiND DISTAWCES. 

1. A HOBIZONTAL 'Plane is one wHch is parallel to 
the water level. 

2. A plane which is perpendicular to a horizontal plane, 
is called a vei-tical plane. 

S. All lines parallel to the water level, are called hori- 
zontal lines, 

4. All lines whieli are perpendicular to a horizontal 
plane, are called vertical lines ; and all lines which are in- 
clined to it, are called oblique lines, 

5. A HoiiizoNTAL Angle is one whose sides are hori- 
zontal. 

6. A Vertical Angle is one, the plane of whose sides 
is vertical. 

7. An angle of elevation, ia a vertical angle having one 
of its sides horizontal, and the inclined side above . the 
horizontal side. 

8 An ingle of de] icssion, is a vertit^al angle hiving one 
of its sidts hoiizontdl, and the inclined aide nndei the 
horizontal side 

T To deteimme i^e kortzonlal distance to a point v-lnch is iTir 
ircebiibh by reason of an tnieriemng >iier 
35 Let G be the point Measure b. 

■(long the b nk of the iivci a hoii Jjl'^'^^is, 

zontil bT« line i.B md si.lcct the ^-^-w*-.* ^"^ 
stations A and B m such i man ^ 

nei tliit each cm le seen fiom the 
other, and the point C from both ~^p 

of them Then measure ihe hoii ~^ , ^^-^ '"*-'^^ p 

zontal ingles GAB md CB\ with 
an instiument adapted to thit purpose 

Let us suppose that we have found AB ~ 600 yards, 
GAS =67" 35', and CBA = 64" 51'. 

The angle (7=180" -(A +J?) = 57'' §4'. 

To find the distance BG. 

As sin 57° 84' . ar. comp. . 0,073649 

: Bin J. 57° 35' 9.926431 

:: AB mo 2.7 78151 

: BG 600.11 yards .... 2.778231 
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K 


Jj.nd the dista 


nca AC. 




n a 


67' 


W 


ar. 


comp. 


0.073649 


n B 


64" 


or . . 






. 9.956744 


AB 


600 . . 
643.9i yards 






. 2.778161 


A a 


. 2.80854-1. 



% 



II. To determine die altitude of an inaccessibl 
given horizontal plane. 

FIEST METHOD. 

36. Suppose D to be the inac- P 

cessible object, and BG the hori- 
zontal plane from which the alti- 
tude is to be estimated : then, if \'' /' y i, 
we suppose DG to he a vertical 
line, it will represent the required 
distance. 

Measure any horizontal base line, as BA ; and at the 
extremities B and A, measure the horizontal angles GBA 
and CAB. Measure also the angle of elevation BBC. 

Then in the triangle CBA there will be known, two 
angles and the side AB; 'ihe side BG can therefore be 
determined. Having fouMd BG, we shall have, in the 
right-angled triangle DBG, the base BG and the angle at- 
the base, to find the perpendicular BG, which measures 
the altitude of the point B above the horizontal plane BC. 

Let us suppose that we have found 

Si. = 780 yards, the horizontal angle CBA = 41° 24'; 
the horizontal angle CAB^^^Q" 28', and the angle of eleva- 
tion, i>5C= 10"ik 

In the triangle BGA, to find the horizontal distance BC. 
The angle BGA = 180° - (41° 24' + 96° 28') = 42° 08' = C. 



As sin -i2= 08' 



ar. comp. 



AB 
BO 



0.17S369 
9.997228 
2.8 



1155.29 S, 
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In the right-anghd triangle DBG, to find DC. 
s R ar. comp. 0.000000 

tan DBQ lOMJi' 9.277043 

BO 1155.29 3.0 



DG 218.64 2.839735. 

Remark I. It might, at first, appear, that the solution 
which we have given, rec[uire3 that the pointe B and A 
slioTild be in the same horizontal plane ; but it is entirely 
independent of such a supposition. 

For, the horizontal distance, which is represented by 
BA, is the, same, whether the station A is on the same 
level with B, above it, or below it. The horizontal angles 
GAB and GBA are also the same, so long as the point G 
is in the vertical line DO. Therefore, if the horizontal 
line through A should cut the vertical line DG, at any 
point, as £1, above or below G, AB would still be the hori- 
zontal distance between B and A, and AIE, which is equal 
to J.C, would be the horizontal distance between A aud G. 

If at A, we measure the angle of elevation of the point 
D, we shall know in the right-angled triangle DAE, the 
base AB, and the angle at the base; from which the per- 
pendicular BE can be determined, 

37. Let ns suppose that we bad measured the angle of 
elevation DAB, and found it equal to 20° 15'. 

First: In the triangle BAG, to find AG or its equal AB. 
As sin G 42" 08' ar. comp. 0.173369 

: sin .B 41" 24' 9.820406 

-. : AB 780 2.892095 



: AG 768.9 2.885870 . 

In the right-angled triangle DAB, to find Z^E 
As E ar. comp, 0.000000 

: tan X 20° 15' 9.5669S2 

: : AE 768.9 2.885870 

: DE 283.66 2.452802. 
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Now, since DG is less than 
DE, it follows that the station B 

ia above the station A. That is, .- 

DE- D 0= 283.66 - 218,64 = 
65.02 = £t7, 
which expresses the vertical dis- 
tance that the station B is above 
the station A. 

Eemase IL It should be remembered, that the vertical 
distance which is obtained by the calculation, is estimated 
from a horizontal line passing through the eye at the time 
of observation. Hence, the height of the instrument is to 
be added, in order to obtain the true result. 





SECOND METHOD. 

88. "When the nature of the ground will admit of it, 
measure a base line AB in the direction of the object D. 
Then measure with the instrument the angles of elevation, 
at A and B. 

Then, since the out- 
ward angle DBO ia 
equal to the sum of 
the angles A and ADB, 
it follows that the an- 
gle ADB is equal to the difference of the angles of eleva- 
tion at A and B. Hence, we can find all the parts of the 
triangle ADB. Having found DB, and knowing the angle 
DBC, we can find the altitude DC. 

This method supposes that the stations A and B are on 
the same horiEontal plane , and therefore it can only be 
used when the line AB is nearly horizontal. 

Let us suppose that we have measured the base Hue, 
and the two angles of elevation, and 

fAB =975 yards, 
found J J. =15° 36', 
[DBO=im'; 
required the altitude DC. 
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First : ADB= DBC -A = 2T 29' - 15° 3S' = 11" 63'. 

In the triangle ADB, to find BD. 

As sia D \V 53' ' ar. corap. 0.686302 

iin A 15° 36' 9.429623 

AB 975 . 2.989005 

DB 1273.3 3.104930, 



In Ow ti-iangh DBG, to find DO. 

As R ar. comp. 0.000000 

in B 27° 29' 9.664163 

DB 1273.3 8.104930 




EL To determine t/ie perpendicular distance of an object beloa 
a given horizontal plane. 

S9. Suppose to be directly , /\C'' 

over the givea object, and A the ^--....„.^ ^/ 
point through which the lionzon — -'- 

tal plane is supposed to pass 

Measure a liorizontal base hne 
AB, and at the stations A ind 
Ji conceive the two hor zontal 
Enes AC, BO, to be drawn The 
oblique lines from A and B to the olject are the hy 
pothenuses of two right-ang]i,d tnanges of which AO BO 
are the bases. The perpendio d rs of these triangles are 
the distances from the horizontal lints AO hC to the 
object. If we turn the triangles about their bases AC, 
BO, until they become horizontal, the object, in the first 
case, will fall at 0', and in the second at 0". 

Measure the horizontal angles CAB, CBA, and also the 
angles of depression C'AC, G"BO. 
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Let us suppose that we have 

AB =672 vards 

BAG =72° 29' 

ABO =39° 20' 

C'AO = iTia' 

C"BC= 19° 10'. 
First: in the triangle ABQ^ 
the horizontal angle ^C»=180°-(.l + i?) = 180°-lll' 
49' = 68" 11'. 

To find the horizontal distance A 0. 

As sin C 68° 11' ar. eomp. 0.032275 

: sin .8 S9° 20' 9.801973 

: : AB 672 2.827369 

: AC «8.79 2.661617. 



To find the horizontal distance BC. 

As sin 68°' 11' ar. comp. O.0S2275 

sin A 72° 29' 9.979380 

AB 672 2.827369 

BC 690.2S 2.839024 



In the triangh CAC, to find CC. 

B ar. eomp. 0.000000 



tan CAC 27° 49' 
: AC 458.79 



9.722315 
2.661617 



In ike triangle CBG", io find CO". 

s n ar. comp. 0.000000 

tan C'BC WW 9.641061 

BO 690.28 2.839024 

CC" 239.93 iiioois. 



Henee also, W - CC" = 242.06 - 239.93 = 2.13 ymJM. 
which is the height of the station A above station B. 
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PROBLEMS. 

1. "Wanting to know the distance between two : 
sible objects, which He ia a direct level hne from the bot- 
tom of a tower of 120 feet in height, the angles of depres- 
sion are measured from the top of the tower, and are found 
to be, of the nearer 57°, of the more remote 25° 30' : re- 
quired the distance between the objects. 

Ans. 173.656 feet. 

2. In order to find the distance 
between two trees, A and B, which 
could not be directly measured be- 
cause of a pool which occupied the 
intermediate apace, the distances 
of a third point from each of 
them were measured, and also the 
included angle AOB: it was found that, 

GB =672 yards, 
CA =588 yards, 
^05 = 55=40'; 
required the distance AB. Am. 592.967 yards. 

3. Being on a horizontal plane, and wanting to ascer- 
tain the height of a tower, standing on the top of an in- 
accessible hill, there were measured, the angle of elevation 
of the top of the hDl 40°, and of the top of the tower 51° ; 
then measuring in a direct line 180 feet farther from the 
hill, the angle of elevation of the top of the tower was 
83° 45' ; required the height of the tower. 

Ans. 83.998. 

4. Wanting to know the hori- 
zontal distance between two inac- 
cessible objects B and W, the fol- 
lowing measurements were made. 

IAB =536 yards 
BAW=40''W 
WAB=57°iO' 
ABB =42° 22' 
BBW^WOT; 
required the distance BW. 




Ans. 939.527 yards. 
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5. Wanting to know tiie 
horizontal distance between 
two inacessible objects A 
and B, and not finding any 
station from which both of 
them could bo seen, two 
points and D, were chosen 
at a distance from each other, equal to 200 yards ; from 
the former of these points A could be seen, and from the 
latter B, and at each of the points C and B a staff was 
set up. I'rom a distance OF was measured, not in the 
direction Dt^, equal to 200 yards, and from B a distance 
BE equal to 200 yards, and the following angles taken, 

r^i^C = 83=00', BBE=^b4:''Z0', 

vi2--i^OT = 53°30', S5C = 156°25', 

yACF = 54° 31', BEB = 88" 80'. 

Am. AB—3i6AQ7 yards. 




,6. From a station P there 
can be seen, three objects, A, 
B and C,. whose distances from 
each other are known : viz., 
AB^QOO, AC=mO, and BG 
= 400 yards. Now, there are 
measured the horizontal an- 
gles. 

APC^SS" 45' and BFO 
= 22° 30': it is required to 
find the three distances PA, PO, and PB. 




r PA = 710.193 yards. 
Ans. \PG = 1042.522 
I P5 = 934.291. 



7. This problem is much used in maritime survey 
ing, for the purpose of locating buoys and sounding boats. 
The trigonometrical solution is somewhat tedious, but it 
may be solved geometrically by the following easy con- 
struction. 
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Let A, B, and C be the 
three fixed points on shore, 
aad P the position of the 
boat from which the angles 
APG= 33" 45', CPB^ 22° SO', 
aad APB — b&' 15', have been 
measured. 

Subtract twice APG=&1''' 
30' from 180°, and Uj off at 
A and G two angles, CAO, 
AGO, each equal to half the 
remainder =56° 15', With 
the point 0, thus determined, 
as a centre, and OA or 00 as a radius, describe the cir- 
cumference of a circle:' then, any angle inscribed in the 
segment APO^ will be equal to 33° 45'. 

Subtract, in like manner, twice OPB=4:5°, from 180*, 
and lay off half the remainder ^ 67° 30' at B ind de- 
termining the centre § of a second ciR,le uprn the cir- 
cumference of which the point P wdl be found The 
required point P will be it the mteisection of these two 
circumferences. If the point P f'ill on the cir(.uraference 
described through the three points A B ind C the two 
auxiliary circles will coincide, and the problem will be in- 
determinate. 



p--v;" 
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40. We have seen {Art. 2) that Plane Trigonometry 
explains the methods of computing the unknown parts of 
a plane triangle, when a sufficient number of the six parts 
are given. 

To aid us in these computations, certain lines were em- 
ployed called, sines, cosines, tangents, cotangents, &c., and 
a certain connection and dependence were found to exist 
between ^each of these lines and the angle or arc to -which 
it belonged. 

All these lines exist and may be computed for every 
conceivable angle, and each will experience a change of 
value where the angle or arc passes from one state of mag- 
nitude to another. Hence, they are called functions of the 
angle or arc; a term which implies such a connection 
between two varying quantities, that the value of the one 
shall always change with that .of the other. 

41. In Plane Trigonometry, the numerical values of 
these functions were alone considered (Art. 13), and the 
angles from which they were deduced were all less than 
180 degrees. Analytical Plane !D-igonometry, explains all the 
processes for computing the unknown parts of rectilineal 
triangles, and also, the nature and properties of the circular 
functions, together with the methods of deducing all the 

i which express relations between them. 
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42. Let C be the centre of a circle, 
and BA, EB, two diameters at riglit 
angles to each other — dividing the cir- 
eurafereiice into four quadrants. Then, 
AB is called the first quadrant ; BD 
the second quadrant ; DE the third 
quadrant ; and EA the fourth quadrant. All angles hav- 
ing their vertices at 0, and to which we attribute the 
plus sign, are reckoned from the line CA, and in the direc- 
tion from right to left. The arcs which measure these angles 
are estimated from A in the direction to B, to D, to E, and 
to A ; and so on. 

43. The value of any one of the circular functions will 
undergo a change with the angle to which it belongs, and 
also, with the radius of the measuring arc. When all the' 
functions which enter into the same formula are derived 
from the same circle, the radius of that circle may be 
regarded as unity, and represented by 1. The circidar 
functions will then be expressed in terms of 1 : that is, in 
terms of the radius. Formulas will be given for finding 
their values when the radius is changed from unity to any 
number denoted by E (Art. 87). 

44. We have -occasion to refer to but one circjilar func- 
tion not already defined. It is called the versed sine. 

The versed sine of an angle or arc, is that part of the 
diameter intercepted between the point where the measur- 
ing arcs begin and the foot of the sine. It is designated, 
ver-sin, 

46, The names which have been given of the circular 
functions (Art. 11) have no reference to the quadrants in 
which the measuring ares may terminate ; and hence, are 
equally applicable to all angles. 

First quadrant. 
PM= sin a, 
CM = cos a. 



AT : 



tan ( 



GT = sec a, 
AM-=- ver-sin 
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Second quadrant. 
PM ~ sin a, 
CM = cos a, 
AT = tan a, 

AM = ver-sin a. 

Third quadrant. 
PM = sin a, 
CM - C03 a, 
AT =■ tau a, 
CT = sec a, 
AM= ver-sin a. 

Fourth quadrant. 
PM = sin a, 
CM = cos a, 
AT = tan a, 
OT = sec a, 
AM = ver-sin a. 

46. "We will now proceed to establislied, some of the i 
portant general relations between the '\ 

circular, functions. 

Regarding the radius GP of the cir- 
cle as unify, and denoting it by 1 (Art. 
43) ; we have in the right-angled trian- 
gle CPM, 

PM + GM^ = ir - 1, ^"^ ^ ], 

that is, sin a + cos' a — 1, * . (1) 

47. Since the triangle CPM and G7'A are similar, we 
have, 

AT PM 
GA " GM' 




that is, 



(2) 



" Tlie symbols sin a, c 



o, &e., Bigniiy the i 
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48. Substituting in equation (2), 90 — a for a, we have, 

tan (90-a)= -— J^^-^^, 
^ ' cos (_90 — a) 

that is (Art. 12), eot a = ^-^- (3) 

49. Multiplying equations (2) and (3), member by mem- 
ber, we have, 

tan a X cot ffl = 1 (4) 

60. From the two similar triangles CPM and C2'A, we 
have, 

CA ~ VM' 

that is, sec a = ■ (5) 

' cos a 

51. Substituting for a, 90 — a, we have, 

sec (90 - o) = —~j-,r. — r. 
^ ' cos (90— o) 

that is, eosec a = (6) 

52. In the right-angle CTA, we have, 

Cl° = CA^ +iT'' ; 
that is, sec a = 1 + tan a (7) 

53. From equation (3) we obtain, 

cos « _ 3 
sin ''' 
adding 1 to each member, we have, 

sin a 

sin* a 4- cos a a 

that IS, — -^ -a = 1 -H cot a: 

sin a 

that is, -7-5" = 1 + cot' a : 

sin a 

Aat is (Eq. 6), cosec'^ a = 1 -J- cot^ o. . . (8) 
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64. Wc have, AM equal to the versed sine of the arc 
AP; hence, 

ver-sin a = 1 - cos a. - ■ (9) 

55. These nine formulas being often referred to, we 
shall place them in a table. 

They are used so frequently, that they should be com 
mitted to memory. 



1. 


. . sin' a 


+ 


cos 


« = _B" = 1. 


2. . . 


tan a 






sin a 


3. 


. cot a 






_ cos a^ 
" sin a 


4. . 


tan a 


X cot 


o = b' = 1. 


6. 


. sec a 






I 
^ cos a ' 


6. . 


cosec 


o 




1 


7. 


. sec' a 






= 1 + tan' a. 


8. . 


ooseo' 


a 




= 1 + cot' (I. 


9. 


. . Te«i 


,. 




= 1 — cos a. 



56. We will now explain the principles which deter- 
mine the algebraic siijns of the trigonometrical functiots. 
There are but two. 

1st. All lines estimated from DA, upwards, are consid- 
ered positive, or have the sign + : and all lines estimated 
from DA, in the opposite direction, that is, downwards, are 
considered negative, or have the sign — . 

2d. All lines estimated from JSB along OA, that is, to 
the right, are considered positive, or have the sign -I- : and 
all lines estimated from UB along CD, that is, in the oppo- 
site direction, are considered negative, or have the sign — . 
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a 



57. Let ua determine, from tho above principles, tlie 
algebraic signs of the sines and cosines in the different 
quadrants. 

First quadrant. 

58. In tlic first quadrant. 

PM = sin a, 
and Pm = GM = coa a, 

are both positive, the former being above 
the line PA, and the latter being esti- 
mated from C to the right (Art. 56). 

Second quadrant. 

59. In the second quadrant, 

PM= .sin «, 
and Pm ~ CM = — cos a; 

the sine is positive, being albove the line 
PA, and the cosine negative being esti- 
mated to the left of BK 



Third quadrant. 

60. In the third quadrant, 

PM^ ~ sin a, 
and Pm — OM = — cos a : / 

the aine is negative, falling below the D — '■■ 
line DA, and the cosine is negative, 
being estimated to the left of the cen- 
tre a 

Fourth quadrant, 

61. In the fourth quadrant, 

PM = - sin a, 
and -Pni = CM = cos a : 

the sine is negative, falling below the 
Une DA, and the cosine is positive, fall- 
ing on the right of EB. Hence, we 
conclude, that 








cMa 
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Isi. The sine is positive in the first and second quadrants, and 

negative in the third and fourth : 
2d. The cosine is positive in the first and fourth quadrants, 

and negative in the second arid third: 

In otlier words, 

1st The sine of an. angle less than 180° is positive ; and the 
sine of an angle greater than 180° and less than 360°, is 
negative : 

2d. The cosine of an angle less Hian 90° is positive; the cosine 
of an angle greater than 90°, and less than 270°, is nega- 
tive; and the cosine of an angle greater than 270°, and less 
than 360°, is positive. 

62. The algebraic signs of the sine and cosine being 
determiDed, the signs of all tbe other trigonometrical func- 
tions may be at once established by means of the formulas 
of Table I. 

Thus, for example, 

_ sin a 
cos a 

Now, if the algebraic signs of sin a and cos a are alike, 
the tangent is positive ; if they are unlike, it is negative. 
Hence, t/ie tangent is positive in the first and t!iird quadrants, 
and negative in t/te second and fourth. 

The same is also true of the cotangent : for, 

cot a = -. ■ - 

sin a 

63. Again, .since 

1 

sec a = — 1 

cos a 

t/ie sign of the secant is always the same as thai of the cosine. 

And since, 

1 
cosec a = -. — -- 
sm a 

the sign of Hie cosecant is always the same as that of the 
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^4. The versed sine is constantly positive. For, it is 
always found by subtracting the cosine fj'om radius, and 
the remainder is a positive quantity, since the cosine can 
never exceed radius. When the cosine is negative, the 
versed sine becomes greater than radius. 

65. Let q denote a quadrant : then the following table 
■will show the algebraic signs of the trigonometrical lines 
in the different quadrants. 

First q. Second q. Third q. Fourth q. 
sine ^ 4- _ _ 

cosine 4- — — + 

tangent + — + — 

cotangent .(. _ ^ _ 

66. Wq have thus far suppoRed all angles to he esti- 
mated from the line CA from right to left, that is in the 
direction from A to 5, to 'J), &o., and j^ 
have also regaided such angles as posi- y- 
tive. It is sometimes convenient to / 
give difterent signs to the angles them- Tt- — 
selves. \ j \/ 

If we suppose the angles to be esti- --^L— ^ 

mated from CA, in the direction from 
left to right, that is, in the direction from A ta E, ta D, 
&c., we must treat the angles themselves as negative, and 
affect then with the sign — . 

For a negative angle less than 90°, the sine will be 
negative, and the cosine positive: for one greater than 90° 
and less than 180°, the sine and cosine will both be nega- 
tive. The algebraic sign of the sine always changes, when 
we change the sign of the arc, but the sign of the cosine 
remains the same. Ilcncc, calling x the arc, we have in 
general, 

cos {— x) = COR X, 

tan {— x) = — tan x, 
cot {— x) — — cot X. 

67. "We shall now examine the changes which take 



_,, Google 



PLANE TEIGONOMETEY. 305 

place in the values of the trigonometrical lines, aa the 
aEgle increases from to 360°, and shall begin with the 
sine and cosine. 

When tlie arc is zero, the sine is 0, and the cosine 
equal to i^ = 1. At 90° the sine becomes ecLual to ^ = 1, 
and the cosine becomes 0. At 180°, the sine becojnes 0, 
and the cosine equal to ~ B = — 1. At 270°, the sine 
becomes equal to — i? = ~ 1, and the cosine equal to 0. 
At 360°, the sine becomes equal to 0, and the cosine to 
^ = 1. Hence, 

Mrst quadrant. 
As the arc increases from to 90° : 
The sine increases from to 1 : 
The cosine decreases from 1 to 0. 

Second quadrant. 
As the arc increases from 90° to 180° : 
The sine decreases from. 1 to : 
The cosine increases, numerically, from to — 1. 

Third quadrant. 
As the arc increases from 180° to 270° : 
The sine increases, numerically, from to — 1 : 
The cosine decreases, numerically, from — 1 to 0. 

Fourth quadrant. 
As the arc increases from 270° to 360° : 
The sine decreases, numerically, from — 1 to : 
The cosine increases from to ^ = 1. 

68. By substituting the values found above for sine 
and cosine, in the expressions for tangent, cotangent, secant, 
and cosecant, in Table I., and recollecting that the quotient 
of divided by a finite quantity is (Bourdon, Art. 109} ; 
and that the quotient of a finite quantity divided by 0, is 
infinite (Bourdon, Art. 110) ; we have the following table. 
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TABLE II. 



sin 


= 0, 


sin (180° + a 


= — sin a, 


cos 


= 1, 


cos (180° + a 


— — cos a, 


tan 


= 0, 


tan (180° + a 


= tan ffl, 


cot 


= co. 


cot (180° + a 


= cot a. 


sin (90= -a) 


- cos a, 


sin (270° - a 


= ■— cos a, 


coa ,(90= - a) 


= sin a, 


cos (270° - a 


= - sin a, 


tan (90" - a) 


= cot a, 


tan (270° - a 


~ cot a, 


cot (90° - a) 


= tan a. 


cot (270° - a 


= tan a. 


sin 90° 


= 1, 


sin 270" 


= - 1, 


C03 90" 


-0, 


cos 270° 


^ 0, 


tan 90° 




tan 270° 


= -OD, 


cot 90° 


= 0.' 


cot 270° 


^ 0. 


sin (90" + a) 


= COS a, 


sin (270° + a 


— — cos a, 


cos (90° + a) 


= - sin a, 


cos (270" + a 


= sin n, 


tan (90° + a 


= ~ cot a, 


tan (270° + a 


1 = — cot a, 


cot (90° + a) 


= — tan a. 


cot (270° 4- a 


= — tan a. 


sin (180° - a) 


= sin a, 


sin (360° - a 


) = — sin a, 


cos (180° - a 


= — cos a, 


cos (360° - a 


= cos a, 


tan (180° - a 


= — tan a, 


tan (360" - a 


) = - tan a, 


cot (180" - a 


= - cot a, 


cot (360° - a 


) = — cot a. 


sin 180° 


= 0, 


sin 360° 


= 0, 


coa 180° 


= ~ I, 


cos 560° 


= 1, 


tan 180° 


= 0, 


tan 360° 


= 0, 


cot 180° 


= — CO. 


cot 360° 


= CO. 



69. The examinations tluis far, have been limited to 
angles and arcs wHich do not exceed 360°. It is easily- 
shown, however, that the addition of S60° to any arc as 
X, will make no difference in its trigonometrical iiinctions ; 
for, such addition wonld terminate the arc at precisely the 
same point of the circumference. Hence, if C represent an 
p.ntira circumference, or 360°, and n any whole number, 
we shall have, 

sin {0+ x) = sin x ; or, sin (n X + x) = sin x. 
Tlie same is also true of the other functions. 
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70. It will further appear, that whatever be the value 
of an are denoted by x, the sine may be expressed by 
that of an arc less than 180°. JTor, in the first place, we 
may subtract 360" from the arc x, as often as tl^cy are 
contained in it : then denoting the remainder by y, we 
have, 

sin X = sin y. 
Then, if y is greater than 180°, make 

y - 180° = Z, 

and we shall have, 

sin' y = — sin z. 
Thus, all' the cases are reduced to that in which the arc 
whose functions we take, is less than 180° ; and since we 
also know that, 

sin (90 ->rx) = sin (90 - x), 
they are ultimately reducible to the case of arcs between 
and 90°. 



GENERAL FORMULAS. 



To find the formula for tlie sine of tlie difference of two 
angles or arcs. 



Let ^C6 be a triangle. From the 
vertex Q let fall the perpendicular CD, 
on the base AB, produced. 

Denote the outward angle CBD by 
a, and the angle OAB by h. 
Then, AB = AD- DB. 
But (Art. 25), AD = AO cos h, and BD = 
Hence, AB ^ AC <^os b - BO cos . 

Dividing both members by AB, we have 



^:^ 



" AB^ 
= sin GBA, we have (Art. 21), 
sin a' J BO sin h 



and 



AB~ mi. 0' 
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sin a sin h 

hence, 1 = -: — ?, cos o ■. — 7, cos a, 

' sin C sin ' 

or, sin C = sin a cos S — sin 5 cos c 

But the angle C is equal to the difference between the 

angles a and h (Geom. B. I, P. 25, 0. 6} : hence, 

sin (a — i) = sin a cos & — cos a sin 6 ; . . {a) 

that is, The sine of the difference of any two arcs or angles 
is equal to the sine of the first into the cosine of the second, 
vninvs ike cosine of the first into the sine of the second. 

It is plain that the formula is 
equally true in whichever quadrant 
the vertex of the angle C be placed : 
hence, the formula is true for all 
values, of the arcs a and b. 



^ 



72. To find the formula for the sine of the sum, of two angles 

or arcs. 

By formula (a) 

sin {a — b) = sin a cos J — cos a sin h, 
substitute for I, 180° — h, and we have 
flin [a- (160°- &)] = sin a cos (180°- i) - cos a sin (ISC-J) 

= — sin a cos h ~ cos a siE b. 
But, sin [{a - (180°- 5)] = sin [(a + b) - 180')] 

= - sin [180°- {a t b)] = - sin {a + b) (Art. 68). 
Making the substitutions and changing the signs, we have, 
sin (a + J) = sin a cos & + cos a sin b. . (b) 

73. To find the formula for tlie cosine of the sum of two 

angles or arcs. 
By formula (6) we have, 

sin {a + b) ■— sin a cos 5 + cos a sin b, 
auletitute for a, 90° + a, and we have, 
sin [(90° + a) ■+■ 6] = sin (90° + a) cos b + cos (90° + a) sin b. 
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But, sin £90° + (« + b)] - cos {a + b) (Table II.) : 

siu (90° + a) = cos a, 
and,' cos (90° + a) — — sin a ; 

making the substitutions, we have, 

cos (a + 6) = cos a cos & — sin a sin &. . . (c) 

74. To find the formula for the cosine of the difference between, 

two angles or arcs. 

By formula (6) we have, 

sin (a + 5) = sin (i cos J + cos a sin h. 
For a substitute 90° — a, and we have, 
fiin [90° - (a - h)} = sin (90° - a) cos 5 + cos (90° - a) sm b. 
But, sin [90° -{a- &)] - cos (a - h) (Table U.), 
sin (90° - a) = cos a, 
cos (90° - a) = sin a ; 
making the substitutions, we have, 

cos (a — i) = cos a COS & + sin a sin h. . . {d) 

75. To find Hie formula for ihe tarvgeat of t/te sum of two 

By Table I., 

/ I J.V sin (a + b) 

tan (a + t) = ; ■- , -J - 1 

^ ■* cos {a + o) 

sin a cos J + cos a sin 6 , ,,. , , , 

= r-^ — ■■ --T' by © and (c) , 

cos a cos — sm d sm ■^ 

dividing both numerator and denominator by cos a cos b, 

sin a cos h cos a sin 5 

= cos a cos 6 cos a cos 6 

sin a sin 6 



C03 a cos b- 
i + tan b . 
1 — tan a tan 6 



tan (J! + tan b . / f\ 

tan(a + 6) = , . ^^^ -T (/) 
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76. To find the tangent of the difference of two angles. 
By Table I, 

sin (a — b) 
cos (a — b) 

sin a cos b — cos a sin 6 , , , , , ,, 

— ^— — -. -^—T ' by (a) and (d). 

cos a cos + sm a sm 6 ■' -^ ^ ' 

Dividing both numerator and denominator by cos a cos b, 

and reducing, we have, 

tan a — tan 5 ,„i 

tan (a - S) = ■;--- ; r- ■ ■ (?) 

* ' 1 + tan (6 tan a 

77. The student will find no difficulty in deducing the 

following formtdas, 

^ , , , ,, cot a cot i — 1 ,iv 

cot (a + b) = - — — — -r^~ , ■ ■ {"■) 

' cot a + cot 

^ , ,, cot « cot 5 + 1 ,v\ 

cot (a - J) = . — — . . (I) 

cot 6 — cot a 

78. 2f» /mt^ tlie sine of twice an arc, in functions of the arc. 
By formula (&) 

sin {a + h) ~ sin a cos b + cos a sin h. 
Make a = &, and the formula becomes, 

sin 2a = 2 sin a cos a. . . . (k) 
If we substitute for a, -^ > we have, 

sin a = 2 sin ^a cos ^. . . (/c 1) 

79. Jb ^kq( (As cosine of twice an arc in functions of the arc. 
By formula (c) 

cos (a + i) = cos (s cos 5 — sin a sin b. 
Make a — b, and we have, 

cos 2a — cos^ a — sin* a„ . . . . (^) 
By Table I., sin* a = 1 — cos^ a ; hence, by substitution, 

cos 2« = 2 cos" a — 1. . . . (11) 
Again, since cos^ a =■ 1 — ein^ a, we also have, 

cos 2a = 1 ~ 2 sin* a. . . . (12) 
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80. To determine the tangent of twice or thrice a given angle 
in functions of the angle itself. 
By formula {/) 

, , , , tan a 4- tan 5 

tan (a + 6) — q 2 1 7' 

^ ' 1 — tan a tan b 

Make h — a, and we have, 

lan2a = ,-A'5!LJL. . . . (m) 
1 ~ tan- a 

Making h = 2a, we have, 

tan a + tan 2a 

1 — tan a tan 2a ' 

aubstituting the value of tan 2a, and reducing, we have, 

„ 3 tan a — tan^ a /™ i \ 

tan 3a = —^ — 5rr~ "a" — ..(ml) 

1 ~ a tan* a 

The student wUl readily lind 

cot a — tan a 



(») 



81. To find the sine of half an arc in terms of the funelims 

of the arc. 
By formula {I 2) 

cos 2a = 1 — 2 sin^ a. 
For a, substitute \a, and we have, 

cos (1—1 — 2 sin' \a ■ 
hence, 2 sin- ^ = 1 — cos a, 

m4a = y'kl-|?l^. . . («) 

82. To find tlie cosine of half a given angle in terms of tlie 

functions of the angle. 
By formula (J 1) 

cos 2a = 2 cos' a — 1. 
For a, substitute \a, and we have, 

cos a = 2 cos^ \a — \ \ 

/l -I- cos a / ^ 

hence, cos s« = V " n~ — ■ ■ ■ ■ \T) 
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t. To find itie tangent of half a given angle, in functions of 
ijie angle. 
Divide formula (o) by (p), and we have, 



Multiplying both tenns of the aecoud member ty Vl — cos a, 

, , 1 — cos a [„ -\\ 

tan ia = — . , • ■ ■ . (? 1) 

"• sm a 

Multiplying both terms by the denominator Vl + cos a, 

1 sin a , n\ 

tan *a = :r~-, ^ • • • • \1 ^) 

^ 1 + cos « 

GENERAL FORMULAS. 

84. The formulas of Articles 71, 72, 73, 74, furnish a 
great number of eonsecLuenc^ ; among which it will be 
enough to mention those of most frequent use. By adding 
and subtracting we obtain the four which follow, 

sin (a + 5) + sin (a — J) = 2 sin a Cos b, . (r) 

sin (a + 5) — sin (a — i) = 2 sin 5 cos a, . {s) 

cos (a + J) + cos (n — 5) = 2 cos ct cos S, . (i) 

cos {a -I)- cos (a + 6) = 2 sin a sin h, . (w) 

and which serve to change a product of several sines or 
cosines into linear sines or cosines, that is, into sines and 
cosines multiplied only by constant quantities. 

85. If in these formulas we put a -\-h = p, a — b = q, 
which gives a = ^ „ --. ^ = — ■ " ■ ^ ■. we shall find 

sin j5 + sin g — 2 sin ^{p -i- q) eos^(p — ?)j • • ("") 

sin ^ — sin $ = 2 sin ^{p — q) cos ^{p + q), . . (x) 

cos ^ + cos g = 2 cos ^(p 4- q) eosi(p — q), . . (y) 

cos 2 — cos ^ = 2 sin Up + q) sin ^{p — q), ■ ■ (») 
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If we mate g — 0, we shall have, 

sin ^ = 2 sin Ip cos ^p, .... (a; 1) 

1 + cos |) = 2 cos^ ^^, _ . . . . (y 1) 

1 — cos p = 2 sin^ sP, ■ • ■ • (si) 

88. From formulas (v), (a;), (j/), {z), and {k 1), we obtain ; 

ain j) 4- sin g _ sin ^{p + q ) cos ^{p — g) _ tmg ^{p + q) 
am p — sin q cos ^{p + q) sm^(p — q) tang ^ {^ — q)' 

Bin p + sin ff sin 4 {« + g) ^ , , , . 

±-— i = f , . ^' = tang i (p + 9). 

COS p + cos q cos ^ (j) + 5) => ^ \^ :i' 

sin p + sin q _ cosJ(^ ~ ?) _ 
cos y — CO. 

ain ^ — sin q _ 



cos jj + cos 2 cos^(j) ~ g) 

ain » — ain o cosifw + ff) ^ , , , . 

cos g — cos;) smj(p + g') 

cos j? + cos g __ co3^(y + g)co s ^(j3 — q) _ cot i (i> + g) 

cos 2 — cos^ ^ sin ^{p + q) sin ^{p -■ q) tang|(p — q)' 

sin ^ + sin g _ 2siii J- (p + g) cos J (p — ?) _ cos ^{p~ q) 
sin "(p + g) ^ 2sln i (p + g) cos i (j) + j) ~ cos ^ (p + $) 

sin jj — sin g _ 2sin Up — q) cos j- (i' + g) _ sin ^ (y — g) 
sin (;) + g) "" 23in J- {^ + g) cos i (jJ + g) sin ^ (p + g) 

These formulas are tlie expressions of so many theo- 
rems. The first shows that, i7te sum of the sines of two 
arcs is to the difference of those sines, as the tangent of half 
the sum of the arcs is to the tangent of half their difference. 



HOMOGENEITY OF TERMS. 

87, An expression is said to he homogeneous, when 
each of its terms contains the same numher of literal fac- 
tors. Thus, 

sin^ a + cos^ tt = M^ .... (1) 

is homogeneous, since each term contains two literal factors. 
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If we suppose B = 1, we have, 

sin^ a + cos^ a=l (2) 

This equation merely expresses the numerical relation 
between the values of siii^ a, cos' a, and unity. If we pass 
from the radius 1 to any other radius, aa H, it becomes 
necessary to replace these abstract numbers by their corres- 
ponding . literal factors. I'or this, we must observe, that 
the radius of a circle bears the same 
ratio to any one of the functions of an 
arc, (the sine for example,-) as the radius 
of any other circle, to the corresponding 
function of a similar arc in that circle. 
For example, 

1 : sin a : : i? : sin a ; 

, sin a sin a 

hence, — - — = — =- — > 

in which the sin a,, in the first consequent, is calculated to 
the radius 1, and in the second, to the radius M. 

If, now, we substitute this value of sin a to radius 1, 
in equation (2), we have, 

~^~ ^ ~li~ "^ "jT ^ IT " ^ ' 
or, sill* a + cos* a = R-, 

an expression which is homogeneous : and any expression 
may be made homogeneous in the same manner; or, it 
may he made so, hy simply mUltvplying each term hy such a 
power of H as shall give the same number of Unear factors in 
all Hie Im'ms. 

88. Since the sine of an arc divided by its radius is 
equal to the sine of another arc containing an equal num- 
ber of degrees divided by its radius, we may, if we please, 
define the sine of an arc to he the ratio of the radius to 
the perpendicular let fall from one extremity of the arc 
on a diameter passing through the ofher extremity. Or, 
if in a right-angled triangle, we let 

A ~ light angle ; B = angle at base ; C — vertical angle ; 
a — hypothenuse ; c — base ; b = perpendicular, 
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we may deduce all the functions of the angle without any 
reference to the circle. 

For, let UB call, by definition, 

sin _B = — . cos S = — , 



sec ^= — ,cosecS= ^- 
c b 

Each of these expressions, regarded as a ratio, is a mere 
abstract number. If we make the bypothcnnse w = 1, the 
abstract numbers will then represent parts of a right- 
angled triangle, or the corresponding lines of a circle 
whose radius is unity. 



Formulas for Triangles, 

89, Let AGB be any triangle, and 
designate the sides by the letters a, 6, c ; 
then (Art. 21), 
sm A _a , sin A _ a _ sin .5 _ _^ _ ,- . , ^ ^ 

that is, tlie sines of the angles are to each other as their oppo- 
site sides. 



90. We also hare (Art. 22), 

a + h : ffi-5 :: tan ^{A + B) : tan |(J. - 5) : 
that is, 'the sum of any huo sides is their difference^ as tlxe 
tangent of half the sum of the opposite angles to the tangent of 
half their difference, 

91. In case of a right-angled triangle, in which the 
right angle is B, we hare (Art. 24), 

1 : tan A : : c : a; hence, a = c tan A, , (2) 
And again (Art. 25), 

1 : cos A : : h : c ; hence, c = b aos A, , (3) 
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92. There is but one additional case, tliat in ■whicli the 
three sides are given to find an angle. 

Let AGB be any triangle, and CD 
a perpendicular npon the base. Then, 
whether the perpendicular falls without 
or within the triangle, we shall have 
(B. IV., P. 12), " is L> - 

GB^ = A^ + AB^ ~- 2AB X AD. 
But, AD=: AC cos A; 

and representing the sid^s hy letters, and substituting for 
AD, its value, we have, 

ja + ^ _ ^2 
cos ^ = ^ • 

K we now substitute for coa A, its value from formula 
(Art 81), W6 shall have, 

^ 2oc 

2fe - (y + c' - a') 
" 2fe ' 

- c^ + 2fe _ a^ — (i — cf 



26c 2&C 

If now, we mate 
^{a + h + c) = s, we have a + b + c = 2s, and 
a + b - c = 2s - 2c; also, a + c — 6 = 25 — 26: 



hence, 



„i../5^MZ^. 



93. If we add 1 to each member of the equation 
above, in which we have the value of cos A, we shall 
have, 

g + ^a -j. ^ _a3 _ {b + cf - a^ 



^ + ^03A^ ^^ 26c 
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= (i±l±5)(L +°-°) ; and, 



5e 

Sulastituting for 1 + cos A, its value (Art, 82), and reduc- 
ing, we have. 



r.0Bl^ = \/i ('-°) . 
* he 

94. If, now, TrVe recollect that tlie tangent is equal to 
the sine divided by the cosine (Art. 47), we hare, 



^i^ = V^ 



i'-o) . 



and observing that the same formula applies equally to 
either of the other angles we have, 



tan 5 B ■■ 



V ,(,-j) 

^ * s{s — c) 



CONSTRUCTION OF TEIGONOMETRIOAL TABLES. 

96. If the radius of a circle is taken equal to 1, and 
the lengths of the lines representing the sines, cosines, 
tangents, cotangents, &c., for every minute of the quadrant 
be calculated, and written in a table, this would be a table 
of natural sines, cosines, &c, 

96. If such a table were known, it would be easy to 
calculate a table of sines, ka., to any other radius ; since, 
in different circles, the sines, cosines, &c., of arcs contain- 
ing the same number of degrees, are to each other as their 
radii (Art 87). 

97. Let us glance for a moment at some of the methods 
of calculating a table of natural sines. 

When the radiaa of a circle is 1, the serai-circumfer- 
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ence is kaowii to be 3.14159265358979. This being divid 
ly, by 180 and 60, or at once "by 10800, gives 
, for tlie aye of 1 minute. Of so small 
an arc, the sine, chord, and arc, differ almost imperceptibly 
from each other ; so that the first ten of the preceding 
figures, that is, .0002908882 may "be regarded as express- 
ing the sine of. 1' ; and, in fact, the sine given in the 
tables, which run to seven places of figures is .0002909. 
By Art. 46, we have. 



cos 



This gives, in the present 
we have (Art. 84), 



= V^T- sin^). 

5 1' = 



Then 



2 cos 1' X sin 1' 
2 cos 1' X sin 2' 
2 cos 1' X sin 3' 
2 cos 1' X sin 4' 
2 cos 1' X sin 5' 
&c., 



- sin 0' = sin 2' = .0005817764, 

- sin 1' = ,siQ S' = .0008726646, 

- sin 2' = sin 4' = .0011635526, 

- sin 3' = sin 5' = .0014544407, 

- sin 4' = sin & = .0017453284, 

&c., &e. 



Thus may the work be continued to any extent, the 
whole difficulty consisting in the multiplication of each 
successive result by the quantity 2 cos 1' = 1.9999999154. 

Or, having found the sines of 1' and 2', we may deter- 
mine new formulas applicable to further computation. 

If we multiply together formulas (a) and (6) (Art. 71-72), 
and substitute for cos^ a, 1 — sin^ a, and for coS* *, 1 — sin* b, 
we shall obtain, after reducing, 

sin {a + b) sin {a ~ b) = sin* a — sin^ b ; 

and hence, sin {a + h) sin (a — b) = (sin a + sin b) (sin a ~ sin 6) ; 



or, sin (a — b) 
Applying this 

sin 1' 

ain 2' 



sin ct — sin 6 : : sin a + sin Zi : sin (a + 6). 
■ proportion, we have, 



sin 2' — sin 1' 

— sin 1' 

— sin 1' 
sin 5' — sin 1' 



; sin 2' + sin 1' : s 

sin 3' + sin 1' : a 

; sin 4' + sin 1' : s 

. sin 5' + sin 1' : s 
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sinl" 


Bin2» 


— sin 1° 


: : sin 2" 


+ sin 1" ■ 


sin 2° 


sin 3° 


~ sin 1° 


: : sin 3° 


+ sin 1° : 


sin 3° 


sin 4° 


- sin 1° 


: : sin 4° 


+ sin 1° : 




*o. 




4o, 


■ 4o. 



In like manner, the computer might proceed for tbe 
ainea of degrees,. &o., thus; 

sin 3°, 
sin i", 
aiu 5°, 



Haring found the sines and cosines, the tangents, co- 
tangents, secants, and cosecants, may be computed from 
them (Table T). 

98. There arc yet other methods of computation and 
verification, which it may be well to notice. 

Let AP be an arc of 60" : then the 
chord AP is ec[ual to the radius OA 
(b. v., p. 4) : and the triangle GPA is 
equilateral. Hence, PM bisects CA, or 
cos 60° — ^ i?, or equal to one-half, when 
i^« 1. 

But cos 60° == sin 30" (Art. 12) : 
hence, sin 30° — -J- ; and, 




cos 30° = V 1 - siii^ 30" = ^ /¥. 
Then, by formulas of Articles 81, and 82, we can find 
the sine and cosine of 15°, 7° 30', 3° 45', &c. 

99." If the arc AP were 45°, the right-angled triangle 
GPM -wovld be isosceles, and we ahoiild have CM = PM\ 
that is, 

sin 45° — cos 45°. 
sin^ a +■ cos^ a — 1, 
2 sin^ 45° = 1 ; 
n 45° ~ cos 45° = V^ — 5 V^- 



gives 



Also, 



i45° 



tan 45° = - ,„o = 1 = cot 45°. 
cos4o 

Above 45°, the process of computation may be simpli- 
fied by means of the formula for the tangent of the sum 
of two arcs (Art. 75). 

/<-= ,^ 1 + tan/. 
tan(4o° + ?>)-^_---^. 
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100. If the trigonometrical lines themselves were used, 
it Tvould he necessary, in the calculations, to perform the 
operations of multiplication and division. To avoid so 
tedious a method of calculation, we use the logarithms of 
the sines, cosines, &e. ; so that the tables ia common use 
show the values of the logarithms of the sines, cosines, 
tangents, cotangents, &c,, for each degree and minute of 
the quadrant, calculated to a given radius. This radius is 
10,000,000,000, and consei^uently, its logarithm is 10. 

The logarithms of the secants and cosecants are not 
entgred in the tables, being easily found from the cosines 
and sines. The secant of any arc is equal to the square 
of radius divided by the cosine, and the cosecant to the 
square of radius divided by the sine (Tabic I) : hence, the 
logarithm of the former is found by subtracting the loga- 
rithm of the cosine from 20, and that of the latter, by 
subtracting the logarithm of the sine from 20. 
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1. A Spherical Triangle is a portion of the £ 
of a sphere iiicluded by the arcs of three great eirdes 
(b. IX., D. 1). Hence, every spherical triangle has six parta; 
three sides and three angles. 

2. Sphekical Trigonometry explains the processes of 
determining, by ealeulation, the unknown sides and angles 
of a spherical triangle, wben any three of the six parts are 
given, .For tliese processes, certain forrtinlas are employed 
which express relations between the aix parts of the tri- 
angle. 

3. Any two parts of a spherical triangle are said to be 
of the same spedes when they are both less or both greater 
than 90° ; and they are of different species, when one is 
less and the other greater than 90°. 

4. Let ABO be a spherical trian- p 
gle, and P the centre of the sphere. 
The angles of the triangle are 
equal to the diedral angles included 
between the planes which determine 
its sides : viz. : the angle A to the 
angle included by the planes PAB ^ 
and PAC; the angle B to the angle included by tlie planes 
PBC and PBA ; the angle to the angle included by the 
planes FOB and POA (b. IS., D. 1). The sides CB, CA, AB, 
of the spherical triangle, measure the angles CPB, CPA, 
APB, at the centre of the sphere. Denote tliese sides or 
angles, respectively, by o, 5, and c. 

5. Assume any point on iM, as M, and suppose PM~ 
R~\. Then, in the planes APB, A PC, draw MN and 
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have (Plane Trig., 



MJf'+MO' — m' 



MO, both perpendicular to the com 
mon intersection PA : then, OMN 
will measure the angle between these 
planes (b. VI., D. 4), and 'hence, will 
be equal to the angle A of the tri- 
angle. Join and N by the straight 
Ime ON. 

In the triaaglcs NPO and NMO, 
Art. 92). 

fW + po'—Wo^ 

coa i- - COS a = ■ apj^r x PO ^"^^^ CU3^=' aj/o x MN ' 
and by reducing to entire terms, 

2PNxPOXci3a=PN'-\-P&--NO\iMOxMNX':asA^MN'+Md'''~N^. 
By subtracting the second equation from the first, we have, 
2{F]fxP0X'i'>sa-M0-xMNQ.oiA)^PN^~MN%FO''—M&=^:PM'% 
and hy dividing both members by 2PN X PO, we have, 
MO MN , PM ^ PM 

<^^'^-po^m'""'^^ = m'^po' 

But (Plane Trig., Art. 88), gives 

MO . , MN . PM PM 

-p^ = Bin5,^ = sm., p^=oosc,^ = 

substituting these values and reducing to entire terms, we 
have, 

cos a — sin & sin c cos A = cos b cos c ; 
and by transposing, 

cos a =■ cos h cos c + sin 6 sin c cos A. 
A similar equation may be deduced for the cosine of either 
of the other sides : hence, 

cos a = cos b cos c + ain h sin ,c cos A, 
.cash = cos a cos c + ain a sin c cos B, - (1) 
oosc=coaffl cosJ + sinaein6 cos C. 
That is: The cosine of either side of a spherical iriangh is egvdi 
to the prodv£t of the cosines of the tioo o&ier sides pltis the 
prodiict of their sines into the cosine of their included angle. 
The three equations (1) contain all the six parts of tha 
angle. If three of the six quantities which 



= cos 6 ; 
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enter into these equations be given or known, the j 
ing three can be determined. (Bourdon, Art. 103) : hence, 
if three parts of a spherical triangle be known, the other 
three may he determined from them. These are the 
primary formulas of Spherical Trigonometry. They recLuire 
to be put under other forma to adapt them to logarithmic 
computation. 

6. Let the angles of the spherical triangle, polar to 
ABO, be denoted respectively by A', B', G', and the aides 
by a', y, c'. Then (b. IS., P. 6), 

a! = 180° ~A, V = 180° - B, c' = 180° - G, 
A' = 180° ~a, B' = 180° - b, C = 180° - c. 
Since equations (1) are equally applicable to the polar tri- 
angle, we have, 

cos a' = cos h' cos c' + sin h' sin c' cos A' : 
substituting for a', h', c' and A', their values from the polar 
triangle, we have, 

— cos ^ = cos B coa G ■— sin _B sin G coaa; 
and changing the signs of the terms, we obtain, 

cos A = sin S sin C cos a — cos 5 cos G. 
Similar equations may be deduced from the ! 
third of equations (1) ; hence, 

cos A — s'm B sin cos a — cos B cos C, 
cos B = sid A sin C cos h — coa A cos G, 
cos C = sin ^ sin B cos c — cos A cos B. 
That is : The cosine of either angle of a spherical triangle, is 
-equal to the product of the sines of Hie ttoo other angles into 
the cosine of their included side, minus the product of the 
cosines of those angles. 

7. The first and second of equations (1) give, after 
transposing the terms, 

cos a — cos S cos c = sin ft sin e cos ^4, 
cos b — cos a cos c = sin a sin c cos B; 
by adding, we have, 
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and by substracting the second from the first, 

0O3a-cosi + «o3c(co3o-eo.? J)^Me (an6 cos^-einacoaB); 

these equations may be placed under the forma, 
(1 — cose) (cos(t + cos 5) = sine (sin 6 cos J. + sin a cos 5), 
(1 + cosc) (cos a — cos &) = ainc (sin J cos J.— sin a cos 5); 

multiplying these equations, member by member, we obtain, 

(1 — cos^ c) (cos^ a — cos^i) = sin^c (sin^ b cos^A— sin^ a cos^ B) : 

substituting sin^ c for 1 — cos^ ^i 1 ~ sin' A for cos^ A, and 
1 — sin^ B for cos^ B, and dividing by sin® c, we have, 

oos^ a — cos^ b = sin^ b — sin'' b sin® A — sin® a + sin- a sin® B: 

then, since cos' a — cos® b = sin® b — sin® a, we have, 

sin® J sin® A = sin® a sin®^; 

and, by extracting the sq^uare root, 

sin i sin ^ = sin a sin B. 
By employing the first and third of equations (1) we shall 
find, 

sin c sin A — sin a sin t7; 
and, by employing the second and third, 

sin b i 

sin A 

sin B sin b 

sin G 
sin _ 
sinJS" 

That is : In every spherical triangle, the sines of Vie angles are 
to each other as the sines of iheir opposite sides. 

8. Each of the formulas designated (1) involves the 
three sides of the triangle together with one of the angles. 
These formulas are used to L^etermine the angles when the 
three sides are known. It is necessary, however, to put 



xO 


= ainc 


sin 


B 


hence, 




Bin 


B 


sin 


A 




sin5:s 


ma, 


sin 


a 


sin 


A 






no, 


sin 


B 


sin 


C 




=in ft : s 


nc. 
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them under another form to adapt tliem to logarithmic 
computatioa. 

Taking the first equation, we have, 

cos a — cos & cos c 

cos 4 = -. — 7 — -. — — . 

sin Bin c 

Adding 1- to each member, we have, 

s a + sin 6 sin c — cos i cos c 



1 + cos J. = — ~— — — .^-~ : 

sm sm c 

But, 1 + cos J. = 2 cos' ^A (Plane Trig., Art. 85), 

and, sin i sin c — cos b cos c — — cos (& + c) (Art. 73) ; 



hence, 

or, eoa^ \ 
Putting 



2 cos^ hA = — — : — T — ^— 
^ sin 6 sin 

_ sm\{a + & + e) ei n \{h - 



il±^ 



(Art. 85). 



sm 6 sm c 

s = a + 6 + c, we shall have, 

: i (a + & + c) and Is ~ a = ^{b + c - a) 



(4) 





_ /si 


liWo 


»(!'- 


-.) 






sin 6 


Sine 






^ /si-lW^i 


a(J» 


-b) 






smo 







^i_0^ /sin^(a)sin(^s-c) ^ 
^ * sin a sin 6 



sin a sin d 

9. Had we subtracted each member of the firet equa- 
tion in the last article, from 1, instead of adding, we should, 
bj making similar reductions, have found, 



sini^ 



_ /sin J {a + ^ — c) sin 5(a + c — V) 
V sin b sin c ' 

sin i B = . /ain~l(<t + 5 - c) si^& + c - «) , 



sin ^ (7 = . /sini(« + c-5)sini(& + c - «) _ 
* sin a sin & 



k5) 
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Putting 



—a=^{b+c—a), ^s—b=^ 



a + b + c, we siiall have, 
'a+c—b), aad ^s —c=^(a+i—c); 






10. From equationa (4) 






e) 3ip a»-i) 



,-{)si.(i.-.) 



(6) 



and (6) we obtain, 



js-b) 



sin ^(b) sin (-^s — a) 



,-c) sing^-g) 



^(s) siR{^s - b) 



-h) sin(^5- a) 



i^(s) sin(^s-c) 

11. We may deduce the value of the side of a trian- 
gle in terms of the three angles by applying equations (5), 
to the polar triangle. Thus, if a', b', c', A', B', C\ repre- 
sent the sides and angles of the polar triangle, we shall 
have (b. ix., p. 6), 

A = 180° - a', S= 180° - b', G = 1S0° - C; 

a = 180° - A', b = 180' - £', and c = 180° - C" ; 
hence, omitting the ', since the equations are applicable to 
any triangle, we shall have. 



(8) 



cos Jo =, /<«'il.^+^ - 0)<>oii {A + a-B) ^ 
^ sin B sin G 

cos J & = . /cosM^ +B- C)oos^(B+ G - A) ^ 
^ sin J. sin C 

, /cos i(A+ G-B) cos 1(5 + G-A) 
cos ^c = \/ ^ -. — -^. — H^ -'' 

^ sm A sm B 

Putting ;S = A + B + G, yte shall have 
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iS - A = i{C + B - A), IS - B = HA + - B), 
and, iS- 0= HA + B- C) ; 

hence, cos ^ 



/•COS 


iS- C)m>{iS- 


B) 




sin B Bin 




'cos 


a A'- 0) COB (IS - 


-A) 


■ sin 4 Bio C 


/cos 


(iS-B)cos(ii-- 


-A) 



12. All the formulas necessary for tlie solution of spheri- 
cal triangles, may be deduced from equations marked (1). 
If we Bubstitute for cos b in the third equation, its value 
taken from the second, and substitute for cos^ a its value 
1 — sin'^ a, and then divide by the common factor, sin a, 
we shall have, 

cos c sin a = sin c cos a cos B -f sin h cos C 

„ . , , . . , sill 5 sin c 

But equations (S) give an 6 = 



sia 



hence, by substitution, 

cos c sin a — sin c cos a cos B + - 
Dividing by sin c, we have, 

— — '-- sin a = cos a cos B + 



1 B cos sin c 
sin 



su\B cos 



sin 
But, ^ = cot (Art. 55). 

Therefore, cot c sin a = cos a cos B + cot sin .B. 
Hence we may write the three symmetrical equations, 



cot a sin 6 = cos & cos C + cot A sin C, 
cot b sin e = cos c cos J. + cot B sin ji, 
cot c sin a = cos a cos JS + cot sin .B. 



(10) 



That is : In every spherical triangle, the cotangent of one ij, 
the sides into the sine of a second side, is e^ual to the cosine 
of the second side into Uie cosine of the included angle, plus the 
cotangent of the angle opposite the first side into the sine of the 
included angle. 
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NAPIEES AWALOGIES. 

IS. If from the first and third of equations (1), cos c be 
eliminated, there will result, after a little reduction,, 
cos A sin c = cos a sin b — cos C sin a cos h. 
By a simple perinntation, this gives, 

cos £ sin c = cos & sin « — eoa C sin 6 cos a. 

Hence, hy adding these two equations, and reducing, we 
shall have, 

sin c (cos A + cos B) = {1 ~ cos G) sin (a + h). 

sin c ain a sin 6 r i, i. 

But since, —. — 7, = -^~, = -~. — ^i we shall nave, 

' sin u sm .a sm is ' 

sin c (sin A + sin B) = sin {sin a + sin h), 

'iand, sin c (sin A — sin B) = sin C (sin a — sin b). 

Dividing these two equations, successively, by the preced- 
ing ; we shall have, 

sin A + sin B sin C sin « 4- sin b 



cos A+cobB 


1 - cos G" 


■ sin(« + i) 


sin A— sin B 


sin G ^ 


sin a — sin 5 



i G sin (a + 6) 
reducing these by the formulas (Plane Trig., Arts. 85, 86), 
we have, 

tangi(^ + B)= cot i(7x ^^]r^ -- J > 
° ^^ ' ^ cos ^ (a + 0) 

tang \ (4 - B) = cot ^ C X ■ ^■'^ \T , i\ 

Hence, two sides, a and &, with the included angle G being 

given, the two other angles A and B may be found by the 

proportions, 

cos ^ (a + &) : cos ^ (a - 6} : : cot ^ C : tang \(A -^ B), 

Bini(a+6) : sinHa-b) i : cot i G : tangi(-4-S). 
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We may apply the same proportions to the triangle, polar 

to ABG, by putting 
180° - A', 180° - B', 180° - a', 180" - ¥, 180° - ^, 

instead of o, b, A, B, 0, respectively ; and after reducing 

and- omitting the accents, we shall have, 
cos \ {A + B): cos \{A - B) : : tang ^c : tang \{a + h), 
&m\{A + B) : sini(J. ~ B) : : tangle : %&ng i(a-b); 

by means of ■whicb, when a side c and the two adjacent 

angles A and B are given, we are enabled to find the two 

other sides a and i. These four proportions are known by 

the name of Napwr's Analogies. 

14. In the case in which there are given two sides and 
an angle opposite one of them, there will in general be 
two solutions corresponding to the two results in Case II., 
of Teotilineal triangles. It is also plain, that this ambi- 
guity will extend itself to the 'corresponding case of the 
polar triangle, that is, to the case in which there are given 
two angles and a side opposite one of them. In every 
ease we shall avoid all false solutions by recollecting, 

1st. That every angle, and every side of a spherical trian- 
gle is less than 180°. 

2d. Tlutt the greater angk lies opposite the greater side, and 
the hast angle opposite the least side, and reciprocally. 

kapier's circular farts. 

15. Besides the analogies of Kapier already demonstrat- 
ed, that Geometer invented rules for the solution of all 
the cases of right-angled spherical triangles. 

In every right-angled spher- 
ical triangle BAO, there are 
six parts ; three sides and three 
angles. If wo omit the con- 
sideration of the right angle, 
which is always known, there 
are five remaining parts, two 
of which must be given before 
the others can be determined. 
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The circular parts, as they 
are called, are the two sides c 
and h, about the right angle, 
the coinplemetits of the oblique 
angles B and G, and tlie cofti- 
plement of the hypothenuse a. 
Hence, there are five circular 
parte. The right angle A not 

being a circular part, is supposed not to separate the cir- 
cular parts c and ^j so that these parts are considered 'aa 
lying adjacent to each otlier. 

If any .two parts of the triangle are given, their cor- 
responding circular parts are also known, and these, to- 
gether with a required part, will make three parts under 
conside^-ation. Now, these three parts tmll ail lie together, 
or one of them will he separated 'fiom both of the others. I'or 
example, if -B and c were given, and a required, the ttree 
parts considered' would lie together. 

But, if B and , G were given, and b required, the parts 
would not lie together ; for, B would be separated from G 
by the pirt a and fiom h by the j-iit c In eitlier case,, 
B IS the middle part Hence when there are three of the 
circulai paits under consideration tie middle part is that 
one of them t uhvJi both of the others are adjacent, or from 
whvJ both of then aie separated In the former case, the 
parts aie said to be adj ceit and in the latter case, the 
partb are said to be op}.osite 

This being premised,, we are n w to prove the follow- 
ing theorems for the sol ition of r ght inglpd spherical tri- 
angles which it muht be remembered ap| 1} to the circu- 
lat parts as alreidy defined 

1st Mali s 17 lo the sme uf % middle part is equal to the 
rectangle of ili,e ia igenta of t/ie ad]acent pcrts 

2d Sadius into the sine of the middle part is equal to the 
rectangle of the cosines of H e oppos te paits 

These theorems aie pioved by assuming ench of the five 
c rcular pirts in succession as the middle part, and by 
t^L ag the e3..t ernes first oppo'jite and then, adjacent. 
Ha\ing thu*:, fixed the three pirta which are to be consid- 
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ered, take that one of tlie general equations for oblique- 
angled triangles, that wiR contain the three correspond- 
ing parts of the triangle, together with the right angle ; 
then make A = 90°, and after making the rednotioos cor- 
responding to this supposition, the resulting equation will 
prove the rule for that particular ease. 

For example, let comp. a, be the middle part and the 
extremes opposite. The equation to be applied in this 
case must contain a, h, c, and A. The first of equations 
(1) contains these four quantities : 

cos a = cos b cos c + sin 6 sin c cos A. 
If ^ - 90° cos iL =- ; 
hence, cos a = cos b cos c ; 

that' is, radius, which is 1, into the sino of the middle 
part, (which is the complement of a,) is equal to the rect- 
angle of the cosines- of the opposite ] 

Suppose, now, that the comple- 
ment of a were the middle part 
and the extremes adjacent. The 
equation to be apphed must con- 
tain the four quantities a, B, 0, and 

A. It is the first of equations (2) : 

cos A = mx B sin cos a — cos B cos C. 
Making A = 90", we have, 

sin B sin C cos a = cos B cos 0, 
or, cos a = cot i? cot 0; 

that is, radius, which is 1, into the sine of the middle 
part is equal to the rectangle of the tangent of the com- 
'plement of B, into the tangent of the complement of C, 
that is, to the rectangle of the tangents of the adjacent 
circular parts. 

Let us now talte the comp. B, for the middle part and 
the extremes opposite. The two other parfa under consid- 
eration will then be the perpendicular h and the angle 0. 
The equation to be applied must contain the four parts A, 

B, C, and 6 1 it is the second of equations (2), 

cos ^ = sin A sin C cos S — cos J. cos C. 
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Making A = 90°, we have, 

cos ^ = sin C cos b. 
Let corap. B be still the middle part and the extremes 
adjacent. The equation tQ be applied must then contain 
the four parts a, B, c, and A. It is similar to equa- 
tions (10) ; 

cot a sin c = cos c cos B + cot A sin B. 
But, '-d A = 90", cot 4 = ; 
henee, cot a sin c = cos a cos B: 

or, cos S =,eot a tang c. 

By pursuing the same method of demonstration when each 
circular part is made the middle part, and making the 
terms homogeneous, when we change the radius from 1 to 
B (Plane Trig., Art. 87), we obtain the five following equa- 
tions, which embrace all the cases. 

i? cos (X = cos & cos c = cot -B cot C, "1 
jRcos B = cos b sill C= cot a tang c, 
i? cos C= cos c sin 5 = cot d tang h, y (11) 
^sin b = sin a sin S= tang c cot 0, 
Msm c = sin a sin G = tang b cot B. J 

We see from these equations that, if the middle part m 
must begin the proportion with radiits ; and when 

of the extremes is required we must begin ffie proportion 
with the other extreme. 

We al3b conclude, from the first of the equations, that 
when the bypothennse is less than 90°, the sides b andc 
are of the same species, and also that the angles B alid 
are likewise of the same species. When a is greater 
than 90°, the sides h and c are of different species, and 
the same is true of the angles B and 0. "We also see 
from the two last equations that a side and its opposite 
angle are always of the same species. 

These properties are proved by considering the algebraic 
signs which have been attributed to the trigonometrical 
functions, and by remembering that the two members of 
an equation must always have the same algebraic sign. 
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SOLUTION OF EIGHT-ANGLED SPHERICAL TRIAlTGLES BT 
LOGARITHMS. 

16. It is to be observed, that when any part of a tri- 
angle becomes known by means of its sine only, there may 
be two values for this part, and consequently two triangles 
that will satisfy tlie question ; because, the same sine whicb 
corresponds to an angle or an arc, corresponds likewise to 
its supplement. This will not take place, when the Tin- 
known quantity is determined by means of its cosine, ita 
tangent, or cotangent. In all these cases, the sign will 
enable us to decide whether the part in question is less or 
greater than 90° ; the part is less than 90°, if its cosine, 
tangent, or, cotangent, has the sign + ; it is greater if one 
of these quantities has the sign — . 

In order to discover the species of the required part of 
the triangle, we shall annex the minus sign to the loga- 
rithms of all the elements whose cosines tangents, or co- 
tangents, are negit ve Then bj lecollectng that the pro- 
duct of the two extremes h is the son e s ^ as that of the 
means, we can at once dete n e the s gn vhich is to be 
given to the requ red elen ent a d then its species wdl be 
known. 

It has already been observed tl at the tables are calcu- 
lated to the rad us B whose lo^a thm s 10 (Plane Trig., 
Art, 100); hence, levjressu s nvol ng tic circular func- 
tions^ must be made homogeneous, to adapt them to the 
logarithmic formulas. 



1, In the right-angled spherical 
triangle BAO, right-angled at A, 
there are given a = 64° 40' and 
b = 42° 12' : required the remain- 
ing parts. 

First, to find the side c 

The hypothenuse a corresponds to the middle part, and 
the extremes are opposite: hence,- 




li cos a = cos b cos c, or, 
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As cos b 42" 12' ar. comp. log. 0.130296 

: B 10.000000 

: : cos a 64° 40' .... _9^31326 

: cos c 54'' 43' 07" .... 9.761622 

To find the angle B. 

The side h is the middle part and the extremes oppo- 
site: hence, 

S 8mb = cos (eomp. a) X cos (comp. B) — sin a sin B. 

Ah sin a 64° 40' ar. comp. log. 0.043911 

; sin 6 42" 12' .... 9.827189 

:: i? ..... . 10.000000 

: sin b 48° 00' 14" .... 9.871100 

To find the angle 0. 
The angle is the middle part and the extremes adja- 
cent : hence, 

R cos C — cot a tang h. 
A3 H . . ar.comp. log. 0.000000 

: cot a 64° 40' .... 9.675237 

: : tang b 42" 12' .... 9. 957485 

: cos G 64° 34' 46"- .... 9.632722 

2. In a right-angled triangle BAC, there are given the 
hyppthenuse a = 105° 84', and the angle 5 = 80° 40' : re- 
qnired the remaining parts. 

To find the angle G. 
The hypothenuse is the middle part and the extremes 
adjacent : hence, 

R cos a — cot B cot C. 
As cot B 80° 40' ar. comp. log. 0.784220 + 
: COS a 105" 34' .... 9.428717 - 

:: Ji 10.000000 + 

: cot C 148° 80' 54" . . . . 10.212937 - 



Since the cotangent of C is negatiye, the angle G is greater 
than 90°, and is the supplement of the are which would 
correspond to the cotangent, if it were positive. 
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To find the side c. 

The angle B corresponds to the middle part, and the 
are adjacent: hence, 



Ji' cos B = oota tang c. 

Ab cot a 105° S4' ar. comp. log. 0.555053 — 

: li 10.000000 + 

: : cos B SO" 40' ... . 9.209992 + 

: tang c 149" 47' 36" . . . 9.765045 - 



To find the side h. 
The side b is the middle part and the extremes are 



Ji sin 6 = sin a sin B. 

As Ji . ar. comp. log. . ' 0.000000 

: sin a 105° §4' . . . . 9.983770 

; : Bin B 80° 40' . , . . , 9J942_12 

: sin b 71° 54' 33" . . . 9.977982 



OF QUADKANTAL TEIAKGLES. 

17. A quadrantal spherical triangle is one which has 
one of its sides eqnal to 90°. p 

Let BAC be a quadrantal tri- /\ 

angle of which the side a, = 90". /' \ 

If ^we pass to the corresponding y^ \ 

polar triangle, we shall have ^,.-^ \ 

A' = 180° -a= 90°, B' = 180° - b, ^""^^^T^"— X"""^ 

G' = 180° - c,' a- = 180° - A, '""~-~. / 

b' = 180° ~B, c' = 180° - G-, """""■■-— D 

from wMeh -we see, that the polar triangle will be right- 
angled at A', and hence, every ease may be referred to a 
right-angled triangle. 

But we can solve the quadrantal triangle by means of 
the right-angled triangle in a manner still more simple- 
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Let tlie side SG of the quad- 
rantal triangle BA C, be equal to 
90° ; produce the side CA till CD 
is equal to 90°, and conceive the 
arc of a great circle to be drawn 
through B and D. 

Then C will be the pole of 

tbe arc BD, and the angle ^ ""-'D 

will be measured by BD (b. IX., 

p. 4), and the angles CBD and D will be right angles. 
Now before the remaining parti of the quadrantal triangle 
can be found, at least two parts must be given in addition 
to the side BG = 90° ; in wbichr case two parts of the 
right-angled triangle BDA, together with the right angle, 
become known. Ilence, the conditions which enable U3 to 
determine one of these triangles, will enable us also to 
determipe the other. 

EXAMPLES. 

1. In the quadrantal triangle BGA, there are given 
C5 = 90", the angle (7 -42° 12', and ihe angle .4 = 115° 20'; 
required the remaining parts. 

Hfiving produced GA to D, making CD = 90°, and 
drawn the arc BD, there will then be given in the right- 
angled triangle BAD, the side n = (7=42° 12', and the 
angle BAD = 180° -BAC== 180° - 115° 20' = 64° 40', td 
find the remaining parts. 

To find the side d. 
The side a is the middle part, and the extremes oppo- 
site : hence, 

H sin a = sin A sin d. 
As sin A 64° 40' ' ar. comp. log. 0.04S911 

: B 10.000000 

: : sin a 42° 12' .... 9.82718 9 

: sin d 48° 00' 14" .... 9.871100 

To find the angle B. 
The angle A corresponds to the middle part, and the 
extremes are opposite : hence, 
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It cos A = sin B cos a. 




cos a 


42" 12' ar. comp. log. 


0.130296 


R 




10.000000 


COS A 


64° 40' ... . 


9.631326 


sin JB 


36" 16' 63" . . ■ . 


9.761622 



To find the side I. 
The side h is tlie middle part, and tlie extremes are 
adjacent: hence, 

R Slab = cot A tang a. 
As R . . ar. comp. log. 0.000000 

: cot A 64° 40' .... 9.676237 

: : tang a 42° 12' .... 9-957486 

: sin 6 25° 25' 14" . . . . 9.6S2722 

Hence, CA = 90° - i = 90° - 25° 25' 14" = 64° 34' 46" 
CBA = 90° - ^_ei? - 90° - 35° 16' 53" ^ 54° 43' 07" 
BA = d = 48° 00' 14" 

2. In the right-angled triangle £AG, right-angled at A, 
there are given a = 115° 25', and c ~ 60° 59' : rec[uired 
the remaining parts. 

( B = 14S° 56' 45" 

Ans. }C= 75° SO' 33" 

( 5 = 152° 13' 50" 

3. In the right-angled spherical triangle BAG, right- 
angled at A, there are given c = 116° 30' 43", and b = 
29° 41' 32" : required the remaining parts. 

( = 103° 52' 46" 

Ans. }b= 32° 30' 22" 

( a = 112° 48' 58" 

4. In a quadrantal triangle, there are given the quad- 
rantal side .= 90°, an adjacent side = 115° 09', and the in- 
cluded angle =- 115° 55' : required the remaining parts. 

{ side, 113° 18' 19" 
I 117° 33' 52" 



i ^"^^^'' ( 101° 40' 07" 
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SOLTJTIOX OF OBLIQUE-ANGLED TRIANGLES BY L0GAEITHM9. 

18. There are six cases which occur in the solution of 
oblique-angled spherical triangles.- 

1. Having given two sides, and an angle opposite one 
of them. 

2. Having given two angles, and a side opposite one 
of them. 

3. Having given the three aides of a triangle, to find 
the angles. 

4. Having given the three angles of a triangle, to find 
the sides. 

5. Having given two sides and the included angle. 

6. Having given two angles and the included side. 

CASE I. 

Given two sides, and an angle opposite one of them, to find 
Oie remaining parts. 

19, For this case, we employ equations (3) ; 
sin a : sin 6 : : sin J. : sin B. 
Ex. 1. Given the side a = C 

44° 13' 45", 6 = 84" 14' 29", /-^« 

and the angle A = 32° 26' 07" : ^^ / \ \ 

required the remaining parts. A^r"""""^ / ^^^ 
To find the angle B. ^ E' " 

a 44° 13' 45" ar. comp. log. 0.156437 
h 84° 14' 29" .... 9.997S03 
A 32° 26' 07" .... 9.729445 
B 49° 54' 38", or sin B' 130° 5' 22" 9^8836^ 

Since the sine of an arc is the same as the sine of its 
supplement, there are two angles corresponding to the 
logarithmic sine 9.883685, and these angles are supple- 
ments of each other. I-t does not follow, however, that 
both of them will satisfy all the other conditions of the 
question. If they do, there will be two triangles ACS', 
ACB; if not, there will be but one. 
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To determine tie circumstances under whicli this ambi- 
guity arises, we will consider the 2d of equations (1) 

cos b = cos a cos c -i- sin a sia c cos B, 
from which we obtain, 

„ cos 6 — cos a cos c 

cos if = —7— — ■ • 

sin a sm c 

Now, if cos b be greater than cos a, we shall have, 

cos b > cos a cos c, 

or, the sign of the second member of the equation will 

depend on that of cos b. Hence, cos B and cos b will have 

the same sign, or B and b will be of the same species, 

and there will be but one triangle. 

But when cos b > cos a, then sin 6 < sin a : hence, 
^ the sine of the side opposiie the required angle be less than 
the sine of the other given side, there will he but one triangle. 

If, however, sin b > sin a, the cos b will be less than 
cos a, and it is plain that such a value may then be given 
to c, as to render 

cos b < cos a COS c, 
or, the sign of the second member may be made to depend 
on cos c. 

We can therefore give such values to c as to satisfy the 
two equations, 

cos b — cos a cos c 



- cos B = 



hence, if the sine of the side op2x>site the required angle he 
greater than the sine of the other given side, there lotll be two 
triangles which will JuljU the given conditions. 

Let us, however, consider the triangle AGB, in which 
we are yet to find the base AB and the angle C. "We can 
find these parts by dividing the triangle into two right- 
angled triangles. Draw the arc CD perpendicular to the 
base AB : then, in each of the triangles there will be given 
the hypothenuse and the angle at the base. And generally, 
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when it is proposed to solve an oblique-angled triangle by 
means of the right-angled triangle, we must so draw the 
perpendicular, that it shaU pass through the extremity of a 
givsn siile, and lie opposite k) a given angle. 

To find the angle C, iu the triangle ACH. 

As cot A S2° 26' 07" ar. oomp. log. 9.803105 

: E ..... . 10.000000 

: : cos S 84" 14' 29" .... jLtXiim 

: cot AC3 86" 21' 06" .... 8.804570 

To find the angle C in the triangle BCB. 
M cot B 49° 54' 88" ar. comp. log 0.074810 

: B 10.000000 

; ; cos a 44° 13' 45" .... 9.855250 

: cot DCS 49° 35' 38". . . . 9.9300 60 

Hence, ACB = 135° 56' 44". 

To find the side AB. 

As sin A 32° 26' 07" ar. comp. log. 0.270555 

: sin C 136° 56' 44" . . . . 9.842198 

: : sin o 44° 13' 45" .... 9.843663 

; sin c 115° 16' 12" .... 9.956316 

The arc 64° 43' 48", which corresponds to sin c is not 
the value of the side AB : for the side AB must be 
greater than 6, since it lies opposite to a greater angle. 
But b = 84° 14' 29" : hence, the side AB must be the 
supplement of 64° 43' 48", or, 115° 16' 12". 

Ex. 2. Siven S = 91° 03' 26", a = 40° 36' 37", and 
A = 35° 57' 15": required the remaining parts, when the 
obtuse angle B is taken. 

( B = 116° 35' 41" 

I = 68° 30' 57" 

= 70° 68' 52" 
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Saving given two angks and a side opposite one of ih^n, to 
find t}>,e remaining parts. 

20. For this case, we employ the equation (3). 
SID A : sin i? : : sin a : sin b. 

Ex. 1. In a spherical triangle ABC, there are given 
tJie angle A — 50° 12', B ^ 58" 8', and the side a ^ 62° 
42' ; to find the remaining parts. 

To find the side h. 

As sill A 50° 12' ar. comp. log. 0.114478 

: sin 7? 58° 08' 9.929050 

: : sin a 62° 42' 9.94871 5 

: sm b 79° 12' 10", or, 100" 47' 50" 9.992243 

We see here, as in the last example, that there are two 
arcs corresponding to the 4th term of the proportion, and 
these arcs are supplements of each other, since they have 
the same sine. It does not follow, however, that both of 
them will satisfy all the conditions of the question. If 
they do, there wUl be two triangles ; if not there will be 
but one. 

To determine when there are two triangles, and also 
when there is but one, let us consider the second of equa- 
tions (2), 

cos B — sm A sin G cos 6 — cos A cos 0, 

, . , . , cos i? + cos J. cos C 

which eives, cos o = ~ : — ; — ■■ — ji ■ ■ 

■^ ' ^m A sm V 

Now, if cos B be greater than cos A, we shall have, 

cos B > cos A cos C, 
and honee, the sign of the second member of the equa- 
tion will depend on that of cos B, and consequently cos h 
and cos B will have the same algebraic sign, or h and B 
will be of the same species. But when cos B > cos A the 
sin -B < sin A : hence, 

Jf the sine of the angle opposite the required side be less 
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than the sine of the other given angle, there will he but one 
solution. 

If, however, sin B > sin A, the cos B will be less than 
cos A, and it is plain that such a value may then be given 
*o cos 0, as to render 

cos B < cos A cos 0, 
or, the sign of the second member of the equation may- 
be made to depend on cos C. We can therefore give such 
values to C as to satisfy the two eq^uations, 
cos B + cos A cos C 



sin A sin G 

cos B + cos A cos 

sin A sin 



+ cos b — 
and — cos 6 = 

Hence, if tJie sine of the angle < 
be greater than ilte sine of the other given angle, there vrill he 
two solutions. 

Let us first suppose the side h to be less than 90°, or, 
equal to 79° 12' 10". 

If, now, we let fall from the angle C, a perpendicular 
on the base BA, the triangle wd be divided into two right- 
angled triangles, in each of which there wdl be two parts 
known besides the right angle. 

Calculating the parts by Napier's rules, we find, 

= ISO" 54' 28" 
c = 119° OS' 26" 

If we take the side b = 100° 47' 50", we shall find, 

t7=166° 15' 06" 
c = 152" 14' 18" 

Ex. 2. In a spherical triangle ABG, there are given 
A = 103° 59' 57", B = 46° 18' 07", and a = 42" 08' 48"; 
required the remaining parts. 

There will be but one triangle, since sin B < sin A, 
~ =30= 
Ans.\0= 36° 07' 54" 
- 24° 03' 56" 
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CASE III. 

Having given the three sides of a spherical triangle, to find the 
angles. 

21. For this case we use equations (4). 



cos M = ij^/J-ilJ-'g-S' " ")■ 
^ sill b sm c 

Ex. 1. In an oblique-angled spherical triangle, tliere are 
given a = 66" 40', h = 83° 13', and c = 114' 30' : requir- 
ed the angles. 

J(a + 6 + c) = ^ s = 127° 11' 30", 
i(6 + c - a) = {^s -a) = 70= 31' 30". 
log sin Is 127° 11' 30". . . 0.901250 
log sin {\s ~ a) 70° 31' 30" . . . 9.974413 

- log sin. b 83" 13' ar. comp. 0.003051 

- log sin c 114° 30' ar. comp. 0.040977 

Sum 19.919^91 

Half sum = log cos \A 24° 15' 39" . . 9.959845 

Hence, angle ^ = 48° 31' 18". 

The addition of twice the logarithm of radius, or 20, 
to the numerator of the quantity under the radical, just 
cancels the 20 which is to be subtracted on account of the 
arithmetical complements, so that the 20, in both eases, 
may be omitted. 

Applying the same formulas to the angles .B and 0, wo 
find, 

B = 62° 55' 46" 
C= 125° 19' 02" 
Sx. 2. la a spherical triangle there are given a = 40° 
18' 29", b = 67° 14' 28", and c = 89° 47' 06" : required 
the three angles. 

(A^ 34° 22' 16" 

Ans.}B= 53° 35' 16" 

[0= 119' 13' 32" 
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CASE IV. 

Having given the Hiree angles of a sjpJierical triangle, to find 
the three sides. 

22. For this case wo employ equations (9). 

cos 1» = JJ ^o°.H^--B )jgLM^_g). 
' sin S sin C 

Ex. 1. In a spkerical triangle ABO there are giyen 
A = 48° 30', B= 125° 20', and C= 62° 64'; leqniied the 
sides. 

^(A + B ^ C)= iS = 118° 22' 
{^S - A) . . = 69° 62' 
lis- B) . . = - 6° 68' 
as- C) . . = 55° 28' 
log cos (is- B) - 6° 68' 
log COS (JS - 0) 65° 28' 

- log sin B 125° 20' 

- log sin C 62° 54' 

Snm 

Half snm = log cos Jo = 28° 1( 



comp. 
comp. 



9.996782 ' 
9.763495 
0.088415 
Q.05Q5 06 
19,889198 
9.944599 



Hence, side a = 56° 39' 36". 

In a similar manner we fmd, 

6 = 114° 29' 58" 
c = 83° 12' 06" 
Ex. 2. In a spherical triangle ABO, there are given 
A = 109° 65' 42", B= 116° 38' 33", and 0= 120" 43' 37"; 
required the three sides. 

-- 98° 21' 40" 

Am. \ h = 109° 50' 22" 

-. 115° 13' 26" 



Having given in a sphmcal triangle, two sides and their in- 
cluded angle, to find the remaining parts. 

23. l^or this case we employ the two first of Napier's 
Analogies. 
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cos i(a + h) : cos -|{a - 5) : : cot i C : tang ^{A + B), 
am -i (a +b) : sin i{a - b) :: cot i G : tang i{A ~ B). 
Having found the half sum and the half difference of 
the angles A and B, the angles themselves become known; 
for, the greater angle is equaL to the half sum j)lu3 the 
half difference, and the lesaei' is equal to the half sura 
minus the half difference. 

The greater angle is then to be placed opposite the 
greater side. The remaining side of the triangle can be 
found by Case 11. 

Mc. 1. In a spherical .triangle ABG, there are given 
a = 68° 46' 02", b = 37° 10', and 6'= S9° 23'; to find 
the remaining parts. 

i{a + h) = 5r 68' 1", i{a-b)=16'' 48' 01", iG^19° 41' 30". 

As COS i{a + b) 52° 58' 01" log. ar. comp. 0.220210 

: . cos i{a-h) 15° 48' 01" . . . 9.983271 

: : cot iO 19° 41' 30" . . . 10.4462 54 

: tang i{A + B) 11° 22' 25" . . . 10^6^735 

As sin ^{a + b) 52° 58' 01" log. ar. eomp. 0.097840 

: sin i(ffl-6) 15° 48' 01" . . . 9.435016 

: : cot IG 19° 41' 30" . ,. . 10.446254 

: tang ^{A-B) 43° 37' 21" . . . 9.979110 

Hence, A = 11° 22' 25" + 43° 37' 21" =120° 59' 46' 

B = 11° 22' 25" - 43° 37' 21" = 33° 45' 04" 

side c = 43° 37' 37" 

3x. 2. In a spherical triangle ABC, there are given 
6 = 83° 19' 42", c = 23° 27' 46"; the contained angle 
A = 20° 39' 48"; to find the remaining parts. 

(_B==156° 30 16" 

Ans. \ C= 9° 11' 48" 

( <i = 61° 32' 12" 

CASE vr. 
In a sphmcal triangle, having given two angles and the in- 
cluded side, to find the remaining parts. 
24, For this ease, lye employ the second of Napier's 
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GOsKA + B) : cos J (A — i?) : : tangle : tang ^(a +&), 
Eia^{Ai-S) ; sin L{A ~ B) :: tangle ; tang ^{a— b). 

From wticli a and & are found aa in tKe last case. The 
remaining angle can then be found by Case I. 

Ex. 1, In a spherical triangle ABC, there are given 
A = 81° 88' 20", B = 70° 09' 88", c = 69° 16' 23" : to 
find the remaining parts. 
i iA+B)=76' 63' 69", J(A-B)=6° 44' 21", ii!=29° 88' 11". 

As cos i(A + B) 76° 63' 69" log. ar. comp. 0.613287 

; cos i(A- B) 5° 44' 21" . . . 9.997818 

:: tang ic 29° 38' 11" . . . 9.755051 

: tang i (o + J) 66° 42' 62" . . . 10.366156 

As sin i{A + B) 75° 63' 69" log. ar. comp. 0.013286 
: sin i{A - B) 6° 14' 21" . . . 9.000000 
;: tangle 29° 38' 11" . . . 9.765061 



; tang |(a — b) 3° 21' 25" 

Hence, a = 66° 42' 62" + 3" 21' 26" = 70° 04' 17" 

S = 66° 42' 62" - 8° 21' 25" = 63° 21' 27" 

angle . . . . ^ 64° 46' 83" 

lUx. 2. In a spherical triangle ABG, there are giver 
A = 34° 15' 08", B = 42° 15' 18", and o = 76° 36' 36" 
to find the remaining parts. 

( o = 40° 00' 10" 

Ant. \b= 60° 10' 30" 

I 0= 121° 86' 19" 
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1. We determine the area, or contents of a surface, by 
finding bow many times the given surface contains some 
other surface which is assumed as the unit of measure. 
Thus, when we say that a square yard contains 9 square 
feet, we should understand that one square foot is taken for 
the unit of measure, and that this unit is contained 9 times 
in the square yard. 

2. The most convenient unit of measure for a surface, 
is a square whose side is the linear unit in which the linear 
dimensions of the figure are estimated. Thus, if the linear 
dimensions are feet, it will be most convenient to express 
the area in square feet ; if the linear dimensions are yards, 
it will be most convenient to express the area in square 
yards, &c. 

3. We have already seen (b. iv., p. 4, 3. 2), that the term, 
rectangle' or product of two lines, designates the rectangle 
constructed on the lines as sides; and that the numerical 
value of this product expresses the number of times which 
the rectangle contains its unit of measure. 

4. To find the area of a square, a rectangle, or a parallel- 
ogram. 
Multiply the hose hy the altitwle, and the product will he llie 
area (b. iv., p. 5). 
Ex. 1, To find the area of a parallelogram, the base 
being 12.25, and the altitude 8.5. Ans. 104.125. 

2. What is the area of a square whose side is 204.3 
feet ? Ans. 41738.49 sq. ft. 

3. What are the contents, in square yards, of a rectan- 
gle whose base is 66.3 feet, and altitude 33.3 feet? 

Ans. 245.31. 



_.;, Google 



348 MENSURATION OF SURFACES. 

4. To find tlie area of a rectangulax board, whose 
lengtli is 12-^ feet, and breadth 9 inches. Ans. 9f sq. ft. 

5. To find the number of square yards of painting in 
a parallelogram, whose base is 37 feet, and altitude 5 feet 
S inches. Ans. 21,5^. 

5. To find the area of a triangle. 

CASE I. 

When the base and altitude are given. 

Multiply the base by the altiiude, and take half the product. 

Or, mvXiiply one of these dimensions by half the oik&r 

(b. IV., P. 6). 

^a;. 1. To find the area of a triangle, whose base is 625, 
and altitude 520 feet. Ans. 162500 sq. ft 

2. To find the number of square yards in a triangle, 
whose base is 40, and altitude 30 feet. Ans. 66j. 

3. To find the number of square yards in a triangle, 
whose base is 49, and altitude 25^ feet, Ans. 68.7361. 

CASE II, 

6. When two sides and their included angle are given. 
Add together Hie hrjarithms . of the two sides and ilie hgarilh- 
mic sine of their included angle; from this sum subtract 
Ute logarithm of the radius, which is 10, and the remainder 
vnll he the logarithm of dmMe the area of tlie triangle. 
Find, from the table, t!ie nvmier answering to this logarithm^ 
and divide it by 2; 0ie quotient will be the required area. 
Let BAC be a triangle, in which ^ 

there are given BA, BG, and the in- 
cluded angle B. 

- From the vertex A draw AD per- 
pendicular to the base BC, and repre- H -L> '^ 
sent the area of the triangle by Q. Then (Trig. TL L), 
E : dnB :: BA : AD: 

, „ BAxsinB 
hence, AD ^ 



E 



But, 
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hence, by sabstituting for AD its value, we have, 
„ BOX BAX sin - 



''- 2B 

Taking tlie logarithms of both members, we have, 
log. 2Q = log. £0 + log. BA + log. sin B - log R 
which proyes the rule as enunciated. 

Ux. 1. What is the area of a triangle whose sides are, 
BO = 125.81, BA = 57.65, and the included angle B = 
er 25'? 

r + log. BO 125.81 2.099715 
„, , „ . I +\og.BA 57.65 1.760799 
Then, log. 2 Q - j _^ ^^^_ ^.^_g g^. ^^, ^^^25626 

[ - log. _B . . -10 

log. IQ 3.786140 

and 2 § = 6111.4, or § = 3055.7, the required area. 

2. What is the area of a triangle whose sides are 30 
and 40, and their included angle 28° 57'? 

Ans. 290.427. 

3. What is the number of sqi^are j'ards in a triangle 
of which the sides are 25 feet and 21.25 feet, and their 
included angle 45° 1 Ans. 20.8694. 



7. When the three sides are known. 

1. Add the &tree sides together, and take half tlieir sum. 

2. From this half-sum subtract each side separaidy. 
■ ihe half-sum and each of the three re- 

', the product will he the square of the area 
of the triangle. Then, extract die square root of this pro- 
duct, for the required area. 
Or, Afier having obtained the three remainders, add together 
the logarithm of the half-sum and t/ie logarithms of the 
respective remainders, and divide their sum iy 2 : ihe quo- 
tient will he the logarithm of the area. 
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45 half-sum. 


30 


40 


16 2d rem. 


5 3d Tern. 
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Let ACS he a triangle : and denote 
the area by Q : theo, by the last case, 
we have, 

Q — ijbc X sin^l. 
Bii.t, we have (Plane Trig., Art. 78), 

sin J. = 2 sin ^A cos ^A ; " c J' 

hence, Q = he sin ^A cos iA. 

By substituting in this equation the values of sin ^.4, and 
cos ^A, found in Arts. 92 and 93, Plane Trigonometry, we 
obtain, 

«= V »(=-<.)(« -J) (f-e). 
Ex. 1, To find the area of a triangle whose three sides 
20, 30, and 40. 

20 45 

80 20 

40 25 1s t r _ 

2)90 
45 half-sum. 
Then, 45 X 25 X 15 X 5 = 84375. 

The square root of which is 290.4737, the required area, 

2. How many square yards of plastering are there in a 
triangle whose sides are 30, 40, and 50 feet ? Ans. 66j. 

8. To find the area of a trapezoid. 
Add together the two parallel sides: then multiply their sum by 

the altitude of the trapezoid, and half the product will be 

the required area (b. IV., P. 7). 

Ex. 1. In a trapezoid the parallel sides are 750 and 
1225, and the perpendicular distance between them is 1540 ; 
what is the area ? Ans. 152075. 

2. How many square feet are contained in a plank, 
whose length is 12 feet 6 inches, the breadth at the greater 
end 15 inches, and at the less end 11 inches? 

Ans. 13^ sq. ft. 

3, How many square yards are there in a trapezoid, 
whose parallel sides are 240 feet, 320 feet, and altitude 66 
feet? Ans. 2053i. 
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9. To find the area of a quadrilateral. 
Join two of the angles by a diagonal, dividing the quadiilateral 
into two triangles. Then, from each of the other angles 
let faU a perpendicular on Hie diagonal: then multiply the 
diagonal by half the sum of the two perpendiculars, and 
the product will be the area. 
Ex. 1. What is the area of the 
quadrilateral ABCD, the diagonal 
AG being 42, and the perpendic- 
ulars Dg, £b, equal to 18 and 16 feet ? 
Ans. 714. 

2. How many square yards of paving are there in the 
quadrilateral whose diagonal is 65 feet, and the two per- 
pendieulars let faU on it 28 and 33J- feet? Ans. 221^^. 

10. To find the area of an irregular polygon. 
Ih-aw diagonals dividing tJie pre^osed polygon into trapezoids 
and triangles. Then find the areas of these figures s^a- 
rately, and add them together for the contents of the whole 





Ex. 1. Let it be required to deter- 
mine the contents of the polygon 
ABODE, having five sides. 

Let us suppose that we have 
measured the diagonals and perpen- 
diculars, and found ^(7=36.21, 

£■(7= 39.11, Bh = 4, Bd= 7.26, Aa = 4.18: required the 

area. Ans. 296.1292. 

11. To find the area of a long and irregular figure, 

bounded on one side by a right line. 

1. At the extreraities of tlie right line measure the perpendiat- 
lar breadths of the figure; then divide the line into any 
number of equal parts, and measure the breadth at each 
point of division. 

2. Add together ffie intermediate hreadtlis and half the sum of 
the extreme ones: then multiply this sum by one of the 
equal parts of the base line: the product will be the requir- 
ed area, very nearly. 
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Let AEea be an irregnlar figure, 
having for its base tlie right line 
AK Divide AM into eq^ual parts, 

and at tlie points of division A, S, j^ -^ ^ -^ — 
0, D, and E, erect the perpendiculars Aa, Bh, Cc, Dd, Ee, 
to the base line AE, and designate them respectively by 
the letters ra, h, c, d, and e. 

Then, the ; 

the area of the trapezoid BCcb = —^ — x BC, 
the area of the trapezoid GDdc = — ^ — X OB, 
and the area of the trapezoid BEed = — ^ — X BW; 
hence, their sum, or the area of the whole figure, is equal to 

since X-C, BC, &c., are equal to each other. But this sum 
is also equal to 

\^ + h + c + d+ -^X AB, 

which corresponds with the enunciation of the rule, 

Ex. 1. The breadths of an irregular figure at five equi- 
distant places being 8.2, 7.4, 9.2, 10.2, and 8.6, and the 
length of the base 40: required the area. 
8.2 4)40 

8.6 10 one of the equal purls. 

2 )16.8 

8.4 mean of the extremes. 
7.4 35.2 sum. 

9.2 _10 

10.2 352 ^ area. 

35.2 sum. ■ ■ 

2. The length of an irregular figure being 84, and the 
breadths at six equidistant places 17.4, 20.6, 14.2, 16.5, 20.1, 
and 24.4; what is the area? Ans. 1550.64. 
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12. To find the area of a regular polygon. 
MuUipl>/ half llw perimeter of the polygon hy the i 

or perpendicular let fall pom tJie ce^itre on one of tlie sides, 
and the product will he the area required {b. v., p. 8). 

Remark I,— The following is the miiiiner of determining 
the perpendicular when one side and the number of sides 
of the regular polygon are known : 

First, divide 360 degrees by the number of sides of 
the polygon, and the quotient will be the angle at the 
eentie ; that is, the angle subtended by one of the equal 
sides. Divide this angle by 2, and half the angle at the 
centre will then be tnown. 

Now, the line drawn from the centre to an angle of the 
polygon, the perpendicular let fall on one of the equal 
sides, and half this side, form a right-angled triangle, in 
which there are known the base, which is half the side of 
the polygon, and the angle at the vertex. Hence, the per- 
pendicular can be determined. 

Mc. 1, To iind the area of a reg- 
ular hexagon, whose sides are 20 feet 
each. 
6)860° 

60° = A GB, the angle at the centre. 
30° = AGD, half the angle at centre. 

Also, GAD =W~~AGD= 60° ; 

and, AD = 10. 

Then, as sin ACB . §0°, ar. comp. 

: sin GAB . 60", 

:: AD . . 10, 

: GD . 17.8205 

Perimeter = 120, and half the perimeter = 60. 

Then, 60 X 17.3205 = 1039.23, the area. 

2. What is the area of an octagon whose side is 20? 
Am. 1931.36886. 
Remark II.— The area of a regular polygon of any 
number of aides ia easily calculated by the above rule. 




0,301030 
9.937531 
1000000 
1.238561 
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Let the areas of tlie regular polygons whose sides are unity, 
or 1, be calculated and arranged in the following 



Triangle . . 3 


. . U4BS012t 


0.tagcn & 


4 '5284271 


Square . . 4 


. . 1 nnooooo 


Nonagon 1 


6 1818242 


Pentagon . . 6 


. . 11204774- 


DecB^un 10 


7 6642088 


Hexagon . . 6 


. , 3 6980762 


Undetflgun 11 


13656390 


Heptagon . 7 


. . 3.6330124 


Dodecagon . 12 


. 11.1961634 



Now, since the areas of similar polygons are to each 
other as the squares of their homologous sides {b. iv., p. 27), 
we have, 

1 : any side squared : : tabular area : area. 
Hence, to find the area of any regular polygon, 

1. Square the side of the ^polygon. 

2. Tlxen, mulMply that sgiiare by the tahular area 
ike polygon of the same number of sides, and 



Ex. 1. What is the area of a regular hexagon whose 
side is 20 ? 

20^ = 400, tabular area = 2.5980762. 
Hence, 2,5980762 X 400 = 1039.2304800, as before. 

2. To find the area of a pentagon whose side is 25. 



Ans. 1075.2S 

3. To find the area of a decagon whose side is 20. 
Atm.' 3077.68362. 

13. To find the circumference of a circle when the diame- 
ter is given, or the diameter when the circumference is 
given. 

Multiply the diameter hy 3.1416, and the prodtKt will be the 
dreumjerence ; or, divide the circumference by 3.1416, and 
the gvoOent ivill be the dimmter. 

It is shown (b. v., p. 16, s. 1), that the circumference of 
a circle whose diameter is 1, is 8.1415926, or 3.1416. But, 
since the circumferences of circles are to each other as their 
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radii or diameters, we have, by calling the diameter of the 

aecond circle d, 

1 : d : : 3.1416 : circumference, 

hence, d X S.lil6 = circumference. 

TT 1 , circumference 
Hence, also, a — — . 

Ms. I. What is the circumference of a circle whose 
diameter is 25 ? Ans. 78.54. 

2. If the diameter of the earth is 7921 miles, what is 
the circumference? Ans. 24884.6136. 

S. What is the diameter of a circle whose circumfer- 
ence is 11652.1904? An^. 37.09. 

4. What is the diameter of a circle whose circumfer- 
ence is 6850? Ans. 2180.41. 

14. To find the length of an arc of a circle containing any 

number of degrees. 

Multiply the number of degrees in the given arc hy 0.0087266, 

and the product iy the diameter of the circle. 

Since the circumference of a circle whose diameter is 1, 

is 3.1416, it follows, that if 3.1416 be divided by 360 

degrees, the quotient will be the length of an arc of 1 

degree: that is, ■-3gQ-= 0.0087266 = arc of one degree 

to the diameter 1. This being multiplied by the number 
of degrees in an are, the product will be the length of 
that arc in the circle whose diameter is 1 ; and this pro- 
duct being then multiplied by the diameter, the product is 
the length of the arc for any diameter whatever. 

EEHtABK. — When the arc contains degrees and minutes, 
reduce the minutes to the decimal of a degree, which is 
done by dividing them by 60. 

Ex. 1. To find the length of an arc of 30 degrees, the 
diameter being 18 feet. Ans. 4.712364. 

2. To find the length of an arc of 12° 10' or 12^°, the 
diameter being 20 feet. Am. 2.123472. 

3. What is the length of an arc of 10° 15', or 10j°, in 
a circle whose diameter is 68 ? Ans. 6.082396. 
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15. To find the area of a circle. 

circumforence hy half the radius (b. v., p. 16). 
Or, 2. Multiply t!ie square of the radius by 3.141ti (u. v., r. 
16). 

Md. 1. To find the area of a circle whose diameter is 
10, and circumference 31.416. Ans. 78.54. 

2. Knd the area of a circle whose diameter is 7, and 
circumference 21.9912. Ans. S8.4846. 

8. How many square yards in a circle whose diameter 
is U feet? Ans. 1.069016. 

4. What is the area of a circle whose circumference is 
12 feet? Ans. 11.4595. 

16. To find the area of a sector of a circle. 

1. Mviti^ply the arc of the sector by half Hie radius (b. v., p. 
15, C). 

Or, 2. Compute the area of the whole circle: then say, as 360 
degrees is to the degrees in the arc of the sector, so is ifie 
area of t/ie vj/iole circle to the area of the sector, 

Ex. 1. To find the area of a circular sector whose arc 
contains 18 degrees, the diameter of the circle teing 3 feet. 
Ans. 0.35343. 

2. To find the area of a sector whose arc is 20 feet, 
the radius being 10. Ans. 100. 

3. Kequired the area of a sector whose arc is 147° 29', 
and radius 25 feet. Ans. 804.3986. 

17. To find the area of a segment of a circle, 
1. IHnd the area of the sector having the same arc, hy the last 



2. Find &ie axea of tlie triangle formed by the chord of the 
segment and the two radii of the sector. 

3, Then add these two together for the answer when the seg- 
ment is greater than a semicircle,, and subtract the triangle 
from the sector -when it is less. 
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Mx. 1. To find the area of the seg- ,-, 

ment ACB, its chord AB being 12, X''^'^ ~^~-^^ 

and the radius ISA, 10 feet. a/ D Xj 

As EA 10 ar. comp. 9.000000 / ''""--.^ ,.--'''' \ 

■.AD . . 0.778151 I "E ) 

: : sin i? 90° . . I Q.OOOOOQ \ J 

: sin AEI) m° 62' = 36.87 9.778151 ^-^-^.j^,,.-^ 

2 ^ ■ F 

73.74 = the degrees in the are ACB, 

Then, 0.0087266 X 73.74 X 20 ^ 12.87 = arc ABG nearly. 
5 
64.35 = area AM Ofi. 



Again, V BA^ - AD^ = Vl00-36= -/64=8=.SO. 
and, 6 X 8 = 48 '= the area of the triangle BAB. 
Henee, sect. BA GB - BAB = 64.35 - 48 = 16.35 = A GB. 

2. Find the area of the segment whose height ia 18, 
the diameter of the circle being 60. Ans. 636.4884. 

3. Required the area of the segment whose chord is 
16, the diameter being 20. Ans. 44.764. 

18. To find the area of a circular ring : that is, the area 
included between the circumferences of two circles which 
have a common centre. 
Take the difference lietween the areas of the two circles. 
Or, subtract the square of the less radius from the square of the 
greater, and muMply the remainder hy 3.1416. 

For the area 6f the larger is . . . .S if, 
and of the smaller r^'X, 

Their difference, or the area of the ring, \s{R — r^. 

Bx. 1. The diameters of two concentric circles being 10 
and 6, required the area of the ring contained between 
their circumferences. Ans. 50.2656. 

2. What is the ai'ea of the ring when the diameters 
of the circles ai-e 10 and 20? Ans. 235.62. 
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1. The mensuration of solids is divided into two parts : 
First. The mensuration of tlieir surfaces ; and, 
Second. The mensuration of their soKdities. 

2. "We hare already seen, that the unit of measure for 
plane surfaces is a square whose side is the unit of length. 

A curved line which is expre^ed by numbers is also 
referred to a unit of length, and its numerical value is the 
number of times which the line contains its unit. If then, 
we suppose the linear unit to be reduced to a right line, 
and a square constructed on this line, this square will be 
the unit of measure for curved surfaces. 

3. The unit of solidity is a cube, the face of which is 
equal to the superficial nnit in which the sm-faee of the 
solid is estijnated, and the edge is equal to the hnear nnit 
in which the linear dimensions of the solid are expressed 
(b. VII,, p. 13, s. 1). 

The following is a table of solid measures : 
17'28 cubic inches = 1 cubic foot 
27 cubic feet = 1 cubic yard. 
4492| cubic feet = 1 cubic rod, 

OF POLTBDEONS, OB, SURFACES BOUNDED BY PLANES. 
4. To find the surface of a right prism. 

MuUiply the perimeter of the base hy the altitude, and the pro- 
duct vnll he the convex surjbce (b. VII., P. 1). To this add 
the area of the two bases, when the entire surface is I'equired. 
Mc 1. To find the surface of a cube, the length of 

each side being 20 feet. Ans. 2400 sq. ft. 

2. To find the whole surface of a triangular prism, 

whose base is an equilateral triangle, having each of its 

sides equal to 18 inches, and altitude 20 feet. 

Ans. 91.949. 
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3, Wliat must be paid for Kning a rectangular cisteiii 
with lead, at 2d. a pound, the thickness of the lead being 
such as to recLuire llhs. for each sq^uare foot of surface ; 
the inner dimensions of the cistern being as follows, viz. : 
the length 3 feet 2 inches, the breadth 2 feet 8 inches, and 
the depth 2 feet 6 inches? Am. 21 3s. 10|d 

5. To find the surface of a right pyramid. 
Multiply the perimeter of the base hy half the slant height, and 

tlie product will be the convex surface (b. VII., p. 4) : to this 

add the area of tlie base, when the entire surface is required. 

Mc. 1, To find the convex surface of a right trian- 
gular pyramid, the slant height being 20 feet, and each 
side of the base 3 feet. Ans. 90 sq. ft. 

2. What is the entire surface of a right pyramid, 
whose slant height is 15 feet, aud the base a pentagon, of 
which each side is 25 feet ? Ans. 2012.798. 

6. To find the convex surface of the frystnm of a right 

pyramid. 
Multiply the half sum of the perimeters of the tvxi bases by the 
slant height of the frustum, and the product will be the con- 
vex surface (b. VII., p. 4, c.) 

&. 1. How many square feet are there in the convex 
surface of the frustum of a square pyramid, whose slant 
height is 10 feet, each side of the lower base 3 feet 4 
inches, and each side of the upper base 2 feet 2 inches ? 
Ans. 110 sq. ft. 
2. "What is the convex surface of the frustum of an 
heptagonal pyramid whose slant height is 55 feet, each side 
of the lower base 8 feet, and each side of the upper base 
4 feet? Am. 2310 sq.ft. 

7. To find the solidity of a prism. 

1. Find thf mea of the base. 

2. Multiply the area of the base by tlie altitude, and the pro- 
duct Will be the solidity of the prism (B. Vll., P. siv). 

Ft 1 Whit are the solid contents of a cube whose 
sid*- IS 24 m^.he'^ ? Am. 13824. 
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2. How many cubic feet in a block of marble, of which 
the length is 3 feet 2 inches, breadth 2 feet 8 inches, and 
height or thickness 2 feet 6 inches? Ans. 21|. 

3., How many gallons of water, ale measure, will a 
cistern contain, whose dimensions are the same as in the 
Jast example? Ans. 129^;^. 

i. Required the solidity of a triangular prism, whose 
height is 10 feet, and the three sides of its tiiangular base 
3, 4, and 5 feet. Ans. 60. 

8. To find the solidity of a pyramid. 

Multiply the area- of tliA base by one-third of tlie altitude, and 
the product luill he die solidity (b, Vll., P. 17). 

Sks. 1. Required the solidity of a square pyramid, each 
side of its base being 30, and the altitude 26. 

Ans. 7500. 

2. To find the solidity of a triangular pyramid, whose 
altitude is 30, and each side of the base 3 feet. 

-ills. 38.9711. 

3. To And the solidity of a triangular pyramid, its alti- 
tude being 14 feet 6 inches, and the three sides of its base 
5, 6, and 7 feet. Ans. 71.0352. 

4. What is the solidity of a pentagonal pyramid, its 
altitude being 12 feet, and each side of its base 2 feet? 

Ans. 27.5276. 

5. What is the solidity of an hexagonal pyramid, whose 
altitude is 6.4 feet, and each side of its base 6 inches? 

Ans. 1.38564. 

9. To find th& solidity of the frustum of a pyramid. 

Add togeilier tlie areas of tJie two bases of the frustum, and a 
mean prn^ortional between them, and Oien multiply the sum 
by one-third of the altitude (b. vii., p. 18). 

Ex. 1. To find the number of solid feet in a piece of 
timber, whose bases are squares, each side of the lower 
base being 16 inches, and each side of the upper base 
6 inches, the altitude being 24 feet. Ans. 19.5. 
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2. Eequired the solidity of a pentagonal frustum, whose 
altitude is 5 feet, each side of the lower base 18 inches, 
and each side of the upper hase 6 inches. 

Ans. 9.31925. 

J>EFINITIOJSrS. 

10. A Wedge is a solid bound- q }j 
ed by iivc planes : viz., a reetajiglc, 
ABOD, called the base of the wedge ; 
two trapezoids ABHG, DCHO, which 
are called the sides of the wedge, 
and which intersect each other in 
the edge OH; and the two triangles 

. GBA, HCS, which are called the ends of the wedge. 

Wlien AB, the length of the base, is eq^ual to QH, the 
trapezoids ABHG, DGHO, become parallelograms, and the 
wedge is then one-half the parallelopipedon described on the 
base ABCD, and having the same altitude ivith the wedge. 

The altitude of the wedge is the perpendicular let fall 
from any point of the line GH, on the base ABCD. 

11. A Kectangular Pkismoid is a sohd resembling 
the frustum of a quadrangular pyramid. The upper and 
lower bases are rectangles, having their corresponding sides 
parallel, and the convex surface is made up of four trape- 
zoids. The altitude of the prismoid is the perpendicular 
distance between its bases. 

TO FIND THE SOLIDIIT OF THE WEDGE. 

Let L = AB, the length of q H 

the base, I = GH, the length ^1 "^ 

of the edge, b = BC, the breadth /// ' / / 

of the base, A = PG, the alti- X // 1''' / / 

tude of the wedge. _/ jj// / ; / / 

Suppose AB, the length of "^ "^ ^ 

the base, to be equal to GH, the length of the edge, the 
solidity will then be equal to half the parallelopipedon, 
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having the same base and the 
same altitude (b. vii., p. 7). 
Hence, the solidity will bo 
equal to ^blh (b. vii., p. 14). 

If the length of the base is 
greater than that of the edge, 
let a section MN& be made 
parallel to the end BOR. The 

wedge will then be divided into the triangalar prism 
BCH-G, and the quadrangular pyramid G-AMND. 

Then, the solidity of the prism 
= ibhl- the solidity of the pjratnid= ^hh {L — I); 
and their sum, 
ibkl + ^bh{L -l) = ^bim + Ibh 2L - ^bhll = \hhi^lL + ;). 

If the length of the base is less than the length of the 
edge, the solidity of the wedge will be equal to the differ- 
ence between the prism and pyramid, and we shall have 
for the solidity of the wedge, 
^bU - ^hh{l -L)^ ^hhU - ^bh2l + \bklL = -^M(2£ + T). 

Mc. 1. If the base of a wedge is 40 by 20 feet, the 
edge 35 feet, and the altitude 10 feet, what is the solidity? 
-im. 3833.33. 

2. The base of a wedge being 18 feet by 9, the edge 
20 feet, and the altitude 6 feet, what is the solidity ? 

Ans. 504. 

12. To find the solidity of a rectangular prismoid. 
Add together the areas of the two bases and four times the 

area of a parallel- section at equal distances from the bases : 

then multiply the sum hy one-sixth of the altitude. 

For, let L and B denote the length 
and breadth of the lower base, I and 
b the length and breadth of the 
upper base, M and m the length 
and breadth of the section equidis- 
tant from the bases, and h the alti- 
tude of the prismoid. 

Through the diagonal edges L 
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and I' let a plane be passed, and it will divide the pria- 
moid into two wedges, having for bases, the bases of the 
prismoid, and for edges the lines L and V = I. 

The solidity of these wedges, and consequently, of the 
prismoid, is 

\Bh{^L + + klM^l^L) = \h{^BL + BI + m + hL) 
= IMBL + Bl + bL+bl + BL + U). 
But since M is equally distant from L and I, we have, 

2M'=L + l, md2m=B + i; 
hence, iMm = (L+l) X {B + b) = BL + Bl + hL + hi 

Substituting 4Ji"m for ita vakic in the preceding equa- 
tion, and we have for the solidity 

^h(BL + U + 4:Mm). 

Remark.— This rule may be applied to any prismoid 
whatever. For, whatever be the form of the bases, there 
may be inscribed in each the same number of rectangles, 
and the number of these rectangles may be made so great 
that their sum in each base will differ from that base, by 
less than any assignable quantity. Now, if on these rect- 
angles, rectangular prismoids be constructed, their sum will 
differ from the given prismoid by less than any assignable 
quantity. Hence, the rule is general. 

Me. 1. One of the bases of a rectangular prismoid is 
25 feet by 20, the other 15 feet by 10, and the altitude 
12 feet; required the solidity. Ans. 3700. 

2. What is the solidity of a stick of hewn timber, 
whose ends are SO inches by 27, and 24 inches by 18, its 
length being 24 feet? Ans; 102 ft. 

OF THE MEASURES OF THE THREE ROUND BODIES. 

13. To find the surface of a cylinder. 

MtMply the mrcum/ermce of the base by the altitude, and the 
jwWwci will be the amvss surface (u. VIII., P. 1). To this 
add the areas of the two bases, when the entire surface is 
reg^-dred. 
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Jihc, 1. What is tlie convex siirface of a cylinder, the 
diameter of whose base ia 20, and whose altitude is 50? 
Ana. 3141.6. 
2. Required the entire surface of a cylinder, whose alti- 
tude is 20 feet, and the diameter of its base 2 feet. 

Ana. 131.9472. 

14, To find the convex surface of a cone. 
Multiply the circumference of the hose by half ike slant height 
(B. VIIL, f. 3) : to which add t/ie area of the base, when the 
entire surface is required. 

Ex. 1. Required the convex surface of a cone, whose 
slant height is 50 feet, and the diameter of its "base 8^ feet? 
Ans. 667.59. 
2. Required the entire surface of a cone, whose slant 
height is 36, and the diameter of its base 18 feet. 

Ans. 1272.348. 

lo. To find the surface of a frnstum of a cone. 
Multiply the slant height of the frustum hy half tlie sum of the 

circumfei-ences of the two bases, for the convex surface (b. VIII., 

p. 4) : to which add the areas of the two bases, when the entire 

surface is required. 

Ex. I. To find the convex surface of the frustum of a 
eone, the slant height of the frustum being 12^ feet, and the 
circumferences of the bases 8.4 feet and 6 feet. Ans. 90. 

2. To find the entire surface of the frustum of a cone, 
the slant height being 16 feet, and the radii of the bases 
3 feet and 2 feet. Ans. 292.1688. 

16, To find the solidity of a cylinder. 

Multiply the area of the base by the altitude .(b. VIII., P. 2). 

_Mc. 1. Eequired the solidity of a cylinder whose alti- 
tade is 12 feet, and the diameter of its base 15 feet. 

Ans. 2120.58. 

2. Required the solidity of a cylinder whose altitude is 
20 feet, and the circumference of whose base is 5 feet 6 
inches. Ans. 48.144. 
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17. To find the solidity of a cone. 

Multiply the area of Hie base by tlie altitude, and take one-third 
of the product (b. viii., P. 5). 
Ex. 1. Eequired the solidity of a cone whose altitude 
is 27 feet, and the diameter of the base 10 feet. 

Ans. 706.86. 
2. Eequired tlie solidity of a cone whose altitude is 10^ 
feet, and the circiiraference of its base 9 feet. 

Ans. 22,56. 

18. To find the solidity of a frustum of a cone. 
Add together the areas of the two bases and a mean propor- 
tional between them, and then multiply the sum by one-third 
■of the altitude (b. viu., p. 6). 

Ex. 1, To find the solidity of the frnstum of a cone, 
the altitude being 18, the diameter of the lower base S, 
and that of the upper base 4. Ans. 527.7888. 

2. What is the solidity of the frustum of a cone, the 
altitude being 25, the circumference of the lower base 20, 
and that of the upper base 10? Ans. 464.216. 

3. If a cask which is composed of two equal conic 
frustums joined together at their larger bases, have its bung 
diameter 28 inches, the head diameter 20 inches, and the 
length 40 inches, how many gallons of wine will it con- 
tain, there being 231 cubic inches in a gallon ? 

Ans. 79.0613. 

19. To find the surface of a spherical zone. 

Multiply the altititds of the zone by the drcumference of a great 
eirch of the sphere, and the product mil be the surface (b. 
VIII., P. 10, C. 2). 

Mc. 1. The diameter of a sphere being 42 inches, what 
is the convex surface of a zone whose altitude is 9 inches? 
Ans. 1187.5248 sq. in. 
2. If the diameter of a sphere is 121 feet, what will 
be the surface of a zone whose altitude is 2 feet? 

Ans. 78,54 sq. ft. 
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20. To find the solidity of a sphere. 
1. Multiply the surface hy one-third of the radius (b. viii., p. 14). 
Or, 2. Cube the diameter and multiply the number thus found 
by !■« : that is, hy 0.5236 (b. viil, p. 14, s. 3). 
&. 1. What is the soUdity of a sphere whose diame- 
ter is 12? -Ans. 904.7808. 

2. What is the sohdity of the earth, if the mean diam- 
eter be taken equal to 7918.7 miles? 

Ans. 259992792083. 

21. To find the soUdity of a spherical segment. 
Mnd Hie areas of the two loses, and multiply their sum by 

half the height of the segment; to this product add the 

solidity of a sphere whose diaineter is equal to the height 

of the segment (b. VIII., P. 17). 

Remark. — When the segment has but one base, the 
other is to be considered equal to (b. Viii., d. 15). 

Ex. 1. What is the solidity of a spherical segment, the 
diameter of the sphere being 40, and the distances from 
the centre to the bases, 16 and 10? Ans. 4297.7088. 

2. What is the sohdity of a spherical segment with 
one base, the diameter of the sphere being 8, and the alti- 
tude of the segment 2 feet? Ans. 41.888. 

3. What is the solidity of a spherical segment with 
one base, the diameter of the sphere being 20, and the 
altitude of the segment 9 feet? Ans. 1781.2872. 

22. To find the surface of a spherical triangle. 

1. Gompid& the surface of the sphere on which the triangle is 
fbmied, and divide it by 8; ^te quotient vnll be Hie surface 
of the iri^ectangular triangle. 

2. Add t/ie three angles together; from tkdr sum subtract 180°, 

and divide the remainder by 90° : then, multiply the iri- 

rectangular triangh by this quotient, and the product unll 

be Ae surface of the triangle (b. IX., P. 18). 

Ex. 1. Eequired the surface of a triangle described on 
a sphere, whose diameter is 30 feet, the angles being 140°, 
92°, and 68°. Ans. 471.24 sq. ft. 
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2. Required the surface of a triangle described on a 
sphere of 20 feet diameter, the angles heing 120" each. 
Ans. 314.16 s^. _ft. 

23, To find the surface of a spherical polygon. 

1. Mnd the in-rectangular triangh as hefore. 

2. From the sum of all the angles iaJce the prod-uct of two 
right angles by the numier of sides less two. JXvide the 
remainder by 90°, and multiply the tri-recfangidar triangle 
by t/ie quotient : the p-oduct will be the surface of the poly- 
gon (b. is., p. 19). 

Mc 1. What is the surface of a polygon of seven sides, 
described on a sphere whose diameter is 17 feet, the sum 
of the angles being 1080° ? ^™. 226.98. 

2. What is the surface of a regular polygon of eight 
sides, described on a sphere whose diameter is 80, each 
angle of the polygon being 140° ? Ans. 157.08. 

OF THE EEGULAB POLYEDRONS. 

24 In defeiniining the 'iohdities of the leguHr polye 
di:)ns it becomes necessiry to know, t^r eich of them, the 
tngle contained between iny two of the ^dJ^cent faces 
The deter nunition tf this ingle m'vohcs tht following 
piopert> of a regular polygon, viz 

Sal/ the diagonal uhich joins t/ie extremities of tiio adjacent 
sides of a regulai polygon, la equal to the side of the poly- 
gon multiplied hy the cosine of the angle wh ih js obtained 
by dividing 360° bi/ tuice the vumber rf ■ndfs the radius 
being equal to unity 

For, let ABODE be any regular jj 

polygon. Draw the diagonal A C, and 
from the centre F, draw FG perpen- 
dicular to AB. Draw also, AF, FB; 
the latter will be perpendicular to 
the diagonal AO, and will bisect it 
at R (b. III., F. 6, s.) 

Let the number of sides of the 
I by «: then, 




:;, Google 



368 MENSUEATION OF SOLIDS. 

But, in tlie right-angled triangle ABlf, wo have, 

AH = AB cos A=A£eoB ^ (Trig., Th. 5). 

Remark 1. — When the polygon in question is the equi- 
lateral triangle, the diagonal hecomes a side, and conse- 
quently, half the diagonal tocomes half a side of the tri- 



25. To determine the angle included between two adja- 
cent faces of either of the regular polyedrons, let us sup- 
pose a plane to be passed perpendicular to the axis of a 
polyedral angle, and through the vertices of the polyedral 
angles which lie adjacent. This plane will intersect the 
convex surface of the polyedi'on in a regular polygon ; the 
numher of sides of this polygon will be equal to the 
number of planes which meet at the vertex of either of 
the polyedral angles, and each side will be a diagonal of 
one of the equal faces of the polyedron. 

Let D be the vertex of a polyedral 
angle, CD the intersection of two adja- 
cent faces, and ABG the section made 
in the convex surface of the polyedron 
by a plane perpendicular to the axis 
through B. 

Through AB let a plane be drawn A J^ -is 

perpendici-ilar to GB, produced, if necessai-y, and suppose 
AS, BE, to be the lines in which this plane intersects the 
adjacent faces. Then will AEB be the angle included 
between the adjacent faces, and FEB will be half that 
angle which we will represent by ^A. 

Then, if we represent by n the number of faces which 
meet at the vertex of the solid angle, and by m the num- 
ber of sides of each iace, we shall have, from what has 
already been shown, 
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BF= BO cos- 



and EB = BC B 



2m 



BF 
EB ' 



But, .pn = sin FEB = sin \A, to tlie radius of unity: 

§60° 

s 

2n 



hence, 



lM = 



2m 



This formula gives, for the diedral* angle formed by 



any two 

Tetraedron 
Hexaedron 

Octaedron .... 109" 28' 18" 
Dodeeaedron . . . ' . 116= 33' 54" 
138= 11' 23" 

Having thus found the diedral anglo included between 
the adjacent faces, we can easily calculate the perpendicu- 
lar let fall from the centre of the polyedron on one of ita 
faces, when the faces themselves are known. 

The following table shows the sohdities and surfaces of 
the regular polycdrous, when the edges are equal to 1. 

A TABLE OF REGULAR POLYEDRONS WHOSE EDGES ARE 1. 



Tetraedron 


4 


1.7320508 


0.1178513 


Hexaedron 


6 


6.0000000 


1.0600000 


Octaedron 


8 


3.4641016 


0.4714045 


Dodeeaedron 


12 


20.6467288 


7.6631189 


leosaedron 


20 


8.6602540 


2.1816950 



26. To find the solidity of a regular polyedron. 
1 MvMiply the surface hi/ one tliud of the perpendiadai let fall 

fiom, tlie cente on <me of the faces, and the product tmll he 

the solidity. 
Or, 2 Multiply the cube of one of ilip edg'-s by the olidity of 

a siiiuhi polyedron, whose edge is 1 

The first lule resulte fiom the division of the polye- 
dron into ag nimy equal pyramids as it has feces, having 
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their common vertex at the centre of the polyedron. The 
second is proved by considering that two regular polyedrona 
having the same number of faces may be divided into an 
equal number of similar pyramids, and that the sum of 
the pyramids which make np one of the polyedrona will 
be to the sum of the pyramids which make up the other 
polyedron, as a pyramid of the iirat sum to a pyramid of 
the second (b. ii., p. 10) ; that is, as the cubes of their 
homologous edges (b. vu., p. 20) ; that is, as the cubes of 
the edges of the polyedron. 

M». 1. What is the solidity of a tetraedron whose edge 
is 15 ? Ana. 897.75. 

2. What is the solidity of a hexaedron whose edge is 
12? Ans. 1728. 

3. What is the solidity* of a octaedron whose edge is 
20?" Ans. 3771.236. 

4. What is the solidity of a dodecaedron whose edge 
is 25? Ans. 119736.2328. 

5. What is the solidity of an ieosaedron whose edge ia 
20? Am. 17453.56. 
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LOGARITHMS OF NUMBERS 

FROM 1 TO 10,000. 



N. 


-""' 


N 


Log 


N 


Log 


N 


Log 


~T 




3o 3 


^ 


la! 




^3 


~w 


1 b8o8i4 
I 81*491 


3 




41 


^ 






4276 


]l 


. 89209s 


S 





6o o6o 
69890 


It 


46 




'dti 


It 


. 897627 
1 903090 


6 




^L'^ 


3 


49 


56 






1 908485 








5o5 




%^i 




1 9I38U 


I 






3 


5 8 




34-3 


83 


1 919078 


9 


° 


^fi3 


s 


54»00? 


59 


ei5i 


I4 
85 


1 924279 
1 929419 






O4 3o3 


36 


556 




sno 


86 


■ 93--08 






070 b 


3 










1 93gjl9 


14 




Ii394i 


3, 


'06 




U'i'. 


89 


1 944 153 


i5 




17609 




6^1 




2,l3 


90 


1 ^54243 


;6 




m 


^ 


6 3 
6 3 9 


7 


95.4 

6073 


91 
92 


;« 


il 




43 


6 3 68 


S 


2309 


93 


1 968483 






178 


44 


6 3 




s$ 


9i 


1 973128 






3oo3o 


45 


653 




95 


1 977724 






3m 5 


46 


662 




258 


96 


1 9S3371 


i3 




34! j3 
36 8 


il 


a- 




7333 
%33 3 


E 


1 9S6772 
I 901226 






38o 


49 


690 




eoaJ32 




1 i9M33 


25 


1-397, •> 


5 






^061 







Remark. In the following ta"b!e, in the nine ii^ht h^il 
columns of each page, where the first or leading figures 
change from 9's to O's, points or dots are introduced in 
stead of the O'a, to catch the eye, and to indicate that from 
thence the two figuFes of the Logarithm to be taten from 
the second colnran, stand in the next line below. 
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,. TABLE OF L0GAKITHM3 FKOM 1 TO 10,000. 



N. 







3 1 i 


5 ! 6 


7 


^ 9_|^| 


"ioT 


000000 


0434 


0868 


i3o[ 


,734 


2166 


2598 


3029 


3461 


3891 


432 




43ai 


4l5i 


5i8, 


98^ 




6466 


6894 


7321 


7143 


8.74 


428 






tf. 


!68o 


•3oo 


•724 


1147 


1570 


1993 


34.5 




io3 


01 283° 




4521 


4940 


536i 


5779 


•I 


6616 


S 

412 


iSS 


7033 
051189 


!£ 


7868 
2016 


s 


X 


til'. 


& 


B 


^ 


106 


53o6 


5,iS 


6.25 


6533 


6942 


735o 


n57 








IS 


,&i 
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